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Abstract
We list all finite abelian groups which act effectively on smooth cubic fourfolds.
1 Introduction.
Automorphism groups are important geometric invariants of algebraic varieties. Let us men-
tion that for cubic surfaces they were studied and computed by Segre [12] and Dolgachev
and Verra [3] (see also [1] and [2]). The case of K3 surfaces was considered by Nikulin [10].
Cubic fourfolds form another interesting class of algebraic varieties. Their symplectic
automorphisms (i.e. cyclic automorphism groups) were described in a recent work of Lie
Fu [4]. The prime order automorphisms of cubic hypersurfaces in general is a subject of an
earlier paper by Gonza´lez-Aguilera and Liendo [5], where the authors in particular listed all
prime order automorphisms of cubic threefolds and cubic fourfolds.
In this note we address the problem of computing all abelian automorphism groups of
smooth cubic fourfolds. We use essentially the same method as in [1], [5] and [4]. Its starting
point is the observation that every finite order endomorphism of a finite-dimensional vector
space is semisimple. Note that the same idea, at least in principle, leads to a general algo-
rithm for computing finite order automorphisms (and finite abelian automorphism groups)
of arbitrary (for example, smooth or with some prescribed singularities) hypersurfaces of any
degree and dimension possibly satisfying some additional conditions (for example, symplec-
tic as in [4]).
Our main result can be formulated as follows.
Theorem. A finite abelian group acts effectively on a smooth cubic fourfold if and only
if it is a subgroup of one of the following groups:
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(Z/3Z)⊕5, (Z/3Z)⊕4 ⊕ Z/2Z, (Z/3Z)⊕3 ⊕ Z/4Z, (Z/3Z)⊕3 ⊕ (Z/2Z)⊕2,
(Z/3Z)⊕2 ⊕ Z/8Z, (Z/3Z)⊕2 ⊕ Z/2Z⊕ Z/4Z, (Z/3Z)⊕2 ⊕ (Z/2Z)⊕3, Z/3Z⊕ Z/16Z,
Z/3Z⊕ Z/2Z⊕ Z/8Z, Z/3Z⊕ (Z/4Z)⊕2, Z/32Z,
(Z/3Z)⊕2 ⊕ Z/9Z, Z/2Z⊕ Z/3Z⊕ Z/9Z, Z/4Z⊕ Z/9Z,
(Z/3Z)⊕2 ⊕ Z/5Z, Z/2Z⊕ Z/3Z⊕ Z/5Z, Z/3Z⊕ Z/7Z, Z/3Z⊕ Z/11Z.
A more precise version of this Theorem (including the description of all possible group
actions upto a linear change of variables as well as families of smooth cubic fourfolds admit-
ting those actions) is given in Corollary 1, Theorem 3 and Theorem 4 below.
1.1 Notation.
Let n ≥ 1, d ≥ 3. In this note we say that a group G is an automorphism group of a degree
d and dimension n hypersurface, if there is a group monomorphism φ : G ↪→ Aut(Pn+1) and
a smooth hypersurface X ⊂ Pn+1 of degree d such that φ(G)(X) ⊂ X.
Note that such an ’automorphism group’ G is nothing else but a subgroup of the (finite)
group of linear automorphisms of X denoted by Lin(X) in [11], [9]. The latter coincides
with the usual automorphism group Aut(X) of X considered as an abstract variety unless
(n, d) = (1, 3) or (n, d) = (2, 4) (see [11], [9] for the proof).
From now on we will consider only the case (n, d) = (4, 3) (note, however, that our meth-
ods should work, at least in principle, for any pair (n, d)). Our base field is C throughout
the note.
A primitive k−th root of unity will be denoted by k√1 and we will take k√1 = e2pii/k for
the sake of conreteness.
We will denote a diagonal matrix A with diagonal entries a1, a2, ..., as by
A = (a1, a2, ..., as).
Given variables x, y, ... we will denote by fk(x, y, ...) an arbitrary k-form in x, y, ....
2
2 Diagonalizable abelian automorphism groups.
We start by computing all diagonalizable abelian automorphism groups of cubic fourfolds, i.e.
finite groups G such that the monomorphism φ : G ↪→ Aut(P5) ∼= PGL(6) factors through
the projection GL(6)→ PGL(6).
This assumption allows us to use our key remark that every element f ∈ G of a such a
group G is conjugate (as an element of GL(6)) to a diagonal matrix
diag(ωc0 , ωc1 , ωc2 , ωc3 , ωc4 , ωc5)
(which we will denote by (ωc0 , ωc1 , ωc2 , ωc3 , ωc4 , ωc5) in future), where ω is a k−th root of
unity (with k = ord(f) being the order of f) and (c0, c1, c2, c3, c4, c5) ∈ (Z/kZ)⊕6.
The sequence (c0, c1, c2, c3, c4, c5) is defined upto adding an arbitrary sequence of the form
(c, c, c, c, c, c) ∈ (Z/kZ)⊕6 (with the same c ∈ Z/kZ). This sequence was called the signature
of f ∈ G in [5].
Theorem 1. Diagonalizable abelian automorphism groups of smooth cubic fourfolds are
exactly the subgroups of the following groups (see Table 1 below).
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(1,  1,1,1,1), (1,1, ,1,1,1), (1,1,1,  1,1), (1,1,1,1, ,1), 
(1,1,1,1,1, ); 
Signatures: 
                      
{  
 ,   
    
    
    
    
 } 
              
(1,  1,1,1,1), (1,1, ,1,1,1), (1,1,1,  1,1), (1,1,1,1, ,1), 
(1,1,1,1,1,  ); 
Signatures: 
                      
{  
 ,   
    
    
    
    
   } 
         
(1,  1,1,1,1), (1,1, ,1,1,1), (1,1,1,  1,1), (1,1,1,1, , ); 
Signatures: 
       
                  
{  
 ,   
    
    
           } 
              
(1,  1,1,1,1), (1,1, ,1,1,1), (1,1,1,  1,1), (1,1,1,1,  ,  ); 
Signatures: 
        
                  
{  
 ,   
    
    
    
      
   } 
 
 
  
 
  
 
 
  
 
 
  
 
(1,    1,1,1, ), (1,1,  ,1,1,1), (1,1,1,   1,1), 
(1,1,1,1,  ,1); 
Signatures: 
         
                  
{  
 ,   
    
    
    
      
   } 
              
(1,1,  ,1,1,1), (1,1,1,   1,1), (1,1,1,1,  ,  ); 
Signatures: 
       
                 
{                               
    
 } 
              
(1,  ,1,1,1,1), (1,1,   1,1,1), (1,1,1, ,   ,  ); 
Signatures: 
                
              
{  
      
      
      
    
    
 } 
              
(1,  ,1,1,1,1), (1,1,   1,1,1), (1,1,1,  ,  ,1), 
(1,1,1,1,1,  ); 
Signatures: 
        
                  
{            
      
    
    
 } 
              
(1,  ,1,1,1,1), (1,1,   1,1,1), (1,1,1,1,1,  ); 
Signatures: 
          
              
{               
                
    
 } 
         
(1, ,1,1,1,1), (1,1,  1,1,1); 
Signatures: 
             
          
{                  
    
 } 
              
(1,  ,1,1,1,1), (1,1,   1,1,1), (1,1,1,  ,   ,   ); 
Signatures: 
                  
              
{  
      
      
      
    
    
 } 
 
  
 
 
  
 
 
  
 
(1,   ,1,1,1,  ), (1,1,   1,1,1), (1,1,1,  ,  ,1); 
Signatures: 
                  
              
{  
      
      
      
    
    
 } 
              
(1,  ,1,1,1,1), (1,1,   1,1,1), (1,1,1,  ,1,  ); 
Signatures: 
              
              
{                               
    
 } 
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(1,1,  ,1,1,1), (1,1,1,  ,  ,  ); 
Signatures: 
                  
          
{                               
          ,
   
 } 
 
 
  
 
  
  
 
  
 
  
 
(1,  ,1,1,1,1), (1,1,   1,1,1), (1,1,1,  ,1,1), 
(1,1,1,1,1,  ); 
Signatures: 
      
                  
{            
             
             
    
 } 
          
(1,1,  ,1,1,1), (1,1,1,  ,  ,   ); 
Signatures: 
                      
          
{            
                           
 ,
   
      
   } 
              
(1,  ,1,1,1,1), (1,1,   1,1,1), (1,1,1,  ,  ,   ); 
Signatures: 
                 
              
{  
      
      
             
    
    
 } 
              
(1,   ,1,1, ,1), (1,1,   ,1,1, ), (1,1,1,  ,1,1); 
Signatures: 
                   
              
{  
      
      
      
    
    
 } 
          
(1,   ,1,1,1, ), (1,1,1,  ,  ,1); 
Signatures: 
                      
          
{                               
    
   } 
              
(1,1,  ,1,1,1), (1,1,1,  ,1,  ), (1,1,1,1,  ,  ); 
Signatures: 
                
              
{            
             
          ,
   
          ,   
 ,       } 
         
(1,1,1, ,1, ), (1,1,1,1, ,1); 
Signatures: 
                
          
{                                    
  
             } 
     
(1,1,1, , , ); 
Signatures: 
                    
      
{                                     } 
 
 
  
 
  
  
 
  
 
  
 
(1,  ,1,1,1,1), (1,1,   1,1,1), (1,1,1,  ,1,  ), 
(1,1,1,1,  ,  ); 
Signatures: 
          
                  
{  
      
      
             
    
    
 } 
           
(1,  ,1,1,1,1), (1,1, ,   ,  ,   ); 
Signatures: 
                        
           
{  
      
      
      
      
    
 } 
 
  
 
 
  
 
 
  
 
(1,  ,1,1,1,1), (1,1,      ,  ,1), (1,1,1,1,1,  ); 
Signatures: 
                  
              
{  
      
      
      
      
    
 } 
          
(1,  ,1,1,1,1), (1,1,   ,   ,   , ); 
Signatures: 
                
          
{               
             ,   
    
 } 
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(1, ,1,1,1,1), (1,1,   , , ); 
Signatures: 
              
          
{                  
    
 } 
     
(1, ,1,1,1,1); 
Signatures: 
                
      
{                     
 } 
          
(1,  ,1,1,1,1), (1,1,1,1,1,  ); 
Signatures: 
             
          
{                  
                   
 } 
 
  
 
 
  
 
 
  
 
(1,   ,1,1,1,  ), (1,1,   1,1,1), (1,1,1,  ,  ,1); 
Signatures: 
                 
              
{            
      
      
    
  } 
         
(1, ,1,1,1,1), (1,1,   ,1,1), (1,1,1,1, , ); 
Signatures: 
              
              
{                      
    
 } 
              
(1,  ,1,1,1,1), (1,1,     ,1,1), (1,1,1,1,  ,  ); 
Signatures: 
                
              
{            
      
      
    
 } 
          
(1,  ,1,1,1,1), (1,1,1,1,  ,  ); 
Signatures: 
                 
          
{               
                
      
 } 
           
(1,  ,1,1,1,1), (1,1,  ,  ,   , ); 
Signatures: 
                   
           
{            
             
      
    
 } 
 
  
 
 
  
 
 
  
 
(1,  ,1,1,1,1), (1,1,       ,1, ), (1,1,1,1,  ,1); 
Signatures: 
             
              
{            
      
             
    
  } 
          
(1,  ,1,1,1,1), (1,1,1,1,  ,  ); 
Signatures: 
                
          
{                                     
 } 
          
(1,   ,   ,   ,1, ), (1,1,1,1,  ,1); 
Signatures: 
                
          
{               
             ,   
      
 } 
          
(1,  ,  ,  ,1,  ), (1,1,1,1,  ,1); 
Signatures: 
              
          
{                  
      
 } 
              
(1,  ,1,1,1,1), (1,1,1,1,1,  ), (1,1,1,1,  ,1); 
Signatures: 
         
              
{               
             ,   
             , 
  
 } 
         
(1,1,1,1,1, ), (1,1,1,1, ,1); 
Signatures: 
            
          
{                  
                ,
   
                } 
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(1,1,1,1,1, ); 
Signatures: 
               
      
{                     
                   } 
     
(1,1,1,1, , ); 
Signatures: 
                  
      
{                                        } 
 
  
 
 
  
 
 
  
 
(1,  ,1,1,1,1), (1,1,       , , ), (1,1,1,1,1,  ); 
Signatures: 
             
                   
{            
             
             
    
  } 
          
(1,1,   ,   , , ), (1,  ,1,1,1,1); 
Signatures: 
                   
          
{                            ,   
    
 } 
          
(1,  ,   ,   ,1,1), (1,1,1,1,1,  ); 
Signatures: 
                 
          
{                                         
  
             
 } 
     
(1, ,  ,  ,1,1); 
Signatures: 
                    
      
{                         
                          
 } 
          
(1,1,  ,  ,1,1), (1,1,1,1,  ,  ); 
Signatures: 
                   
          
{                                      } 
           
(1, ,1,1,1,1), (1,1, ,   ,   ,    ); 
Signatures: 
                          
           
{  
      
      
      
      
    
 } 
          
(1,1, ,   ,  ,1), (1,   ,1,1,1,  ); 
Signatures: 
                          
          
{  
      
      
      
      
    
 } 
           
(1,1, ,   ,1,1), (1,  ,1,1,  ,    ); 
Signatures: 
                          
           
{  
      
      
      
      
    
 } 
     
(1,1, ,  ,1,  ); 
Signatures: 
                        
      
{               
                
                ,   
   ,   
   } 
     
(1,1, ,   ,  ,  ); 
Signatures: 
                         
      
{            
             
                     
   } 
 
  
 
 
  
 
 
  
 
(1, ,1,1,1,1), (1,1,  ,   ,1,1), (1,1,1,1,1,  ); 
Signatures: 
               
              
{            
             
            
  
      
 } 
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(1, ,1,1,1,1), (1,1, ,   ,   ,   ); 
Signatures: 
                        
          
{  
      
      
      
             
    
 } 
     
(1,1, ,   ,  ,  ); 
Signatures: 
                             
      
{            
                        , 
  
      
      
   } 
          
(1,1, ,  , ,  ), (1,1,1,1, ,1); 
Signatures: 
                 
               
{                              
  
             
          } 
          
(1,1, ,  ,1,   ), (1,   ,1,1, ,1); 
Signatures: 
                        
          
{  
      
      
      
             
    
 } 
          
(1,1, ,  ,1,   ), (1,1,1,1, ,  ); 
Signatures: 
                       
          
{                   
             
  
             
      
   } 
              
(1,   ,1,1, ,1), (1,1, ,1,1,1), (1,1,1,1,1, ); 
Signatures: 
                
              
{            
             
            
  
    
   } 
         
(1,1, ,1,1,1), (1,1,1,1,1, ), (1,1,1,1, ,1); 
Signatures: 
         
              
{               
               
  
             ,   
             } 
          
(1,1, ,  ,1,   ), (1,1,1,1, ,1); 
Signatures: 
                     
          
{                          
            
  
             
      
   } 
         
(1,1, ,1,1, ), (1,1, ,1, ,1); 
Signatures: 
                   
          
{               
               
  
             ,  
             ,       } 
          
(1,1, ,  ,1,  ), (1,1,1,1, , ); 
Signatures: 
                        
          
{            
             
            
  
                    
   } 
     
(1,1, ,  ,   ,  ); 
Signatures: 
                        
      
{                               
             ,   
          ,   
          } 
         
(1,1, ,1,1,1), (1,1,1, ,1, ), (1,1,1, , ,1); 
Signatures: 
               
              
{            
             
            
  
          ,   
          ,       } 
         
(1,1, , , ,1), (1,1, , ,1, ); 
Signatures: 
                  
          
{            
             
            
                  ,              } 
              
(1,1, , ,1,1), (1,1,1, , ,1), (1,    ,1,1,1, ); 
Signatures: 
                    
              
{  
      
      
      
              
    
 } 
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(1, ,   ,  ,   ,   ); 
Signatures: 
                                 
       
{  
      
      
      
      
      
 } 
           
(1,1,1,1,1, ), (1, ,   ,   ,    ,1); 
Signatures: 
                          
           
{  
      
      
      
      
      
 } 
     
(1,   ,   ,   ,   , ); 
Signatures: 
                   
      
{                  
                   
 } 
     
(1, , , , , ); 
Signatures: 
                 
      
{                     
 } 
          
(1,1,1,1, ,  ), (1, ,   ,   ,1,1); 
Signatures: 
                         
          
{  
      
      
      
      
      
 } 
          
(1,1,1,1, ,  ), (1, ,   ,   ,1,1); 
Signatures: 
                        
          
{  
      
      
                
 } 
     
(1,1,1,1, ,  ); 
Signatures: 
                    
      
{                  
                ,   
   } 
      
(1,  ,  ,  , ,   ); 
Signatures: 
                       
       
{               
             ,   
   ,   
 } 
          
(1,   ,   ,   , , ), (1,1,1,1,1, ); 
Signatures: 
                 
               
{               
               
  
                
 } 
     
(1,   ,   ,   , , ); 
Signatures: 
                      
      
{                                     
 } 
              
(1, , ,1,1,1), (1,1,1,   ,1), (1,1,1,1,1,  ); 
Signatures: 
              
              
{                      
      
 } 
          
(1, , ,1,1,1), (1,1,1, ,   ,   ); 
Signatures: 
                       
          
{            
      
      
      
 } 
          
(1, , ,1,1,1), (1,1,1, ,   ,    ); 
Signatures: 
                   
          
{                      
             
 } 
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(1, , ,1,1,1), (1,1,1, ,1,1); 
Signatures: 
                
          
{                         
             } 
     
(1, , ,1,1,1); 
Signatures: 
                   
      
{                         } 
      
(1,   ,     ,   ,  ); 
Signatures: 
                            
       
{            
      
      
             
 } 
     
(1,1,1, ,   ,  ); 
Signatures: 
                         
      
{               
                
  
      
   } 
     
(1,1,1, ,  ,  ); 
Signatures: 
                    
      
{               
             
                     } 
           
(1,     , ,   ,1), (1,1,1,1,1,  ); 
Signatures: 
                     
           
{            
             
      
      
 } 
          
(1,   ,   ,1,1, ), (1,1,1, ,    1); 
Signatures: 
                    
          
{            
             
      
      
 } 
          
(1,1,1,    ,1), (1,1,1,1,1, ); 
Signatures: 
                 
          
{               
               
  
                
   } 
      
(1,  ,  , ,   ,   ); 
Signatures: 
                       
       
{                            ,   
          ,   
 } 
              
(1,  ,  ,1,1,1), (1,1,1,1,1,  ), (1,1,1,  ,1,1); 
Signatures: 
            
              
{                      
          ,  
          } 
          
(1, , ,1,1,1), (1,1,1, ,   ,   ); 
Signatures: 
                      
          
{            
      
      
             
 } 
      
(1,  ,  , ,   ,   ); 
Signatures: 
                            
       
{            
                        ,
   
      
   ,   
 } 
           
(1,     , ,   ,   ), (1,1,1,1,1,  ); 
Signatures: 
                     
                 
{            
             
            
  
      
 } 
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(1,   ,   ,    1), (1,1,1,1,  ,1), (1,1,1,1,1,  ); 
Signatures: 
              
                   
{            
             
            
  
      
 } 
          
(1,   ,   , , ,1), (1,1,1,1,1,  ); 
Signatures: 
                    
          
{                               
   ,   
 } 
              
(1, , ,1,1,1), (1,1,1,  ,1,  ), (1,1,1,1,  ,  ); 
Signatures: 
                 
              
{            
      
   ,   
   ,          
 } 
      
(1, ,   ,  ,   ,   ); 
Signatures: 
                                 
       
{  
      
      
      
      
      
 } 
          
(1, ,   ,   1,1), (1,1,1,1,1,  ); 
Signatures: 
                       
          
{            
             
            
  
      
   } 
      
(1, ,   ,  ,  ,   ); 
Signatures: 
                                
       
{         
      
      
      
      
      
 } 
          
(1, ,   ,  ,   ,  ), (1,1,1,1, ,1); 
Signatures: 
                        
               
{         
      
      
      
      
      
 } 
         
(1, ,  ,1,1,1), (1,1,1,1, ,  ); 
Signatures: 
                     
          
{            
             
            
  
      
   } 
     
(1, ,   ,  ,  ,  ); 
Signatures: 
                                
      
{                
      
      
      
     
  
      
 } 
     
(1, ,  ,1, ,  ); 
Signatures: 
                       
      
{                               
                  } 
          
(1,    ,    1,  ), (1,1,1,  , , ); 
Signatures: 
                            
          
{                
      
      
      
     
  
      
 } 
      
(1, ,   ,          ); 
Signatures: 
                                
       
{  
      
      
      
      
      
   } 
     
(1, , , , , ); 
Signatures: 
                
      
{                     
                   } 
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(1,  ,   ,    , ); 
Signatures: 
                              
       
{            
      
      
      
   } 
          
(1, ,    1, ,   ), (1,1,1  ,    ,   ); 
Signatures: 
                             
          
{  
      
      
      
      
      
   } 
          
(1,        ,   ), (1,1,1  ,1,1); 
Signatures: 
                       
               
{            
      
      
      
      
   } 
     
(1,  ,  1,  , ); 
Signatures: 
                       
      
{                                     , 
                  } 
     
(1,  ,   ,    ,   ); 
Signatures: 
                             
      
{                       
      
      
     
  
      
      
   } 
         
(1,1, , ,1,1), (1,1,1,1,   ); 
Signatures: 
                   
          
{                             } 
     
(1,1, , , , ); 
Signatures: 
                   
      
{                         } 
      
(1,1,  ,  ,   , ); 
Signatures: 
                        
       
{                      
             
   } 
          
(1,1,   ,   ,1, ), (1,1,1,1,  ,1); 
Signatures: 
                  
          
{                      
            
  
          } 
      
(1,1,  ,  ,    ,  ); 
Signatures: 
                              
       
{            
             
      
      
   } 
          
(1,   ,   , , ,   ), (1,1,1,1,  ,  ); 
Signatures: 
                       
               
{            
             
             
  
                 ,   
 } 
              
(1,  ,1,1,1,1), (1,1,   1,1,1), (1,1,1,   ,   , ); 
Signatures: 
            
              
{            
             
    
    
 } 
     
(1,   ,   ,1,1, ); 
Signatures: 
                    
      
{                         
          } 
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(1,   ,1,1, ); 
Signatures: 
                  
      
{                         } 
          
(1,  ,  ,1,1,  ), (1,1,1,1,  ,1); 
Signatures: 
               
          
{                         
          } 
     
(1,   ,   ,1,  , ); 
Signatures: 
                        
      
{                      
            
  
          } 
 
Table 1. Diagonalizable abelian automorphism groups of smooth cubic fourfolds. The
first column lists abelian groups G which act effectively on a smooth cubic fourfold. The
second column describes generators of G (diagonalized after possibly conjugating by an ele-
ment of GL(6)) as diagonal matrices in GL(6) as well as the conditions on the signatures
of arbitrary elements of G. The third column gives maximal sets of cubic monomials, which
lie in the same eigenspace of each of these generators acting correspondingly on Sym3(C6)
(the cubic fourfolds with automorphism group GA are exactly1 the ones which in suitable
coordinates can be represented as vanishing loci of linear combinations of monomials in A¯.)
Let us explain our approach to proving Theorem 1.
Let V = C6 with coordinates x0, x1, x2, x3, x4, x5. LetM be the set of all cubic monomi-
als in xi (i.e. the set of the corresponding coordinates in Sym
3V ).
We will call a subset A ⊂M smooth, if A is the set of monomials of a cubic form F with
smooth vanishing locus X ⊂ P(V ).
We will describe all minimal smooth sets A ⊂ M. For each of them we will determine
the group GA of diagonal linear automorphisms f = (ωc0 , ωc1 , ωc2 , ωc3 , ωc4 , ωc5) of V , which
leave the corresponding cubics X ⊂ P(V ) invariant. Here ω denotes a primitive k−th root
of unity and ci ∈ Z/kZ, where k = ord(f) is the order of f .
Group GA will in turn determine a larger set of monomials A ⊂ M such that GA is an
1Note that the same group may appear (as a subgroup) in several rows of the table. If it appears as a
proper subgroup in a different row, then one has to add to A in that row all monomials lying in the same
eigenspaces of the subgroup elements as the monomials of the original A.
On the other hand, for each of our group actions one can describe directly the (smooth) sets B ⊂ M of
monomials lying in each of the eigenspaces of the generators. We will do such computation in the proof of
Corollary 1 for some of the rows of Table 1 (which will constitute after that Table 2).
One may also extend Table 1 by adding to sets A various monomials and computing extra restrictions
they impose on the elements of the group GA, the resulting subgroups of GA and the corresponding enlarged
sets A.
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automorphism group of a smooth cubic fourfold X ⊂ P(V ) if and only if2 X can be defined
in the chosen coordinate system in V by a cubic form all of whose monomials lie in A.
More concretely, we define the f−weight of a monomial m = xi00 xi11 xi22 xi33 xi44 xi55 to be3
wtf (m) =
5∑
j=0
ij · cj ∈ Z/kZ.
Then elements f of GA are given by the condition that f−weights of all monomials in
A are the same (as elements of Z/kZ). Note that without loss of generality we may assume
that c0 = 0.
This gives us a system of linear equations in c0, c1, c2, c3, c4, c5 over Z/kZ, whose solution
set is GA.
The set A ⊂M will consist of all monomials m ∈M whose f -weight is the same as the
f -weight of monomials in A (for any f ∈ GA).
Now let us describe how we are going to enumerate all minimal smooth sets A ⊂M. It
is sufficient to do this upto a permutation of coordinates x0, x1, x2, x3, x4, x5. We will break
down these sets into 7 groups:
• sets A with exactly 6 cubes x30, x31, x32, x33, x34, x35,
• sets A with exactly 5 cubes x30, x31, x32, x33, x34,
• sets A with exactly 4 cubes x30, x31, x32, x33,
• sets A with exactly 3 cubes x30, x31, x32,
• sets A with exactly 2 cubes x30, x31,
• sets A with exactly 1 cube x30,
• sets A with no cubes .
Each of these 7 groups of sets with exactly k cubes x30, ..., x
3
k−1 will be in turn broken
down into subgroups, each of which is specified by the condition that the length of a longest
cycle in A is exactly l.
Here we say that A has a cycle of length l, if it contains monomials
x2i1xi2 , x
2
i2
xi3 , ... , x
2
il
xi1
2For the ’only if’ part we require that the monomials of a cubic form defining X lie in the same eigenspaces
of the elements of GA as the monomials in A.
3For this definition to make sense, we have to consider f together with a choice of the signature (c0, ..., c5) ∈
(Z/kZ)⊕6. However, since we will be working only with one f at a time, the ambiguity of the choice of ci
will not cause any difficulties.
14
with ij ≥ k and ip 6= iq for p 6= q.
Since we are working upto a permutation of coordinates xi we may assume that such a
longest cycle involves variables xk, xk+1, ..., xk+l−1.
It will be convenient to use graphical notation to denote A. Each subset A ⊂ M
can be encoded by an oriented graph with 6 vertices corresponding to the 6 coordinates
x0, x1, x2, x3, x4, x5. If x
3
k ∈ A, then the k-th vertex will be encircled:
k
If x2kxl ∈ A, then the graph will contain an arrow from the vertex k to the vertex l:
k l
In addition to that, we will use dashed curves in order to connect vertices k, l and m
whenever xkxlxm ∈ A:
k l m
We will also use the following shorthands
k
l
=
k
l
,
k
l
=
k
l
,
as well as omit encircled vertices from our pictures if they are not connected by edges (or
dashed curves) to other vertices.
For example, the graph
2
3
4 5
represents the set A = {x30, x31, x22x3, x23x2, x24x2, x24x3, x25x2, x25x3}. This is a minimal
smooth set.
In order to keep our pictures comprehensible, we will use the usual symbolism for mono-
mials as well. For example, we will write
2
3
5 ∪(a1, ..., ap) ∪ (b1, ..., bq) ∪ ...
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to say that in order to get a smooth set one has to add to the set described by the graph
one of the monomials a1, ..., ap, one of the monomials b1, ..., bq and so on.
In order to determine when a given subset A ⊂ M is smooth, we will use necessary
conditions given in the next two lemmas. They follow from the Jacobian criterion.
Lemma 1 ([5], Lemma 1.3). In order to be smooth, A should contain a monomial
x2ixj for any i.
Proof: Let F = F (x0, x1, x2, x3, x4, x5) be a cubic form which contains no monomials of
the form x20xj for any j. This means that F can be written as
F = x0 · P (x1, x2, x3, x4, x5) +Q(x1, x2, x3, x4, x5)
for some quadratic and cubic forms P and Q.
By the Jacobian criterion its vanishing locus X = V (F ) ⊂ P5 will be singular at the
point with homogeneous coordinates (1 : 0 : 0 : 0 : 0 : 0). QED
In the next Lemma we will use the following terminology. Assume that A ⊂M contains
k cubes x30, ..., x
3
k−1 and no other cubes. We say that (xi, xj) for some k ≤ i < j is a singular
pair, if
x2ixj, x
2
jxi /∈ A
and
{x2ixp, x2jxp, xixjxp} ∩ A 6= ∅
(i.e. one, two or all three of these three monomials for a given p lie in A) for at most one
value of p.
We say that (xi, xj, xl) for some k ≤ i < j < l is a singular triple, if
xixjxl, x
2
ixj, x
2
jxi, x
2
ixl, x
2
l xi, x
2
jxl, x
2
l xj /∈ A
and
{x2ixp, x2jxp, x2l xp, xixjxp, xixlxp, xlxjxp} ∩ A 6= ∅
(i.e. one, two,..., six of these six monomials for a given p lie in A) for at most two values of p.
Lemma 2. In order to be smooth, A should contain no singular pairs and no singular
triples.
Proof: Let F = F (x0, x1, x2, x3, x4, x5) be a cubic form which contains a singular pair
(x0, x1). This means that F can be written as
F = xp · P (x0, x1) + x0 ·Q0(x2, x3, x4, x5) + x1 ·Q1(x2, x3, x4, x5) +R(x2, x3, x4, x5)
for some quadratic forms P,Q0, Q1 and a cubic form R and for some index p ≥ 2.
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By the Jacobian criterion its vanishing locus X = V (F ) ⊂ P5 will be singular at a point
with homogeneous coordinates (a : b : 0 : 0 : 0 : 0), where P (a, b) = 0.
Let F = F (x0, x1, x2, x3, x4, x5) be a cubic form which contains a singular triple (x0, x1,
x2). This means that F can be written as
F = xp · P1(x0, x1, x2) + xq · P2(x0, x1, x2) + x0 ·Q0(x3, x4, x5)+
+ x1 ·Q1(x3, x4, x5) + x2 ·Q2(x3, x4, x5) +R(x3, x4, x5)
for some quadratic forms P1, P2, Q0, Q1, Q2 and a cubic form R and for some indices p > q ≥
3.
By the Jacobian criterion its vanishing locus X = V (F ) ⊂ P5 will be singular at a point
with homogeneous coordinates (a : b : c : 0 : 0 : 0), where P1(a, b, c) = P2(a, b, c) = 0. QED
In the following subsections we will enumerate all minimal subsets A ⊂M which satisfy
the necessary conditions of Lemma 1 and Lemma 2. It will turn out (and is checked in the
Appendix) that they all are smooth, i.e. in the case of cubic fourfolds conditions of Lemma 1
and Lemma 2 together are also sufficient for smoothness of A.
Smoothness of any given set of monomials A ⊂M can be checked (at least in principle)
by a discriminant computation. Practically, one can use Macaulay 2 (or a direct computation
with the Jacobian criterion).
We used the following Macaulay 2 commands in order to verify smoothness of a cubic
fourfold X given as the vanishing locus of a cubic form F :
• R = QQ[x0, x1, x2, x3, x4, x5]
• F = x30 + x31 + x22x3 + ...
• dim singularLocus(ideal(F ))
When the result is 0, one can conclude that X is indeed smooth.
Note that in order to prove Theorem 1 we do not need to verify smoothness of all our
minimal sets A. It is sufficient to do this only for sets A corresponding to maximal groups
GA. This is done in the proof of Corollary 1. The complete verification that all minimal sets
A we obtain are smooth is postponed until the Appendix, where one can find the Macaulay 2
code we used.
Finally, note that appearance of several smooth subsets A ⊂ M which are not minimal
is harmless to our analysis. For this reason, we will not be concerned with checking mini-
mality of our sets A. It will be sufficient for us to know that all minimal smooth sets A are
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contained among those which we list.
Now let us do the enumeration.
Proof of Theorem 1:
2.1 Case of 6 cubes.
There is only one minimal smooth set in this group:
0 1 2 3 4 5
In other words:
A = {x30, x31, x32, x33, x34, x35}.
Elements f = (1, ωc1 , ωc2 , ωc3 , ωc4 , ωc5) ∈ GA, ω = d
√
1, d = ord(f) are given by the
conditions:
3c1 = 3c2 = 3c3 = 3c4 = 3c5 = 0 (in Z/dZ).
This means that d = 3 and GA ∼= (Z/3Z)⊕5 with generators
f1 = (1, ω, 1, 1, 1, 1), f2 = (1, 1, ω, 1, 1, 1), f3 = (1, 1, 1, ω, 1, 1),
f4 = (1, 1, 1, 1, ω, 1), f5 = (1, 1, 1, 1, 1, ω),
where ω = 3
√
1.
Then A consists of monomials xi00 xi11 xi22 xi33 xi44 xi55 such that
i1 ≡ i2 ≡ i3 ≡ i4 ≡ i5 ≡ 0 mod 3.
Since i0 + i1 + i2 + i3 + i4 + i5 = 3 and each ip ≥ 0 we conclude that A = A.
2.2 Case of 5 cubes.
There is only one (upto a permutation of xi) such minimal smooth set of monomials:
5 0
In other words:
A = {x30, x31, x32, x33, x34, x25x0}.
Conditions on f = (1, ωc1 , ωc2 , ωc3 , ωc4 , ωc5) ∈ GA, ω = d
√
1, d = ord(f) are as follows:
3c1 = 3c2 = 3c3 = 3c4 = 0, 2c5 = 0.
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Hence d = 6 and f = (1, ω2c1 , ω2c2 , ω2c3 , ω2c4 , ω3c5), c1, c2, c3, c4 ∈ Z/3Z, c5 ∈ Z/2Z.
This means that GA ∼= (Z/3Z)⊕4 ⊕ Z/2Z with generators
f1 = (1, ω, 1, 1, 1, 1), f2 = (1, 1, ω, 1, 1, 1), f3 = (1, 1, 1, ω, 1, 1),
f4 = (1, 1, 1, 1, ω, 1), f5 = (1, 1, 1, 1, 1, η),
where ω = 3
√
1, η = 2
√
1.
Then A consists of monomials xi00 xi11 xi22 xi33 xi44 xi55 such that
i1 ≡ i2 ≡ i3 ≡ i4 ≡ 0 mod 3, i5 ≡ 0 mod 2.
This means that A = A.
2.3 Case of 4 cubes.
Let the cubes be x30, x
3
1, x
3
2, x
3
3. The other variables x4 and x5 may form a cycle:
0 1 2 3
4
5
or (the corresponding vertices) may be connected by a single edge:
04 5
or they may be disconnected at all:
0 14 5
or
0
14 5
If A = {x24x5, x25x4, x30, x31, x32, x33}, then f = (1, ωc1 , ωc2 , ωc3 , ωc4 , ωc5), ω = d
√
1, d =
ord(f), ci ∈ Z/dZ is in GA if and only if
3c1 = 3c2 = 3c3 = 2c4 + c5 = c4 + 2c5 = 0,
i.e. d = 3 and f = (1, ωc1 , ωc2 , ωc3 , ωc4 , ωc4), ci ∈ Z/3Z.
This means that GA ∼= (Z/3Z)⊕4 with generators
f1 = (1, ω, 1, 1, 1, 1), f2 = (1, 1, ω, 1, 1, 1), f3 = (1, 1, 1, ω, 1, 1), f4 = (1, 1, 1, 1, ω, ω),
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where ω = 3
√
1.
Then A consists of monomials xi00 xi11 xi22 xi33 xi44 xi55 such that
i1 ≡ i2 ≡ i3 ≡ i4 + i5 ≡ 0 mod 3.
This means that A = A ∪ {f3(x4, x5)}.
If A = {x24x5, x25x0, x30, x31, x32, x33}, then f = (1, ωc1 , ωc2 , ωc3 , ωc4 , ωc5), ω = d
√
1, d =
ord(f), ci ∈ Z/dZ is in GA if and only if
3c1 = 3c2 = 3c3 = 2c5 = 2c4 + c5 = 0 in Z/dZ,
i.e. f = (1, ωc1 , ωc2 , ωc3 , ηc4 , η2c4), where ω = 3
√
1, η = 4
√
1, c1, c2, c3 ∈ Z/3Z, c4 ∈ Z/4Z.
This means that GA ∼= (Z/3Z)⊕3 ⊕ Z/4Z with generators
f1 = (1, ω, 1, 1, 1, 1), f2 = (1, 1, ω, 1, 1, 1), f3 = (1, 1, 1, ω, 1, 1), f4 = (1, 1, 1, 1, η, η
2).
Then A consists of monomials xi00 xi11 xi22 xi33 xi44 xi55 such that
i1 ≡ i2 ≡ i3 ≡ 0 mod 3, i4 + 2i5 ≡ 0 mod 4.
This means that A = A.
If A = {x24x0, x25x1, x30, x31, x32, x33}, then f = (1, ωc1 , ωc2 , ωc3 , ωc4 , ωc5), ω = d
√
1, d =
ord(f), ci ∈ Z/dZ is in GA if and only if
3c1 = 3c2 = 3c3 = 2c4 = 2c5 + c1 = 0 in Z/dZ,
i.e. d = 6 and f = (1, ω−2c5 , ω2c2 , ω2c3 , ω3c4 , ωc5), where ω = 6
√
1, c2, c3 ∈ Z/3Z, c4 ∈ Z/2Z,
c5 ∈ Z/6Z.
This means that GA ∼= (Z/3Z)⊕2 ⊕ Z/2Z⊕ Z/6Z with generators
f1 = (1, ω
−2, 1, 1, 1, ω), f2 = (1, 1, ω2, 1, 1, 1), f3 = (1, 1, 1, ω2, 1, 1), f4 = (1, 1, 1, 1, ω3, 1).
Then A consists of monomials xi00 xi11 xi22 xi33 xi44 xi55 such that
i5 ≡ 2i1 mod 6, i2 ≡ i3 ≡ 0 mod 3, i4 ≡ 0 mod 2.
This means that A = A.
From now on (and until the end of the proof) we will follow exactly the same scheme of
analysis, but we will abbreviate it.
If A = {x24x0, x25x0, x30, x31, x32, x33, x1x4x5}, then we get the following conditions on ele-
ments ci of the signature of f ∈ GA as above:
3c1 = 3c2 = 3c3 = c1 + c4 + c5 = 2c4 = 2c5 = 0 in Z/dZ,
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i.e. d = 6, c1 = 0 and f = (1, 1, ω
2c2 , ω2c3 , ω3c4 , ω3c4), where ω = 6
√
1, c2, c3 ∈ Z/3Z,
c4 ∈ Z/2Z.
This means that GA ∼= (Z/3Z)⊕2 ⊕ Z/2Z with generators
f1 = (1, 1, ω
2, 1, 1, 1), f2 = (1, 1, 1, ω
2, 1, 1), f3 = (1, 1, 1, 1, ω
3, ω3).
Then we get the following equations describing monomials in A as above:
2i2 ≡ 2i3 ≡ 3(i4 + i5) ≡ 0 mod 6.
This means that A = A ∪ {f3(x0, x1), f2(x4, x5) · f1(x0, x1)}.
2.4 Case of 3 cubes.
Let the cubes be x30, x
3
1, x
3
2. If a longest cycle has length 3, then A is
0 1 2 3
4
5
i.e. A = {x30, x31, x32, x23x4, x24x5, x25x3}. Then 3c1 = 3c2 = 2c3+c4 = 2c4+c5 = 2c5+c3 = 0,
i.e.
c4 = −2c3, c5 = 4c3, 9c3 = 3c1 = 3c2 = 0 in Z/dZ.
Hence d = 9 and f = (1, ω3c1 , ω3c2 , ωc3 , ω−2c3 , ω4c3), where ω = 9
√
1, c1, c2 ∈ Z/3Z,
c3 ∈ Z/9Z.
This means that GA ∼= (Z/3Z)⊕2 ⊕ Z/9Z with generators
f1 = (1, ω
3, 1, 1, 1, 1), f2 = (1, 1, ω
3, 1, 1, 1), f3 = (1, 1, 1, ω, ω
7, ω4).
Hence
3i1 ≡ 3i2 ≡ i3 − 2i4 + 4i5 ≡ 0 mod 9.
This means that A = A.
2.4.1 Case of 3 cubes. Length 2 longest cycle.
If a longest cycle has length 2, then A is either
0
3
4
5
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or
0
3
4
5
or
0
3
4 5
or
3
4
5
Indeed, let x3, x4 form a cycle. Then by Lemma 1 ([5], Lemma 1.3) the 5-th vertex should
be connected either to one of the cubes (say, to the 0-th vertex) or to the cycle (say, to the
3-rd vertex).
In the former case there are neither singular pairs nor singular triples. In the latter case
(x4, x5) may be a singular pair. In order to avoid this, either vertices 4 and 5 should be
connected by an edge (which means that 5 should be connected to 4, since we assume that
there are no cycles of length 3), or one of them should be connected to a cube, or there is a
dashed curve passing through both of them and a cube.
Note that if 5 is connected to a cube, this will lead to a nonminimal A. Hence only the
4-th vertex may be connected to a cube (say, to 0).
If A = {x23x4, x24x3, x25x0, x30, x31, x32}, then 3c1 = 3c2 = 2c3 + c4 = 2c4 + c3 = 2c5 = 0, i.e.
c4 = c3, 3c1 = 3c2 = 3c3 = 2c5 = 0 in Z/dZ.
Hence d = 6 and f = (1, ω2c1 , ω2c2 , ω2c3 , ω2c3 , ω3c5), where ω = 6
√
1, c1, c2, c3 ∈ Z/3Z,
c5 ∈ Z/2Z.
This means that GA ∼= (Z/3Z)⊕3 ⊕ Z/2Z with generators
f1 = (1, ω
2, 1, 1, 1, 1), f2 = (1, 1, ω
2, 1, 1, 1), f3 = (1, 1, 1, ω
2, ω2, 1), f4 = (1, 1, 1, 1, 1, ω
3).
Then
2i1 ≡ 2i2 ≡ 2(i3 + i4) ≡ 3i5 ≡ 0 mod 6.
This means that A = A ∪ {f3(x3, x4)}.
If A = {x23x4, x24x3, x25x3, x24x0, x30, x31, x32}, then 3c1 = 3c2 = 3c3 = 2c5 + c3 = 2c4 = 0,
c3 = c4
3c1 = 3c2 = c3 = c4 = 2c5 = 0 in Z/dZ,
i.e. d = 6 and f = (1, ω2c1 , ω2c2 , 1, 1, ω3c5), where ω = 6
√
1, c1, c2 ∈ Z/3Z, c5 ∈ Z/2Z.
This means that GA ∼= (Z/3Z)⊕2 ⊕ Z/2Z with generators
f1 = (1, ω
2, 1, 1, 1, 1), f2 = (1, 1, ω
2, 1, 1, 1), f3 = (1, 1, 1, 1, 1, ω
3).
Hence
2i1 ≡ 2i2 ≡ 3i5 ≡ 0 mod 6.
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This means that A = A ∪ {f3(x0, x3, x4), x25 · f1(x0, x3, x4)}.
If A = {x23x4, x24x3, x25x3, x0x4x5, x30, x31, x32}, then 3c1 = 3c2 = 3c3 = 0, c3 = c4, c3 = −2c5,
c4 + c5 = 0, i.e.
3c1 = 3c2 = 0, c3 = c4 = c5 = 0 in Z/dZ,
Hence d = 3 and f = (1, ωc1 , ωc2 , 1, 1, 1), where ω = 3
√
1, ci ∈ Z/3Z.
This means that GA ∼= (Z/3Z)⊕2 with generators
f1 = (1, ω, 1, 1, 1, 1), f2 = (1, 1, ω, 1, 1, 1).
Hence
i1 ≡ i2 ≡ 0 mod 3.
This means that A = A ∪ {f3(x0, x3, x4, x5)}.
If A = {x23x4, x24x3, x25x3, x25x4, x30, x31, x32}, then 3c1 = 3c2 = 3c3 = 0, c3 = c4 = −2c5, i.e.
3c1 = 3c2 = 6c5 = 0, c3 = c4 = −2c5 in Z/dZ,
Hence d = 6 and f = (1, ω2c1 , ω2c2 , ω−2c5 , ω−2c5 , ωc5), where ω = 6
√
1, c1, c2 ∈ Z/3Z,
c5 ∈ Z/5Z.
This means that GA ∼= (Z/3Z)⊕2 ⊕ Z/6Z with generators
f1 = (1, ω
2, 1, 1, 1, 1), f2 = (1, 1, ω
2, 1, 1, 1), f3 = (1, 1, 1, ω
−2, ω−2, ω).
Hence
i1 ≡ i2 ≡ 0 mod 3, i5 ≡ 2(i3 + i4) mod 6.
This means that A = A ∪ {f3(x0, x3, x4, x5)}.
2.4.2 Case of 3 cubes. No cycles.
If A has no cycles, then the following graphs are possible:
03 4 5 , 0 13 4 5 , 03 4 5 , 0
1
3 4 5 ,
0
3 4
5
,
0
13
4
5
,
0
3
4
5
,
0 1 2
3 4 5
, 0
3 4
5
,
23
0 1
3 4 5
, 0
1
2
3 4
5
,
0 1 2
3 4 5
,
0 1
23 4 5
,
0
1
2
3 4
5
Indeed, consider the subgraph formed by vertices x3, x4, x5 which are not cubes. Let us
consider the length of a longest path in this subgraph.
If this subgraph has a path of length 3, then we may assume that x3 is connected to x4,
x4 is connected to x5. Then by Lemma 1 ([5], Lemma 1.3) x5 should be connected to a cube
(say, to 0) since there are no cycles.
If the length of a longest path of this subgraph is 2, then we may assume that 3 is con-
nected to 4, which is then connected to one of the cubes (say, to 0), since there are neither
cycles nor paths of length 3 by our assumptions. By Lemma 1 ([5], Lemma 1.3) the remain-
ing vertex 5 should be connected to either a cube or to the length 2 path formed by vertices
3 and 4.
If 5 is connected to a cube, then this cube may be either the same cube to which the
length 2 path was connected (in which case (x4, x5) may form a singular pair) or a different
one (in which case there are neither singular pairs nor singular triples). In order to avoid
the singular pair (x4, x5), we should have that either
• there is an edge connecting 4 and 5, which in fact means that 5 is connected to 4
(rather than 4 to 5) since there are not length 3 paths, or
• one of the vertices 4, 5 is connected to either a different cube (1 or 2) or to the vertex
3 (the latter is not possible since there are neither cycles nor length 3 paths), or
• there is a dashed curve connecting 4, 5 and a different cube (1 or 2) or the 3-th vertex.
The second option here (4 or 5 is connected to another cube) does not occur, since it
would lead to a nonminimal A.
If 5 is connected to the length 2 path formed by vertices 3 and 4, then in fact it is
connected to the vertex 4 (since there are no paths of length 3). In this case (x3, x5) may
form a singular pair. In order to avoid this, we should have that either
• there is an edge between 3 and 5, which is impossible since there are no paths of length
3, or
• one of the vertices 3, 5 is connected to a cube, which would lead either to a nonminimal
A (in case the cube is not 0) or to one of the already analyzed cases (if the cube is 0),
or
• there is a dashed curve passing through 3, 5 and one of the cubes.
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Finally, it is possible that the subgraph formed by vertices 3, 4, 5 is totally disconnected.
In this case by Lemma 1 ([5], Lemma 1.3) each of its vertices should be connected to one of
the cubes. The cubes may be all different, or only two of them may be different, or all the
vertices 3, 4, 5 may be connected to the single cube (say, to 0).
In case 3, 4, 5 are connected to 3 different cubes (say, 3 is connected to 0, 4 is connected
to 1 and 5 is connected to 2), there are neither singular pairs nor singular triples.
Suppose vertices 3 and 4 are connected to the same cube (say, to 0) and vertex 5 is con-
nected to a different cube (say, to 1). Then (x3, x4) may form a singular pair and (x3, x4, x5)
may form a singular triple.
In order to avoid the singular pair, there should be a dashed curve connecting 3, 4 to-
gether with either a cube (1 or 2) or the 5-th vertex. Alternatively, 4 (or 3) may be connected
to the same cube 1 to which vertex 5 is connected. All other options are either proscribed
by our assumptions (when 3, 4 are connected by an edge to each other or to the vertex 5)
or lead to a nonminimal A (when 3 or 4 is connected by an edge to the cube 2).
If the dashed curve involves either the cube 2 or the vertex 5, this automatically resolves
the singular triple (x3, x4, x5) as well.
In the case, when the dashed curve passes through the cube 1, there should be also a
dashed curve connecting vertex 5, one of the vertices 3, 4 and the third cube 2 in order
to avoid the singular triple (x3, x4, x5). By the symmetry, we may assume that the dashed
curve passes through 2, 4 and 5. All other options would either lead to nonminimal A or
have already appeared.
Indeed, there are no edges between 3, 4, 5 by our assumption. If we introduce a dashed
curve through 3, 4, 5, then this will lead to a nonminimal A, because the dashed curve
connecting 3, 4 to 5 has appeared earlier and automatically resolved both the singular pair
and the singular triple. Hence in order to resolve the singular triple (x3, x4, x5) we should
have either an edge from one of 3, 4, 5 to the third cube 2 or a dashed curve passing through
two of 3, 4, 5 and the cube 2. An edge from 3 or 4 to 2 will contradict to our assumption
that 3, 4, 5 are connected to only two different cubes. If we have an edge from 5 to 2 or a
dashed curve through 3, 4 and 2, then this will lead us to a nonminimal A, because such
configurations (upto a permutation of xi) have already appeared above. Hence only a dashed
curve through 2, 5 and one of the vertices 3, 4 is possible.
This resolves the singular triple (x3, x4, x5), when there is a dashed curve through 3, 4
and 1.
Suppose that 4 is connected to 1 by an edge. Then again we should have a dashed curve
passing though 2, 3, 5 in order to resolve the singular triple (x3, x4, x5).
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Indeed, there are neither edges between vertices 3, 4, 5 nor the dashed curve connecting
them (such a curve would lead to a nonminimal A as above). Hence there will be a singular
triple (x3, x4, x5), unless either
• one of the vertices 3, 4, 5 is connected to the cube 2 (which is impossible by our
assumption), or
• there is a dashed curve through a pair of vertices 3, 4, 5 and the cube 2.
In the second case the dashed curve should pass through 3, 5 and 2, because if it passes
through, say, 3, 4 and 2, we will get a nonminimal A (such a dashed curve has already
appeared above and resolved both the singular pair and the singular triple).
The remaining possibility is when 3, 4 and 5 are all connected to one and the same cube
(say, to 0). In this case we may have three singular pairs (x3, x4), (x4, x5), (x5, x3) and one
singular triple (x3, x4, x5).
A dashed curve through vertices 3, 4, 5 resolves all singular pairs and all singular triples.
Suppose that 3, 4, 5 are not connected by such dashed curve. Then by our assumptions
each singular pair is resolved by a dashed curve through the corresponding pair of vertices
and one of the cubes 1, 2 (since no edges are allowed).
In fact, each of these cubes 1, 2 should lie on a dashed curve passing through a pair of
3, 4, 5, since otherwise (x3, x4, x5) would form a singular triple. Without loss of generality
(since we can always permute xi) we may assume that there are dashed curves through 1, 3,
4, through 1, 4, 5 and through 2, 3, 5.
This argument gives us the pictures shown above. Now let us do computations.
If A = {x23x4, x24x5, x25x0, x30, x31, x32}, then 3c1 = 3c2 = 2c5 = 2c3 + c4 = 2c4 + c5 = 0, i.e.
c4 = −2c3, c5 = 4c3, 3c1 = 3c2 = 8c3 = 0 in Z/dZ.
Hence d = 24 and f = (1, ω8c1 , ω8c2 , ω3c3 , ω−6c3 , ω12c3), where ω = 24
√
1, c1, c2 ∈ Z/3Z,
c3 ∈ Z/8Z.
This means that GA ∼= (Z/3Z)⊕2 ⊕ Z/8Z with generators
f1 = (1, ω
8, 1, 1, 1, 1), f2 = (1, 1, ω
8, 1, 1, 1), f3 = (1, 1, 1, ω
3, ω−6, ω12).
Hence i1 ≡ i2 ≡ 0 mod 3 and i3 − 2i4 + 4i5 ≡ 0 mod 8. This means that A = A.
If A = {x23x4, x24x0, x25x1, x30, x31, x32}, then 3c1 = 3c2 = c1 + 2c5 = 2c4 = 2c3 + c4 = 0, i.e.
c4 = 2c3, c1 = −2c5, 3c2 = 4c3 = 6c5 = 0 in Z/dZ.
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Hence d = 12 and f = (1, ω−4c5 , ω4c2 , ω3c3 , ω6c3 , ω2c5), where ω = 12
√
1, c2 ∈ Z/3Z,
c3 ∈ Z/4Z, c5 ∈ Z/6Z.
This means that GA ∼= Z/3Z⊕ Z/4Z⊕ Z/6Z with generators
f1 = (1, ω
−4, 1, 1, 1, ω2), f2 = (1, 1, ω4, 1, 1, 1), f3 = (1, 1, 1, ω3, ω6, 1).
Hence i5 ≡ 2i1 mod 6, i2 ≡ 0 mod 3 and i3 ≡ 2i4 mod 4. This means that A = A.
Let A0 = {x23x4, x24x0, x25x0, x30, x31, x32}. Then 3c1 = 3c2 = 2c3 + c4 = 2c4 = 2c5 = 0, i.e.
c4 = 2c3, 3c1 = 3c2 = 4c3 = 2c5 = 0 in Z/dZ.
Hence d = 12 and f = (1, ω4c1 , ω4c2 , ω3c3 , ω6c3 , ω6c5), where ω = 12
√
1, c1, c2 ∈ Z/3Z,
c3 ∈ Z/4Z, c5 ∈ Z/2Z.
For A = A0 ∪ {x3x4x5} we get an extra condition c3 + c4 + c5 = 0, i.e.
c5 = c3, 3c1 = 3c2 = 2c3 = c4 = 0 in Z/dZ.
Hence d = 6 and f = (1, ω2c1 , ω2c2 , ω3c3 , 1, ω3c3), where ω = 6
√
1, c1, c2 ∈ Z/3Z, c3 ∈ Z/2Z.
This means that GA ∼= (Z/3Z)⊕2 ⊕ Z/2Z with generators
f1 = (1, ω
2, 1, 1, 1, 1), f2 = (1, 1, ω
2, 1, 1, 1), f3 = (1, 1, 1, ω
3, 1, ω3).
Then i1 ≡ i2 ≡ 0 mod 3 and i3 + i5 ≡ 0 mod 2. This means that A = A ∪
{f3(x0, x4), f1(x0, x4) · f2(x3, x5)}.
For A = A0 ∪ {x1x4x5} we get an extra condition c1 + c4 + c5 = 0, i.e.
c4 = c5 = 2c3, c1 = 3c2 = 4c3 = 0 in Z/dZ.
Hence d = 12, f = (1, 1, ω4c2 , ω3c3 , ω6c3 , ω6c3), where ω = 12
√
1, c4 ∈ Z/3Z, c3 ∈ Z/4Z.
This means that GA ∼= Z/3Z⊕ Z/4Z with generators
f1 = (1, 1, ω
4, 1, 1, 1), f2 = (1, 1, 1, ω
3, ω6, ω6).
Then i2 ≡ 0 mod 3 and i3 ≡ 2(i4 + i5) mod 4. This means that A = A ∪ {f3(x0, x1),
f1(x0, x1) · f2(x4, x5), x23 · f1(x4, x5)}.
For A = A0 ∪ {x25x4} we get an extra condition c4 + 2c5 = 0, i.e.
c4 = 0, 3c1 = 3c2 = 2c3 = 2c5 = 0 in Z/dZ.
Hence d = 6, f = (1, ω2c1 , ω2c2 , ω3c3 , 1, ω3c5), where ω = 6
√
1, c1, c2 ∈ Z/3Z, c3, c5 ∈ Z/2Z.
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This means that GA ∼= (Z/3Z)⊕2 ⊕ (Z/2Z)⊕2 with generators
f1 = (1, ω
2, 1, 1, 1, 1), f2 = (1, 1, ω
2, 1, 1, 1), f3 = (1, 1, 1, ω
3, 1, 1), f4 = (1, 1, 1, 1, 1, ω
3).
Then i1 ≡ i2 ≡ 0 mod 3 and i3 ≡ i5 ≡ 0 mod 2. This means thatA = A∪{x20x4, x34, x23x0}.
Let A0 = {x23x4, x25x4, x24x0, x30, x31, x32}. Then 3c1 = 3c2 = 2c3 + c4 = 2c4 = 2c5 + c4 = 0,
i.e.
c4 = 2c3, 3c1 = 3c2 = 2(c5 − c3) = 4c3 = 0 in Z/dZ.
Hence d = 12 and f = (1, ω4c1 , ω4c2 , ω3c3 , ω6c3 , ω3c3+6c5), where ω = 12
√
1, c1, c2 ∈ Z/3Z,
c3 ∈ Z/4Z, c5 ∈ Z/2Z.
For A = A0 ∪ {x1x3x5} we get an extra condition c1 + c3 + c5 = 0, i.e.
c4 = 2c3, c5 = −c3, c1 = 3c2 = 4c3 = 0 in Z/dZ.
Then d = 12, f = (1, 1, ω4c2 , ω3c3 , ω6c3 , ω−3c3), where ω = 12
√
1, c2 ∈ Z/3Z, c3 ∈ Z/4Z.
This means that GA ∼= Z/3Z⊕ Z/4Z with generators
f1 = (1, 1, ω
4, 1, 1, 1), f2 = (1, 1, 1, ω
3, ω6, ω−3).
Hence i2 ≡ 0 mod 3 and i3+2i4−i5 ≡ 0 mod 4. This means that A = A∪{x24x1, x0x3x5}.
For A = A0 ∪ {x0x3x5} we get an extra condition c3 + c5 = 0, i.e.
c5 = −c3, c4 = 2c3, 3c1 = 3c2 = 4c3 = 0.
Then f = (1, ω4c1 , ω4c2 , ω3c3 , ω6c3 , ω−3c3), where ω = 12
√
1, c1, c2 ∈ Z/3Z, c3 ∈ Z/4Z.
This means that GA ∼= (Z/3Z)⊕2 ⊕ Z/4Z with generators
f1 = (1, ω
4, 1, 1, 1, 1), f2 = (1, 1, ω
4, 1, 1, 1), f3 = (1, 1, 1, ω
3, ω6, ω−3).
Hence i1 ≡ i2 ≡ 0 mod 3, i3 + 2i4 − i5 ≡ 0 mod 4. This means that A = A.
If A = {x23x0, x24x1, x25x2, x30, x31, x32}, then 3c1 = 3c2 = 2c3 = 2c4 + c1 = 2c5 + c2 = 0, i.e.
c1 = −2c4, c2 = −2c5, 6c4 = 6c5 = 2c3 = 0.
Hence d = 6 and f = (1, ω−2c4 , ω−2c5 , ω3c3 , ωc4 , ωc5), where ω = 6
√
1, c3 ∈ Z/2Z, c4, c5 ∈
Z/6Z.
This means that GA ∼= Z/2Z⊕ (Z/6Z)⊕2 with generators
f1 = (1, ω
−2, 1, 1, ω, 1), f2 = (1, 1, ω−2, 1, 1, ω), f3 = (1, 1, 1, ω3, 1, 1).
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Then i4 ≡ 2i1 mod 6, i5 ≡ 2i2 mod 6 and i3 ≡ 0 mod 2. This means that A = A.
Let A0 = {x23x0, x24x0, x25x1, x30, x31, x32}. Then 3c1 = 3c2 = 2c3 = 2c4 = 2c5 + c1 = 0,
i.e. c1 = −2c5, 2c3 = 3c2 = 6c5 = 2c4 = 0. Hence f = (1, ω−2c5 , ω2c2 , ω3c3 , ω3c4 , ωc5), where
ω = 6
√
1, ci ∈ Z/6Z.
For A = A0 ∪ {x2x3x4} we get an extra condition c2 + c3 + c4 = 0, i.e.
c2 = 0, c4 = c3, c1 = −2c5, 2c3 = 6c5 = 0.
Hence f = (1, ω−2c5 , 1, ω3c3 , ω3c3 , ωc5), where ω = 6
√
1, c3 ∈ Z/2Z, c5 ∈ Z/6Z.
This means that GA ∼= Z/6Z⊕ Z/2Z with generators
f1 = (1, ω
−2, 1, 1, 1, ω), f2 = (1, 1, 1, ω3, ω3, 1).
Hence i3+ i4 ≡ 0 mod 2, i5 ≡ 2i1 mod 6. This means that A = A∪{f3(x0, x2), f2(x3, x4) ·
f1(x0, x2)}.
For A = A0 ∪ {x3x4x5} we get an extra condition c3 + c4 + c5 = 0, i.e.
c5 = c3 + c4, c1 = 0, 3c2 = 2c3 = 2c4 = 0.
Hence f = (1, 1, ω2c2 , ω3c3 , ω3c4 , ω3c3+3c4), where ω = 6
√
1, c2 ∈ Z/3Z, c3, c4 ∈ Z/2Z.
This means that GA ∼= Z/3Z⊕ (Z/2Z)⊕2 with generators
f1 = (1, 1, ω
2, 1, 1, 1), f2 = (1, 1, 1, ω
3, 1, ω3), f3 = (1, 1, 1, 1, ω
3, ω3).
Then i2 ≡ 0 mod 3, i3 ≡ i4 ≡ i5 mod 2. This means that A = A ∪ {f3(x0, x1), x23 ·
f1(x0, x1), x
2
4 · f1(x0, x1), x25 · f1(x0, x1)}.
For A = A0 ∪ {x2x3x5, x24x1} we get extra conditions c1 + 2c4 = c2 + c3 + c5 = 0, i.e.
c1 = c2 = 0, c3 = c5, 2c3 = 2c4 = 0.
Hence f = (1, 1, 1, ωc3 , ωc4 , ωc3), where ω = 2
√
1, ci ∈ Z/2Z.
This means that GA ∼= (Z/2Z)⊕2 with generators
f1 = (1, 1, 1, ω, 1, ω), f2 = (1, 1, 1, 1, ω, 1).
Then i4 ≡ i3 + i5 ≡ 0 mod 2. This means that A = A ∪ {f3(x0, x1, x2), f2(x3, x5) ·
f1(x0, x1, x2), x
2
4 · f1(x0, x1, x2)}.
For A = A0∪{x1x3x4, x2x4x5} we get extra conditions c1 + c3 + c4 = c2 + c4 + c5 = 0, i.e.
c1 = c2 = 0, c3 = c4 = c5, 2c5 = 0.
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Hence f = (1, 1, 1, ωc5 , ωc5 , ωc5), where ω = 2
√
1, ci ∈ Z/2Z.
This means that GA ∼= Z/2Z with a generator
f = (1, 1, 1, ω, ω, ω).
Then i3 + i4 + i5 ≡ 0 mod 2. This means that A = A ∪ {f3(x0, x1, x2), f2(x3, x4, x5) ·
f1(x0, x1, x2)}.
Let A0 = {x23x0, x24x0, x25x0, x30, x31, x32}. Then 3c1 = 3c2 = 2c3 = 2c4 = 2c5 = 0. Hence
f = (1, ω2c1 , ω2c2 , ω3c3 , ω3c4 , ω3c5), where ω = 6
√
1, c1, c2 ∈ Z/3Z, c3, c4, c5 ∈ Z/2Z.
For A = A0 ∪ {x3x4x5} we get an extra condition c3 + c4 + c5 = 0, i.e.
c5 = c3 + c4, 3c1 = 3c2 = 2c3 = 2c4 = 0.
Hence f = (1, ω2c1 , ω2c2 , ω3c3 , ω3c4 , ω3c3+3c4), where ω = 6
√
1, c1, c2 ∈ Z/3Z, c3, c4 ∈ Z/2Z.
This means that GA ∼= (Z/2Z)⊕2 ⊕ (Z/3Z)⊕2 with generators
f1 = (1, ω
2, 1, 1, 1, 1), f2 = (1, 1, ω
2, 1, 1, 1), f3 = (1, 1, 1, ω
3, 1, ω3), f4 = (1, 1, 1, 1, ω
3, ω3).
Hence i1 ≡ i2 ≡ 0 mod 3 and i3 ≡ i4 ≡ i5 mod 2. This means that A = A.
For A = A0∪{x1x3x4, x1x4x5, x2x3x5} we get extra conditions c1+c3+c4 = c1+c4+c5 =
c2 + c3 + c5 = 0, i.e.
c5 = c3 = c4, c1 = c2 = 0, 2c3 = 0.
Hence f = (1, 1, 1, ωc3 , ωc3 , ωc3), where ω = 2
√
1, ci ∈ Z/2Z.
This case has already appeared.
2.5 Case of 2 cubes.
Let the cubes be x30, x
3
1. If a longest cycle has length 4, then A is
0 1
2
43
5
i.e. A = {x30, x31, x22x3, x23x4, x24x5, x25x2}. Then 3c1 = 2c2 + c3 = 2c3 + c4 = 2c4 + c5 =
2c5 + c2 = 0 in Z/dZ, i.e.
c3 = −2c2, c4 = 4c2, c5 = −8c2, 3c1 = 15c2 = 0.
Hence d = 15, f = (1, ω5c1 , ωc2 , ω−2c2 , ω4c2 , ω−8c2), where ω = 15
√
1.
30
This means that GA ∼= Z/3Z⊕ Z/15Z with generators
f1 = (1, ω
5, 1, 1, 1, 1), f2 = (1, 1, ω, ω
−2, ω4, ω−8).
Then i1 ≡ 0 mod 3, i2 − 2i3 + 4i4 − 8i5 ≡ 0 mod 15. This means that A = A.
2.5.1 Case of 2 cubes. Length 3 longest cycle.
If a longest cycle has length 3, then A is either
0
2 4
3
5
or
2
3
45 2
4
35 2
4
3
5
0
2
4
3
5 2
4
3
5
0
2
4
3
5
Suppose x2, x3, x4 form a cycle. By Lemma 1 ([5], Lemma 1.3) the 5-th vertex should be
connected to either a cube (say, to 0) or to the cycle (say, to vertex 2). In the former case
there are neither singular pairs nor singular triples.
In the latter case there may be a singular pair (x4, x5). In order to resolve it, we need to
have either
• an edge between vertices 4 and 5 (hence an edge from 5 to 4 since otherwise we would
get a cycle of length 4), or
• an edge from vertices 4, 5 to the 3-rd vertex or to a cube, or
• a dashed curve passing through 4, 5 and either 3 or a cube (say, 0).
Note that in the second case 5 can not be connected to a cube by an edge, because this
would give us a nonminimal A (such configuration has appeared earlier).
This gives us the pictures shown above. Now let us do computations.
If A = {x22x3, x23x4, x24x2, x25x0, x30, x31}, then 3c1 = 2c5 = 2c2 + c3 = 2c3 + c4 = 2c4 + c2 = 0
in Z/dZ, i.e.
c3 = −2c2, c4 = 4c2, 3c1 = 9c2 = 2c5 = 0.
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Hence d = 18 and f = (1, ω6c1 , ω2c2 , ω−4c2 , ω8c2 , ω9c5), where ω = 18
√
1.
This means that GA ∼= Z/2Z⊕ Z/3Z⊕ Z/9Z with generators
f1 = (1, ω
6, 1, 1, 1, 1), f2 = (1, 1, ω
2, ω−4, ω8, 1), f3 = (1, 1, 1, 1, 1, ω9).
Then i1 ≡ 0 mod 3, i5 ≡ 0 mod 2 and i2 − 2i3 + 4i4 ≡ 0 mod 9. This means that A = A.
Let A0 = {x22x3, x23x4, x24x2, x25x2, x30, x31}. Then 3c1 = 2c2 + c3 = 2c3 + c4 = 2c4 + c2 =
2c5 + c2 = 0 in Z/dZ, i.e.
c2 = −2c5, c3 = 4c5, c4 = −8c5, 3c1 = 18c5 = 0.
Hence d = 18, f = (1, ω6c1 , ω−2c5 , ω4c5 , ω−8c5 , ωc5), where ω = 18
√
1.
This means that GA0 ∼= Z/18Z⊕ Z/3Z with generators
f1 = (1, ω
6, 1, 1, 1, 1), f2 = (1, 1, ω
−2, ω4, ω−8, ω).
For A = A0 ∪ {x25x3} we get an extra condition c3 + 2c5 = 0, i.e. 6c5 = 0. Hence d = 6,
f = (1, ω2c1 , ω−2c5 , ω−2c5 , ω−2c5 , ωc5), where ω = 6
√
1.
This means that GA ∼= Z/6Z⊕ Z/3Z with generators
f1 = (1, ω
2, 1, 1, 1, 1), f2 = (1, 1, ω
−2, ω−2, ω−2, ω).
Then i1 ≡ 0 mod 3 and i5 ≡ 2(i2 + i3 + i4) mod 6. This means that A = A ∪
{f3(x2, x3, x4), x25 · f1(x2, x3, x4)}.
For A = A0 ∪ {x25x4} and A = A0 ∪ {x24x3} we get extra conditions c4 + 2c5 = 0 and
c3 + 2c4 = 0 respectively, i.e. 6c5 = 0. This leads to the same group as above.
For A = A0 ∪ {x3x4x5} we get an extra relation c3 + c4 + c5 = 0, i.e. 3c5 = 0. Hence
d = 6, f = (1, ωc1 , ωc5 , ωc5 , ωc5 , ωc5), where ω = 3
√
1.
This means that GA ∼= (Z/3Z)⊕2 with generators
f1 = (1, ω, 1, 1, 1, 1), f2 = (1, 1, ω, ω, ω, ω).
Then i1 ≡ i2 + i3 + i4 + i5 ≡ 0 mod 3. This means that A = A ∪ {f3(x2, x3, x4, x5)}.
For A = A0 ∪ {x0x4x5} we get an extra relation c4 + c5 = 0, i.e. 7c5 = 0. Since
18c5 = 7c5 = 0 in Z/dZ and (18, 7) = 1, we conclude that c5 = 0. Hence d = 3,
f = (1, ωc1 , 1, 1, 1, 1), where ω = 3
√
1.
This means that GA ∼= Z/3Z with a generator f = (1, ω, 1, 1, 1, 1) and A = A ∪
{f3(x0, x2, x3, x4, x5)}.
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For A = A0 ∪ {x24x0} we get an extra relation 2c4 = 0, i.e. 2c5 = 0. Hence d = 6,
f = (1, ω2c1 , 1, 1, 1, ω3c5), where ω = 6
√
1.
This means that GA ∼= Z/3Z⊕ Z/2Z with generators
f1 = (1, ω
2, 1, 1, 1, 1), f2 = (1, 1, 1, 1, 1, ω
3).
Then i1 ≡ 0 mod 3, i5 ≡ 0 mod 2. This means that A = A ∪ {f3(x0, x2, x3, x4), x25 ·
f1(x0, x2, x3, x4)}.
2.5.2 Case of 2 cubes. Length 2 longest cycle.
Suppose that the length of a longest cycle is 2. Let x2, x3 form such a cycle.
Then A may be one of the following:
0
12
3 4
5
,
2
3 4
5
,
0
2
3
45
,
2
3
4 5
∪(x23x0, x3x4x5, x0x3x4),
2
3
4 5
,
0
2
3
4
5
,
0
2
3 4
5
∪(x23x1, x23x4,
x1x3x5, x3x4x5),
0
2
3 4
5
∪(x25x0, x23x0, x0x3x5) ∪ (x24x3,
x24x1, x1x3x4, x1x4x5),
3
2
4
5 ∪(x24x2, x22x0,
x0x2x4, x2x4x5),
0
2
3 4
5
∪(x22x0, x22x1, x0x2x4,
x1x2x4, x2x4x5),
2
3 4
5
∪(x2x4x0, x2x4x5),
0
2
3 4
5
∪(x2x4x5, x1x2x4, x0x2x4),
0
2
3 4
5
∪(x23x1, x23x4, x1x3x4, x3x4x5), 01
2
3
4
5
Indeed, the remaining variables x4, x5 may also form a cycle (in which case there are
neither singular pairs nor singular triples), or they may be connected by an edge (without
forming a cycle), or they may be disconnected.
If x4, x5 do not form a cycle, but 5 is connected to 4, then by Lemma 1 ([5], Lemma 1.3)
vertex 4 should be connected either to a cube (say, 0) or to the cycle formed by 2 and 3 (say,
4 is connected to 2). In the former case there are neither singular pairs nor singular triples.
In the latter case (x3, x4) may form a singular pair. They will not form a singular pair, if
there is an edge between 3 and 4 (i.e. an edge from 4 to 3 since there are no cycles of length
3). Alternatively, there should be either
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• an edge from 3 or 4 to a cube or to the 5-th vertex, or
• a dashed curve passing through 3, 4 and either the 5-th vertex or one of the cubes (say,
0).
Note that in the first case there can be an edge only from 3 to a cube (say, to 0). Oth-
erwise, either x4, x5 would form a cycle (if 4 is connected to 5) or there would be a length 4
cycle (if 3 is connected to 5) or we would get a nonminimal A (if 4 is connected to a cube).
It may also happen that vertices 4, 5 are disconnected. In this case, by Lemma 1 ([5],
Lemma 1.3) each of them should be connected to either a cube or to the cycle.
If 4 and 5 are connected to different cubes, then there are neither singular pairs nor
singular triples.
Suppose that one of them is connected to a cube (say, 4 is connected to 0) and the other
one is connected to the cycle (say, 5 is connected to 2). In this case (x3, x5) may form a
singular pair and (x3, x4, x5) may form a singular triple.
Both the singular pair and the singular triple will be resolved, if there is an edge between
3, 5, or an edge from one of them to 4, or a dashed curve through 3, 4, 5. An edge from 3
to 5 would lead to a length 3 cycle (which is not allowed). Neither an edge from 5 to 4 is
allowed by our assumption. Hence we may have either an edge from 5 to 3 or an edge from
3 to 4.
Alternatively, one can resolve both the singular pair and the singular triple by having an
edge from 3 or 5 to the second cube 1 (only an edge from 3 to 1 is possible) or a dashed
curve passing through 3, 5 and the second cube 1.
If neither of these alternatives holds, then we need to resolve the singular pair (x3, x5)
and the singular triple (x3, x4, x5) separately.
The singular pair (x3, x5) can be resolved by having either an edge from 3 or 5 to the
cube 0 or a dashed curve passing through these three vertices.
Then the singular triple (x3, x4, x5) can be resolved either by having an edge from 4 to 3
or to 5 (only an edge from 4 to 3 is allowed), or by connecting a pair of 3, 4, 5 by a dashed
curve or just the vertex 4 by an edge to the second cube 1. Note that a dashed curve through
vertices 1, 3, 5 is not allowed, because it would lead to a nonminimal A.
Now suppose that 4 and 5 are connected to either the cycle or to a cube, but not to both
of them.
Let us assume first that 4 is connected to 3 and 5 is connected to 2. Then there may be
two singular pairs (x2, x4) and (x3, x5). We resolve them as above.
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If 4 and 5 are connected to the same cube (say, to 0), then we may have a singular pair
(x4, x5). It is analyzed the same way as we did earlier.
This gives us the pictures shown above.
Alternatively, A may be one of the following:
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In these cases both vertices 4 and 5 are connected to the same vertex of the cycle (say,
to 2). There may be
• three singular pairs: (x4, x5), (x3, x5), (x3, x4), and
• one singular triple (x3, x4, x5).
We may resolve all these singular pairs and the singular triple at once by including a
dashed curve through 3, 4, 5.
Note that by our assumptions no edges between vertices 3, 4, 5 are allowed. Edges from
4 or 5 to cubes are not allowed either. Hence only dashed curves or an edge from 3 to a cube
can be used.
After we resolve the singular pairs and the singular triple the same way as we did in the
previous examples, we obtain the pictures shown above. Now let us do computations.
If A = {x22x3, x23x2, x24x0, x25x1, x30, x31}, then c2 = c3, 3c1 = 3c2 = 2c4 = 2c5 + c1 = 0 in
Z/dZ, i.e.
c1 = −2c5, c2 = c3, 3c2 = 2c4 = 6c5 = 0.
Hence d = 6 and f = (1, ω−2c5 , ω2c2 , ω2c2 , ω3c4 , ωc5), where ω = 6
√
1.
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This means that GA ∼= Z/2Z⊕ Z/3Z⊕ Z/6Z with generators
f1 = (1, ω
−2, 1, 1, 1, ω), f2 = (1, 1, ω2, ω2, 1, 1), f3 = (1, 1, 1, 1, ω3, 1).
Then i5 ≡ 2i1 mod 6, i2 + i3 ≡ 0 mod 3, i4 ≡ 0 mod 2. This means that A =
A ∪ {f3(x2, x3)}.
If A = {x22x3, x23x2, x24x5, x25x4, x30, x31}, then c2 = c3, c4 = c5, 3c1 = 3c2 = 3c4 = 0 in
Z/dZ, i.e. d = 3 and f = (1, ωc1 , ωc2 , ωc2 , ωc4 , ωc4), where ω = 3
√
1.
This means that GA ∼= (Z/3Z)⊕3 with generators
f1 = (1, ω, 1, 1, 1, 1), f2 = (1, 1, ω, ω, 1, 1), f3 = (1, 1, 1, 1, ω, ω).
Then i1 ≡ i2 + i3 ≡ i4 + i5 ≡ 0 mod 3. This means that A = A∪ {f3(x2, x3), f3(x4, x5)}.
If A = {x22x3, x23x2, x24x5, x25x0, x30, x31}, then c2 = c3, 3c1 = 3c2 = 2c4 + c5 = 2c5 = 0 in
Z/dZ, i.e.
c2 = c3, c5 = 2c4, 3c1 = 3c2 = 4c4 = 0,
Hence d = 12 and f = (1, ω4c1 , ω4c2 , ω4c2 , ω3c4 , ω6c4), where ω = 12
√
1.
This means that GA ∼= (Z/3Z)⊕2 ⊕ Z/4Z with generators
f1 = (1, ω
4, 1, 1, 1, 1), f2 = (1, 1, ω
4, ω4, 1, 1), f3 = (1, 1, 1, 1, ω
3, ω6).
Then i1 ≡ i2 + i3 ≡ 0 mod 3, i4 ≡ 2i5 mod 4. This means that A = A ∪ {f3(x2, x3)}.
LetA0 = {x22x3, x23x2, x24x2, x25x4, x30, x31}. Then c2 = c3, 3c1 = 3c2 = 2c4+c2 = 2c5+c4 = 0
in Z/dZ, i.e.
c2 = c3 = 4c5, c4 = −2c5, 3c1 = 12c5 = 0.
Hence d = 12, f = (1, ω4c1 , ω4c5 , ω4c5 , ω−2c5 , ωc5), where ω = 12
√
1.
This means that GA0 ∼= Z/12Z⊕ Z/3Z with generators
f1 = (1, ω
4, 1, 1, 1, 1), f2 = (1, 1, ω
4, ω4, ω−2, ω).
For A = A0 ∪ {x23x0} we get an extra condition 2c3 = 0, i.e.
c2 = c3 = 0, c4 = 2c5, 3c1 = 4c5 = 0 in Z/dZ.
Hence d = 12, f = (1, ω4c1 , 1, 1, ω6c5 , ω3c5), where ω = 12
√
1.
This means that GA ∼= Z/4Z⊕ Z/3Z with generators
f1 = (1, ω
4, 1, 1, 1, 1), f2 = (1, 1, 1, 1, ω
6, ω3).
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Then i1 ≡ 0 mod 3 and i5 ≡ 2i4 mod 4. This means that A = A ∪ {f3(x0, x2, x3), x24 ·
f1(x0, x2, x3)}.
For A = A0 ∪ {x3x4x5} we get an extra condition c3 + c4 + c5 = 0, i.e.
c2 = c3 = c4 = c5, 3c1 = 3c5 = 0 in Z/dZ.
Hence d = 3, f = (1, ωc1 , ωc5 , ωc5 , ωc5 , ωc5), where ω = 3
√
1.
This case has already appeared.
For A = A0 ∪ {x0x3x4} we get an extra condition c3 + c4 = 0, i.e.
c2 = c3 = c4 = 3c1 = 2c5 = 0 in Z/dZ.
Hence d = 6, f = (1, ω2c1 , 1, 1, 1, ω3c5), where ω = 6
√
1.
This case has already appeared.
For A = A0 ∪ {x24x3} the extra condition c3 + 2c4 = 0 is automatically satisfied.
Hence GA ∼= Z/3Z⊕ Z/12Z (as computed above).
Then i1 ≡ 0 mod 3 and i5 − 2i4 + 4(i2 + i3) ≡ 0 mod 12. This means that A =
A ∪ {f3(x2, x3)}.
Let A0 = {x22x3, x23x2, x24x0, x25x2, x30, x31}. Then c2 = c3, 3c1 = 3c2 = 2c4 = 2c5 + c2 = 0
in Z/dZ, i.e.
c2 = c3 = −2c5, 3c1 = 2c4 = 6c5 = 0.
Hence d = 6, f = (1, ω2c1 , ω−2c5 , ω−2c5 , ω3c4 , ωc5), where ω = 6
√
1.
This means that GA0 ∼= Z/6Z⊕ Z/3Z⊕ Z/2Z with generators
f1 = (1, ω
2, 1, 1, 1, 1), f2 = (1, 1, ω
−2, ω−2, 1, ω), f3 = (1, 1, 1, 1, ω3, 1).
For A = A0 ∪ {x25x3} the extra condition c3 + 2c5 = 0 is automatically satisfied. Hence
GA = GA0 ∼= Z/6Z⊕ Z/3Z⊕ Z/2Z as above.
Then i1 ≡ 0 mod 3, i4 ≡ 0 mod 2 and i5 ≡ 2(i2 + i3) mod 6. This means that
A = A ∪ {f3(x2, x3)}.
For A = A0 ∪ {x23x4} we get an extra condition 2c3 + c4 = 0, i.e.
c2 = c3 = c4 = 3c1 = 2c5 = 0 in Z/dZ.
Hence d = 6, f = (1, ω2c1 , 1, 1, 1, ω3c5), where ω = 6
√
1.
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This case has already appeared.
For A = A0 ∪ {x3x4x5} we get an extra condition c3 + c4 + c5 = 0, i.e.
c5 = c4, c2 = c3 = 3c1 = 2c4 = 0 in Z/dZ.
Hence d = 6, f = (1, ω2c1 , 1, 1, ω3c5 , ω3c5), where ω = 6
√
1.
This means that GA ∼= Z/3Z⊕ Z/2Z with generators
f1 = (1, ω
2, 1, 1, 1, 1), f2 = (1, 1, 1, 1, ω
3, ω3).
Then i1 ≡ 0 mod 3 and i4+i5 ≡ 0 mod 2. This means that A = A∪{f3(x0, x2, x3), f2(x4, x5)·
f1(x0, x2, x3)}.
For A = A0 ∪ {x23x1} we get an extra condition c1 + 2c3 = 0, i.e.
c1 = c2 = c3 = −2c5, 2c4 = 6c5 = 0 in Z/dZ.
Hence d = 6, f = (1, ω−2c5 , ω−2c5 , ω−2c5 , ω3c4 , ωc5), where ω = 6
√
1.
This means that GA ∼= Z/6Z⊕ Z/2Z with generators
f1 = (1, ω
−2, ω−2, ω−2, 1, ω), f2 = (1, 1, 1, 1, ω3, 1).
Then i4 ≡ 0 mod 2 and i5 ≡ 2(i1+i2+i3) mod 6. This means that A = A∪{f3(x1, x2, x3), x25 ·
f1(x1, x2, x3)}.
For A = A0 ∪ {x1x3x5} we get an extra condition c1 + c3 + c5 = 0, i.e.
c1 = c2 = c3 = c5, 3c1 = 2c4 = 0 in Z/dZ.
Hence d = 6, f = (1, ω2c5 , ω2c5 , ω2c5 , ω3c4 , ω2c5), where ω = 6
√
1.
This means that GA ∼= Z/2Z⊕ Z/3Z with generators
f1 = (1, ω
2, ω2, ω2, 1, ω2), f2 = (1, 1, 1, 1, ω
3, 1).
Then i4 ≡ 0 mod 2 and i1+i2+i3+i5 ≡ 0 mod 3. This means thatA = A∪{f3(x1, x2, x3, x5)}.
For A1 = A0 ∪ {x25x0}, A1 = A0 ∪ {x23x0} and for A = A0 ∪ {x23x0, x24x3}, A = A0 ∪
{x25x0, x24x3} we get the same extra condition 2c5 = c3 + 2c4 = 2c3 = 0, i.e.
c2 = c3 = 0, 3c1 = 2c4 = 2c5 = 0 in Z/dZ.
Hence d = 6, f = (1, ω2c1 , 1, 1, ω3c4 , ω3c5), where ω = 6
√
1.
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This means that GA1 = GA ∼= (Z/2Z)⊕2 ⊕ Z/3Z with generators
f1 = (1, ω
2, 1, 1, 1, 1), f2 = (1, 1, 1, 1, ω
3, 1), f3 = (1, 1, 1, 1, 1, ω
3).
Then i4 ≡ i5 ≡ 0 mod 2 and i1 ≡ 0 mod 3. This means that A = A ∪ {f3(x0, x2, x3), x24 ·
f1(x0, x2, x3), x
2
5 · f1(x0, x2, x3)}.
For A = A1 ∪ {x24x1} we get an extra condition c1 = 0, i.e.
c1 = c2 = c3 = 0, 2c4 = 2c5 = 0 in Z/dZ.
Hence d = 2, f = (1, 1, 1, 1, ωc4 , ωc5), where ω = 2
√
1.
This means that GA ∼= (Z/2Z)⊕2 with generators
f1 = (1, 1, 1, 1, ω, 1), f2 = (1, 1, 1, 1, 1, ω).
Then i4 ≡ i5 ≡ 0 mod 2. This means that A = A∪{f3(x0, x1, x2, x3), x24 ·f1(x0, x1, x2, x3), x25 ·
f1(x0, x1, x2, x3)}.
For A = A1 ∪ {x1x3x4} we get an extra condition c1 + c3 + c4 = 0, i.e.
c1 = c2 = c3 = c4 = 0, 2c5 = 0.
Hence GA ∼= Z/2Z with a generator
f = (1, 1, 1, 1, 1, ω), ω =
2
√
1,
and A = A ∪ {f3(x0, x1, x2, x3, x4), x25 · f1(x0, x1, x2, x3, x4)}.
For A = A1 ∪ {x1x4x5} we get an extra condition c1 + c4 + c5 = 0, i.e.
c1 = c2 = c3 = 0, c5 = c4, 2c5 = 0.
Hence GA ∼= Z/2Z with a generator
f = (1, 1, 1, 1, ω, ω), ω =
2
√
1,
and A = A ∪ {f3(x0, x1, x2, x3), f2(x4, x5) · f1(x0, x1, x2, x3)}.
For A1 = A0∪{x0x3x5} and for A = A0∪{x0x3x5, x24x3} we get the same extra condition
c3 + c5 = 0, i.e.
c2 = c3 = c5 = 0, 3c1 = 2c4 = 0.
These conditions already appeared above.
For A = A1 ∪ {x24x1} we get an extra condition c1 = 0, i.e.
c1 = c2 = c3 = c5 = 0, 2c4 = 0.
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This case has already appeared.
ForA = A1∪{x1x3x4} andA = A1∪{x1x4x5} we get the same extra condition c1+c4 = 0,
i.e.
c1 = c2 = c3 = c4 = c5 = 0.
Hence GA = Id in these cases.
Let A0 = {x22x3, x23x2, x24x3, x25x2, x30, x31}. Then
c2 = c3 = −2c4, 3c1 = 6c4 = 2(c5 − c4) = 0.
This means that GA0 ∼= Z/6Z⊕ Z/3Z⊕ Z/2Z with generators
f1 = (1, ω
2, 1, 1, 1, 1), f2 = (1, 1, ω
−2, ω−2, ω, ω), f3 = (1, 1, 1, 1, 1, ω3).
ForA1 = A0∪{x25x3} and forA = A0∪{x25x3, x24x2} extra conditions c3+2c5 = c2+2c4 = 0
are automatically satisfied.
Hence GA = GA1 = GA0 ∼= Z/6Z⊕ Z/3Z⊕ Z/2Z as above.
Then i1 ≡ 0 mod 3, i5 ≡ 0 mod 2, i4 + i5 ≡ 2(i2 + i3) mod 6. This means that
A = A ∪ {f3(x2, x3), x24 · f1(x2, x3), x25 · f1(x2, x3)}.
For A = A1 ∪ {x2x4x5} we get an extra condition c2 + c4 + c5 = 0, i.e.
c2 = c3 = −2c4, c5 = c4, 3c1 = 6c4 = 0.
Hence GA ∼= Z/6Z⊕ Z/3Z with generators
f1 = (1, ω
2, 1, 1, 1, 1), f2 = (1, 1, ω
−2, ω−2, ω, ω), ω = 6
√
1,
and A = A ∪ {f3(x2, x3), f2(x4, x5) · f1(x2, x3)}.
For A = A1 ∪ {x22x0} we get an extra condition 2c2 = 0, i.e.
c2 = c3 = 0, 3c1 = 2c4 = 2c5 = 0.
This case was already considered.
For A = A1 ∪ {x0x2x4} we get an extra condition c2 + c4 = 0, i.e.
c2 = c3 = c4 = 0, 3c1 = 2c5 = 0.
This case was already considered.
For A1 = A0∪{x23x0} and A = A0∪{x23x0, x22x0} we get the same extra condition 2c4 = 0,
i.e.
c2 = c3 = 0, 3c1 = 2c4 = 2c5 = 0.
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These conditions already appeared above. The same happens for A = A1 ∪ {x0x2x4}.
For A = A1 ∪ {x2x4x5} we get an extra condition c4 = c5, i.e.
c2 = c3 = 0, c4 = c5, 3c1 = 2c5 = 0.
This case was already considered.
For A = A1 ∪ {x22x1} we get an extra condition c1 = 0, i.e.
c1 = c2 = c3 = 0, 2c4 = 2c5 = 0.
This case was already considered.
For A = A1 ∪ {x1x2x4} we get an extra condition c1 = c4, i.e.
c1 = c2 = c3 = c4 = 0, 2c5 = 0.
This case has already appeared.
For A1 = A0 ∪{x3x4x5} and A = A0 ∪{x3x4x5.x2x4x5} we get the same extra condition
c5 = c4, i.e.
c2 = c3 = −2c4, c5 = c4, 3c1 = 6c4 = 0.
These conditions already appeared above.
For A = A1 ∪ {x0x2x4} we get an extra condition c2 + c4 = 0, i.e.
c2 = c3 = c4 = c5 = 0, 3c1 = 0.
This case was already considered.
For A1 = A0 ∪ {x0x3x5} we get an extra condition c3 + c5 = 0, i.e.
c2 = c3 = c5 = 0, 3c1 = 2c4 = 0.
For A = A1 ∪ {x2x4x5} and A = A1 ∪ {x0x2x4} we get the same extra condition c4 = 0,
which was already considered above.
ForA = A1∪{x1x2x4} we get an extra condition c1 = c4 = 0, which implies thatGA = Id.
Let A0 = {x22x3, x23x2, x24x0, x25x0, x2x4x5, x30, x31}. Then
c2 = c3 = 0, c4 = c5, 3c1 = 2c5 = 0.
This means that GA0 ∼= Z/2Z⊕ Z/3Z with generators
f1 = (1, ω
2, 1, 1, 1, 1), f2 = (1, 1, 1, 1, ω
3, ω3), ω =
6
√
1.
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For A = A0 ∪ {x23x4} we get an extra condition c4 = 0, i.e.
c2 = c3 = c4 = c5 = 0, 3c1 = 0.
This case has already appeared.
For A = A0 ∪ {x23x1} we get an extra condition c1 = 0, i.e.
c1 = c2 = c3 = 0, c4 = c5, 2c5 = 0.
This case has already appeared.
For A = A0 ∪ {x3x4x5} the extra condition is automatically satisfied.
This case has already appeared.
For A = A0 ∪ {x1x3x4} we get an extra condition c1 + c3 + c4 = 0, i.e.
c1 = c2 = c3 = c4 = c5 = 0.
This means that GA = Id.
If A = {x22x3, x23x2, x24x0, x25x0, x1x4x5, x30, x31}, then c2 = c3, 3c1 = 3c2 = 2c4 = 2c5 = 0,
c1 + c4 + c5 = 0, i.e.
c1 = 0, c2 = c3, c4 = c5, 3c2 = 2c4 = 0.
This means that GA ∼= Z/3Z⊕ Z/2Z with generators
f1 = (1, 1, ω
2, ω2, 1, 1), f2 = (1, 1, 1, 1, ω
3, ω3), ω =
6
√
1.
Then i2 + i3 ≡ 0 mod 3, i4 + i5 ≡ 0 mod 2. This means that A = A∪ {f3(x2, x3), f1(x0, x1) ·
f2(x4, x5), f3(x0, x1)}.
Let A0 = {x22x3, x23x2, x24x2, x25x2, x30, x31}. Then
c2 = c3 = −2c5, 3c1 = 2(c4 − c5) = 6c5 = 0.
This means that GA0 ∼= Z/2Z⊕ Z/3Z⊕ Z/6Z with generators
f1 = (1, ω
2, 1, 1, 1, 1), f2 = (1, 1, 1, 1, ω
3, 1), f3 = (1, 1, ω
−2, ω−2, ω, ω), ω = 6
√
1.
If A = A0 ∪ {x3x4x5} we get an extra condition c3 + c4 + c5 = 0, i.e.
c2 = c3 = −2c5, c4 = c5, 3c1 = 6c5 = 0
This case was already considered.
For A = A0 ∪ {x0x4x5, x0x3x5, x1x3x4}, A = A0 ∪ {x0x4x5, x1x3x4, x1x3x5} and A =
A0 ∪ {x0x4x5, x1x4x5, x0x3x4, x0x3x5} we get extra conditions which imply that c1 = c2 =
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c3 = c4 = c5 = 0. Hence GA = Id in these cases.
For A = A0 ∪ {x23x1, x0x4x5} we get extra conditions c4 + c5 = c1 + 2c3 = 0, i.e.
c1 = c2 = c3 = 0, c4 = c5, 2c5 = 0.
This case has already appeared above.
For A1 = A0 ∪ {x23x0, x1x3x4} we get extra conditions 2c3 = c1 + c3 + c4 = 0, i.e.
c1 = c2 = c3 = c4 = 0, 2c5 = 0.
All such cases were considered above.
2.5.3 Case of 2 cubes. No cycles.
If there are no cycles at all, then A may be one of the following:
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Let us consider the subgraph formed by the variables x2, x3, x4, x5 which are not cubes.
The length of a longest path in this subgraph may be either 4 or 3 or 2 or 1 (in which case
the subgraph is totally disconnected).
If 2 is connected to 3, 3 is connected to 4 and 4 is connected to 5, then by Lemma 1 ([5],
Lemma 1.3) the 5-th vertex should be connected to a cube (since otherwise there would be
a cycle). In this case we have neither singular pairs nor singular triples.
Suppose that a longest path has length 3. Let 2 be connected to 3 and 3 be connected
to 4. Then 4 will have to be connected to a cube (say, to 0). It can be connected neither to
5 (since there are no length 4 paths) nor to 2 nor to 3 (since there are no cycles).
Then 5 can be connected either to the other cube 1, or to the same cube 0, or to the
path (i.e. either to 3 or to 4). In the first case there are neither singular pairs nor singular
triples.
If 5 is connected to 3, then there may be one singular pair (x2, x5) and one singular
triple (x2, x4, x5). They are resolved as usual. Note that the configuration is symmetric with
respect to vertices 2 and 5.
If 5 is connected to 4, then there may be one singular pair (x3, x5). It is resolved as usual.
If 5 is connected to the same cube 0 as the length 3 path, then there may be one singular
pair (x4, x5) and one singular triple (x2, x4, x5). We repeat the same procedure as above in
order to resolve them.
If the length of a longest path in the subgraph formed by vertices 2, 3, 4, 5 is equal to 2,
then we may assume that 2 is connected to 3 and 3 is connected to a cube (say, to 0). Note
that 3 can not be connected to 4 or 5, because this would lead to a path of length 3.
The remaining vertices 4 and 5 may also form a length 2 path. Let us assume that 4 is
connected to 5. Then by Lemma 1 ([5], Lemma 1.3) the 5-th vertex should be connected to
a cube. It can not be connected to vertices 2, 3, 4, because there are neither cycles no paths
of length 3 according to our assumptions.
If 3 and 5 are connected to different cubes, then there are neither singular pairs nor
singular triples.
This analysis gives us the pictures shown above.
Vertices 3 and 5 may be also connected to the same cube 0:
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In this case we may have one singular pair (x3, x5), which we resolve as usual.
Suppose that the remaining vertices 4 and 5 are disconnected.
In this case A may be one of the following:
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By Lemma 1 ([5], Lemma 1.3) and our assumption the 4-th and the 5-th vertices should
be connected either to a cube or to the length 2 path formed by vertices 2 and 3.
Let us assume first that 5 is connected to 3 (it can not be connected to 2 since there are
no length 3 paths) and 4 is connected to the second cube 1. In this case we may have one
singular pair (x2, x5) and one singular triple (x2, x4, x5). We resolve them as usual. Note
that this configuration is symmetric with respect to vertices 2, 5.
Suppose that 4 and 5 are connected to different cubes (say, 5 is connected to 0 and
4 is connected to 1). Then we may get one singular pair (x3, x5) and one singular triple
(x3, x4, x5). We resolve them as usual.
If 4 and 5 are connected to the same cube 1, then we may get
• one singular pair (x4, x5) and
• two singular triples (x2, x4, x5) and (x3, x4, x5).
We resolve them as usual. Note that the configuration is symmetric with respect to ver-
tices 4 and 5.
The next possibility is that one of the vertices 4, 5 is connected to the length 2 path
formed by 2, 3 and the other one is connected to the same cube 0 as 3. We may assume that
4 is connected to 3 (it can not be connected to 2 since there are no length 3 paths) and 5 is
connected to 0. In this case there may be
• two singular pairs (x2, x4), (x3, x5) and
• one singular triple (x2, x4, x5).
We resolve them as usual. Note that the configuration is symmetric with respect to ver-
tices 2 and 4.
It may also happen that both vertices 4 and 5 are connected to the length 2 path (i.e. to
the 3-rd vertex). In this case there may be
• three singular pairs (x2, x4), (x2, x5), (x4, x5) and
• one singular triple (x2, x4, x5).
We resolve them as usual. Note that the configuration is symmetric with respect to vertices
2, 4 and 5.
Finally, both vertices 4 and 5 may be connected to the same cube 0 as vertex 3. In this
case there may be
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• three singular pairs (x3, x4), (x3, x5), (x4, x5) and
• two singular triples (x2, x4, x5), (x3, x4, x5).
We resolve them as usual. Note that the configuration is symmetric with respect to vertices
4 and 5.
This analysis gives us the pictures shown above.
The remaining situation we need to consider is when vertices 2, 3, 4, 5 are totally dis-
connected. By Lemma 1 ([5], Lemma 1.3) each of them should be connected to a cube. We
get the following pictures:
0 12 3 4
5
0 12 3
4
5
0 12 3
4
5 0 12 3
4
5
0 1
2
3 4 5
∪(x2x3x5, x1x2x3),
0 1
2
3 4 5
,
0
1
2
3
4
5
,
0
1
2
3
4 5 , 0
2
3
4
5
Indeed, it may happen that pairs of vertices 2, 3, 4, 5 are connected to two different
cubes (say, 2 and 3 are connected to 0, while 4 and 5 are connected to 1). In this case there
may be
• two singular pairs (x2, x3), (x4, x5) and
• four singular triples (x2, x4, x5), (x3, x4, x5), (x2, x3, x4), (x2, x3, x5).
We resolve them as usual. Note that the configuration is symmetric with respect to vertices
2 and 3 as well as 4 and 5.
It may also happen that three of the vertices 2, 3, 4, 5 are connected to one cube (say,
2, 3 and 4 are connected to 0) and the fourth of them is connected to the other cube (i.e. 5
is connected to 1). In this case there may be
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• three singular pairs (x2, x3), (x2, x4), (x3, x4) and
• three singular triples (x2, x3, x5), (x2, x4, x5), (x3, x4, x5).
We resolve them as usual. Note that the configuration is symmetric with respect to vertices
2, 3 and 4.
Finally, all four vertices 2, 3, 4, 5 may be connected to one and the same cube (say, to
0). In this case there may be
• six singular pairs (x2, x3), (x2, x4), (x2, x5), (x3, x4), (x3, x5), (x4, x5) and
• four singular triples (x2, x3, x4), (x2, x3, x5), (x2, x4, x5), (x3, x4, x5).
We resolve them as usual. Note that the configuration is symmetric with respect to vertices
2, 3, 4, 5.
This gives us the pictures shown above. Now let us do computations.
If A = {x22x3, x23x4, x24x5, x25x0, x30, x31}, then
c3 = −2c2, c4 = 4c2, c5 = −8c2, 3c1 = 16c2 = 0.
This means that GA ∼= Z/3Z⊕ Z/16Z with generators
f1 = (1, ω, 1, 1, 1, 1), f2 = (1, 1, η, η
−2, η4, η−8), ω = 3
√
1, η =
16
√
1.
Then i1 ≡ 0 mod 3, i2 − 2i3 + 4i4 − 8i5 ≡ 0 mod 16. This means that A = A.
If A = {x22x3, x23x4, x24x0, x25x1, x30, x31}, then
c3 = −2c2, c4 = 4c2, c1 = −2c5, 8c2 = 6c5 = 0.
This means that GA ∼= Z/6Z⊕ Z/8Z with generators
f1 = (1, 1, ω, ω
−2, ω4, 1), f2 = (1, η−2, 1, 1, 1, η), ω =
8
√
1, η =
6
√
1.
Then i5 ≡ 2i1 mod 6, i2 − 2i3 + 4i4 ≡ 0 mod 8. This means that A = A.
If A = {x22x3, x23x0, x24x5, x25x1, x30, x31}, then
c3 = −2c2, c5 = −2c4, c1 = 4c4, 4c2 = 12c4 = 0.
This means that GA ∼= Z/4Z⊕ Z/12Z with generators
f1 = (1, 1, ω, ω
−2, 1, 1), f2 = (1, η4, 1, 1, η, η−2), ω =
4
√
1, η =
12
√
1.
Then i2 ≡ 2i3 mod 4, 4i1 + i4 − 2i5 ≡ 0 mod 12. This means that A = A.
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Let A0 = {x22x3, x23x4, x24x0, x25x3, x30, x31}. Then
c3 = −2c2, c4 = 4c2, 3c1 = 2(c5 − c2) = 8c2 = 0.
For A = A0 ∪ {x0x2x5, x1x4x5} we get extra conditions c2 + c5 = c1 + c4 + c5 = 0, i.e.
c1 = c2 = c3 = c4 = c5 = 0.
Hence GA = Id.
For A1 = A0 ∪ {x25x0} and A = A0 ∪ {x25x4} we get the same extra condition 2c5 =
2c2 + c4 = c4 + 2c5 = 0, i.e.
c3 = c4 = 0, 3c1 = 2c2 = 2c5 = 0.
This case was already considered.
For A = A1 ∪ {x1x2x4} we get an extra condition c1 + c2 + c4 = 0, i.e.
c1 = c2 = c3 = c4 = 0, 2c5 = 0.
This case was already considered.
For A = A1 ∪ {x1x4x5} we get an extra condition c1 + c4 + c5 = 0, i.e.
c1 = c2 = c3 = c4 = 0, 2c2 = 0.
This case was already considered.
For A = A0 ∪ {x2x4x5} we get an extra condition c2 + c4 + c5 = 0, i.e.
c3 = 2c2, c5 = −c2, c4 = 0, 3c1 = 4c2 = 0.
This case was already considered.
For A = A0 ∪ {x1x2x5} we get an extra condition c1 + c2 + c5 = 0, i.e.
c3 = 2c2, c5 = −c2, c1 = c4 = 0, 4c2 = 0.
This means that GA ∼= Z/4Z with a generator
f = (1, 1, ω, ω2, 1, ω3), ω =
4
√
1.
Then i5 ≡ i2 + 2i3 mod 4. This means that A = A ∪ {f3(x0, x1, x4), x23 · f1(x0, x1, x4), x2x5 ·
f1(x0, x1, x4)}.
Let A0 = {x22x3, x23x4, x24x0, x25x0, x30, x31}. Then
c3 = −2c2, c4 = 4c2, 3c1 = 8c2 = 2c5 = 0.
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For A = A0 ∪ {x2x4x5} we get an extra condition c2 + c4 + c5 = 0, i.e.
c5 = c2, c3 = c4 = 0, 3c1 = 2c2 = 0.
This case was already considered.
For A = A0 ∪ {x1x4x5} we get an extra condition c1 + c4 + c5 = 0, i.e.
c1 = 0, c3 = −2c2, c4 = c5 = 4c2, 8c2 = 0.
This means that GA ∼= Z/8Z with a generator
f1 = (1, 1, ω, ω
−2, ω4, ω4), ω = 8
√
1.
Then i2 ≡ 2i3 + 4(i4 + i5) mod 8. This means that A = A ∪ {f3(x0, x1), f2(x4, x5) ·
f1(x0, x1), x
2
3x5}.
For A = A0 ∪ {x25x4} we get an extra condition c4 = 0, i.e.
c3 = 2c2, c4 = 0, 3c1 = 4c2 = 2c5 = 0.
This means that GA ∼= Z/2Z⊕ Z/3Z⊕ Z/4Z with generators
f1 = (1, ω, 1, 1, 1, 1), f2 = (1, 1, η, η
2, 1, 1), f3 = (1, 1, 1, 1, 1, µ), ω =
3
√
1, η =
4
√
1, µ =
2
√
1.
Then i1 ≡ 0 mod 3, i5 ≡ 0 mod 2, i2 ≡ 2i3 mod 4. This means that A = A∪ {f3(x0, x4), x25 ·
f1(x0, x4), x
2
3 · f1(x0, x4)}.
For A1 = A0 ∪ {x3x4x5} we get an extra condition c5 = −2c2, i.e.
c3 = c5 = 2c2, c4 = 0, 3c1 = 4c2 = 0.
All such cases either have already appeared above or will appear and will be analyzed below.
Let A0 = {x22x3, x23x4, x24x0, x25x4, x30, x31}. Then
c3 = −2c2, c4 = 4c2, 3c1 = 8c2 = 2(c5 − 2c2) = 0.
For A = A0 ∪ {x0x3x5} we get an extra condition c3 + c5 = 0, i.e.
c3 = −2c2, c5 = 2c2, c4 = 4c2, 3c1 = 8c2 = 0.
This means that GA ∼= Z/3Z⊕ Z/8Z with generators
f1 = (1, ω, 1, 1, 1, 1), f2 = (1, 1, η, η
−2, η4, η2), ω = 3
√
1, η =
8
√
1.
Then i1 ≡ 0 mod 3, i2 − 2i3 + 2i5 ≡ 4i4 mod 8. This means that A = A.
50
For A = A0 ∪ {x2x3x5} we get an extra condition c2 + c3 + c5 = 0, i.e.
c3 = c4 = 0, c5 = c2, c4 = 4c2, 3c1 = 2c2 = 0.
This case was already considered.
For A = A0 ∪ {x1x3x5} we get an extra condition c1 + c3 + c5 = 0, i.e.
c1 = 0, c3 = −2c2, c4 = 4c2, c5 = 2c2, 8c2 = 0.
This means that GA ∼= Z/8Z with a generator
f = (1, 1, ω, ω−2, ω4, ω2), ω = 8
√
1.
Then i2 − 2i3 + 2i5 ≡ 4i4 mod 8. This means that A = A ∪ {f3(x0, x1), x24 · f1(x0, x1), x3x5 ·
f1(x0, x1)}.
For A = A0 ∪ {x23x0} we get an extra condition 2c3 = 0, i.e.
c3 = 2c2, c4 = 0, 3c1 = 4c2 = 2c5 = 0.
This case was already considered.
Let A0 = {x22x3, x23x0, x24x5, x25x0, x30, x31}. Then
c3 = 2c2, c5 = 2c4, 3c1 = 4c2 = 4c4 = 0.
For A = A0 ∪ {x1x3x5} we get an extra condition c1 + c3 + c5 = 0, i.e.
c1 = 0, c3 = c5 = 2c2, 4c2 = 2(c4 − c2) = 0.
This means that GA ∼= Z/2Z⊕ Z/4Z with generators
f1 = (1, 1, ω, ω
2, ω, ω2), f2 = (1, 1, 1, 1, η, 1), ω =
4
√
1, η =
2
√
1.
Then i4 ≡ 0 mod 2, i2 + i4 ≡ 2(i3 + i5) mod 4. This means that A = A∪ {f3(x0, x1), x22x5,
x24x3, f1(x0, x1) · f2(x3, x5)}.
For A = A0 ∪ {x3x4x5} we get an extra condition c3 + c4 + c5 = 0, i.e.
c3 = c4 = 2c2, c5 = 0, 3c1 = 4c2 = 0.
This case was already considered.
Let A0 = {x22x3, x23x0, x24x1, x25x3, x30, x31}. Then
c1 = −2c4, c3 = 2c2, 4c2 = 6c4 = 2(c5 − c2) = 0.
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For A = A0 ∪ {x0x2x5} we get an extra condition c2 + c5 = 0, i.e.
c1 = −2c4, c3 = 2c2, c5 = −c2, 4c2 = 6c4 = 0.
This means that GA ∼= Z/4Z⊕ Z/6Z with generators
f1 = (1, 1, ω, ω
2, 1, ω−1), f2 = (1, η−2, 1, 1, η, 1), ω =
4
√
1, η =
6
√
1.
Then i4 ≡ 2i1 mod 6, i2 ≡ 2i3 + i5 mod 4. This means that A = A.
For A = A0 ∪ {x2x4x5} we get an extra condition c2 + c4 + c5 = 0, i.e.
c1 = 0, c3 = 2c2, c5 = c4 − c2, 4c2 = 2c4 = 0.
This means that GA ∼= Z/4Z⊕ Z/2Z with generators
f1 = (1, 1, ω, ω
2, 1, ω−1), f2 = (1, 1, 1, 1, η, η), ω =
4
√
1, η =
2
√
1.
Then i4+i5 ≡ 0 mod 2, i2 ≡ 2i3+i5 mod 4. This means thatA = A∪{f3(x0, x1), x24x0, x23x1}.
For A = A0 ∪ {x25x0} we get an extra condition 2c5 = 0, i.e.
c1 = −2c4, c3 = 0, 2c2 = 6c4 = 2c5 = 0.
This means that GA ∼= Z/6Z⊕ (Z/2Z)⊕2 with generators
f1 = (1, ω
−2, 1, 1, ω, 1), f2 = (1, 1, η, 1, 1, 1), f3 = (1, 1, 1, 1, 1, η), ω =
6
√
1, η =
2
√
1.
Then i2 ≡ i5 ≡ 0 mod 2, i4 ≡ 2i1 mod 6. This means that A = A ∪ {f3(x0, x3), x22 ·
f1(x0, x3), x
2
5 · f1(x0, x3)}.
For A = A0 ∪ {x24x0, x22x1} we get an extra condition 2c4 = c1 + 2c2 = 0, i.e.
c1 = c3 = 0, 2c2 = 2c4 = 2c5 = 0.
This means that GA ∼= (Z/2Z)⊕3 with generators
f1 = (1, 1, ω, 1, 1, 1), f2 = (1, 1, 1, 1, ω, 1), f3 = (1, 1, 1, 1, 1, ω), ω =
2
√
1,
and A = A ∪ {f3(x0, x1, x3), x22 · f1(x0, x1, x3), x24 · f1(x0, x1, x3), x25 · f1(x0, x1, x3)}.
For A = A0 ∪ {x24x0, x1x2x5} we get an extra condition 2c4 = c1 + c2 + c5 = 0, i.e.
c1 = 0, c3 = 2c2, c5 = −c2, 4c2 = 2c4 = 0.
This means that GA ∼= Z/2Z⊕ Z/4Z with generators
f1 = (1, 1, ω, ω
2, 1, ω−1), f2 = (1, 1, 1, 1, η, 1), ω =
4
√
1, η =
2
√
1,
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Then i4 ≡ 0 mod 2, i2 ≡ i5 + 2i3 mod 4. This means that A = A ∪ {f3(x0, x1), x23 ·
f1(x0, x1), x0x2x5}.
For A1 = A0 ∪ {x0x4x5} we get an extra conditions c4 + c5 = 0, i.e.
c1 = c3 = 0, c5 = c4, 2c2 = 2c4 = 0.
All such cases have already appeared.
Let A0 = {x22x3, x23x0, x24x1, x25x0, x30, x31}. Then
c1 = −2c4, c3 = 2c2, 4c2 = 6c4 = 2c5 = 0.
For A = A0 ∪ {x23x1, x24x3} we get extra conditions c1 = c3 = 0, i.e.
c1 = c3 = 0, 2c2 = 2c4 = 2c5 = 0.
This case was already considered.
For A = A0 ∪ {x23x1, x2x3x4} we get extra conditions c1 = 0, c4 = c2, i.e.
c1 = c3 = 0, c4 = c2, 2c2 = 2c5 = 0.
This case was already considered.
For A = A0 ∪ {x23x1, x2x4x5} we get extra conditions c1 = c2 + c4 + c5 = 0, i.e.
c1 = c3 = 0, c2 = c4 + c5, 2c4 = 2c5 = 0.
This means that GA ∼= (Z/2Z)⊕2 with generators
f1 = (1, 1, ω, 1, 1, ω), f2 = (1, 1, ω, 1, ω, 1), ω =
2
√
1,
Then i2+i5 ≡ i2+i4 ≡ 0 mod 2. This means thatA = A∪{f3(x0, x1, x3), x22·f1(x0, x1, x3), x24·
f1(x0, x1, x3), x
2
5 · f1(x0, x1, x3)}.
Note that adding monomial x25x1 to A0 leads to the same extra condition c1 = 0 as adding
monomial x23x1.
For A1 = A0 ∪ {x1x3x5} we get an extra conditions c1 + c3 + c5 = 0, i.e.
c1 = 0, c3 = c5 = 2c2, 4c2 = 2c4 = 0.
For A = A1 ∪ {x24x3} we get an extra conditions c3 = 0, i.e.
c1 = c3 = c5 = 0, 2c2 = 2c4 = 0.
This case was already considered.
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For A = A1 ∪{x2x3x4} and A = A1 ∪{x2x4x5} we get the same extra condition c4 = c2,
i.e.
c1 = c3 = c5 = 0, c4 = c2, 2c2 = 0.
This case was already considered.
For A = A0 ∪ {x2x3x5} we get an extra condition c2 + c3 + c5 = 0, i.e.
c1 = −2c4, c3 = 0, c5 = c2, 2c2 = 6c4 = 0.
This case was already considered.
For A = A0 ∪ {x3x4x5} we get an extra condition c3 + c4 + c5 = 0, i.e.
c1 = 0, c3 = 2c2, c5 = c4 + 2c2, 4c2 = 2c4 = 0.
This means that GA ∼= Z/2Z⊕ Z/4Z with generators
f1 = (1, 1, ω, ω
2, 1, ω2), f2 = (1, 1, 1, 1, η, η), ω =
4
√
1, η =
2
√
1,
Then i4 + i5 ≡ 0 mod 2, i2 ≡ 2(i3 + i5) mod 4. This means that A = A ∪ {f3(x0, x1), x23 ·
f1(x0, x1), x
2
4 · f1(x0, x1), x25 · f1(x0, x1)}.
Let A0 = {x22x3, x23x0, x24x1, x25x1, x30, x31}. Then
c1 = −2c4, c3 = 2c2, 4c2 = 6c4 = 2(c5 − c4) = 0.
For A1 = A0 ∪ {x0x4x5} we get an extra condition c4 + c5 = 0, i.e.
c1 = 0, c3 = 2c2, c5 = c4, 4c2 = 2c4 = 0.
For A = A1 ∪ {x3x4x5} we get an extra condition c3 = 0, i.e.
c1 = c3 = 0, c5 = c4, 2c2 = 2c4 = 0.
This case was already considered.
For A = A1 ∪ {x2x3x5} we get an extra condition c5 = c2, i.e.
c1 = c3 = 0, c5 = c4 = c2, 2c2 = 0.
This case was already considered.
For A = A0 ∪ {x2x4x5} we get an extra condition c2 + c4 + c5 = 0, i.e.
c1 = c3 = 0, c5 = c2 + c4, 2c2 = 2c4 = 0.
This case was already considered.
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For A1 = A0 ∪ {x3x4x5} we get an extra condition c3 + c4 + c5 = 0, i.e.
c1 = 0, c3 = 2c2, c5 = c4 + 2c2, 4c2 = 2c4 = 0.
For A = A1 ∪ {x22x0} we get an extra condition 2c2 = 0, i.e.
c1 = c3 = 0, c5 = c4, 2c2 = 2c4 = 0.
This case was already considered.
For A = A1 ∪ {x0x2x4} we get an extra condition c2 + c4 = 0, i.e.
c1 = c3 = 0, c5 = c4 = c2, 2c2 = 0.
This case was already considered.
For A = A1 ∪ {x22x4} we get an extra condition c4 = 2c2, i.e.
c1 = c5 = 0, c3 = c4 = 2c2, 4c2 = 0.
This case will appear and will be analyzed below.
Let A0 = {x22x3, x23x0, x24x3, x25x0, x2x4x5, x30, x31}. Then c3 = 2c2, 3c1 = 4c2 = 2(c4− c2) =
2c5 = 0, c2 + c4 + c5 = 0, i.e.
c3 = 2c2, c4 = c5 − c2, 3c1 = 4c2 = 2c5 = 0.
For A = A0 ∪ {x25x3} we get an extra condition 2c2 = 0, i.e.
c3 = 0, c4 = c2 + c5, 3c1 = 2c2 = 2c5 = 0.
This case was already considered.
For A = A0 ∪ {x1x3x5} we get an extra condition c1 + c3 + c5 = 0, i.e.
c1 = 0, c3 = c5 = 2c2, c4 = c2, 4c2 = 0.
This case will appear and will be analyzed below.
For A = A0 ∪ {x2x3x5} we get an extra condition c2 + c3 + c5 = 0, i.e.
c3 = c4 = 0, c5 = c2, 3c1 = 2c2 = 0.
This case has already appeared.
Let A0 = {x22x3, x23x0, x24x3, x25x0, x1x2x4, x30, x31}. Then c3 = 2c2, 3c1 = 4c2 = 2(c4− c2) =
2c5 = 0, c1 + c2 + c4 = 0, i.e.
c1 = 0, c3 = 2c2, c4 = −c2, 4c2 = 2c5 = 0.
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For A = A0∪{x25x3} and A = A0∪{x2x3x5} we get extra conditions 2c2 = 0 and c2 = c5
respectively. They both imply that 2c2 = 0, i.e.
c1 = c3 = 0, c4 = c2, 2c2 = 2c5 = 0.
All such cases were already considered.
For A = A0 ∪ {x1x3x5} we get an extra condition c5 = 2c2, i.e.
c1 = 0, c3 = c5 = 2c2, c4 = −c2, 4c2 = 0.
This means that GA ∼= Z/4Z with a generator
f = (1, 1, ω, ω2, ω−1, ω2), ω = 4
√
1,
Then i2 ≡ i4 + 2(i3 + i5) mod 4. This means that A = A∪ {f3(x0, x1), x25x1, x0x3x5, x24x5,
x22x5, x
2
3x1, x0x2x4}.
Let A0 = {x22x3, x23x0, x24x3, x25x0, x1x4x5, x30, x31}. Then c3 = 2c2, 3c1 = 4c2 = 2(c4− c2) =
2c5 = 0, c1 + c4 + c5 = 0, i.e.
c1 = c3 = 0, c5 = c4, 2c2 = 2c4 = 0.
All such cases were already considered.
Let A0 = {x22x3, x23x0, x24x3, x25x3, x0x2x4, x1x2x4, x30, x31}. Then
c1 = 0, c3 = 2c2, c4 = −c2, 4c2 = 2(c5 − c2) = 0.
For A = A0 ∪ {x1x2x5, x1x4x5} we get extra conditions c2 = c4 = −c5, i.e.
c1 = c3 = 0, c4 = c5 = c2, 2c2 = 0.
This case was already considered.
Let A0 = {x22x3, x23x0, x24x3, x25x3, x0x2x4, x1x4x5, x30, x31}. Then
c1 = 0, c3 = 2c2, c4 = −c2, c5 = c2, 4c2 = 0.
ForA = A0∪{x0x2x5} andA = A0∪{x1x2x5} we get the same extra condition c2+c5 = 0,
i.e.
c1 = c3 = 0, c4 = c5 = c2, 2c2 = 0.
This case was already considered.
If A = {x22x3, x23x0, x24x3, x25x3, x2x4x5, x30, x31}. Then
c3 = 0, c5 = c2 + c4, 3c1 = 2c2 = 2c4 = 0.
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This case was already considered.
Let A0 = {x22x3, x23x0, x24x0, x25x0, x30, x31}. Then
c3 = 2c2, 3c1 = 4c2 = 2c4 = 2c5 = 0.
For A1 = A0 ∪ {x3x4x5} we get an extra condition c3 + c4 + c5 = 0, i.e.
c3 = 2c2, c5 = 2c2 + c4, 3c1 = 4c2 = 2c4 = 0.
For A = A1 ∪ {x22x1}, A = A1 ∪ {x1x2x4}, A = A1 ∪ {x1x2x5}, A = A1 ∪ {x1x4x5} we
get extra conditions c1 = 2c2, c1 + c2 + c4 = 0, c1 + c2 + c5 = 0, c1 = 2c2 respectively. They
all imply that c1 = 2c2 = 0, i.e.
c1 = c3 = 0, c5 = c4, 2c2 = 2c4 = 0.
This case has already appeared.
For A = A1 ∪ {x2x4x5} we get an extra condition c2 = 0, i.e.
c2 = c3 = 0, c5 = c4, 3c1 = 2c4 = 0.
This case has already appeared.
For A = A1 ∪ {x22x4} and A = A1 ∪ {x22x5} we get extra conditions c4 = 2c2 and c4 = 0
respectively, i.e. upto a permutation of xi we get
c3 = c4 = 2c2, c5 = 0, 3c1 = 4c2 = 0.
This case has already appeared.
For A1 = A0 ∪ {x2x4x5, x1x3x5} we get extra conditions c2 + c4 + c5 = c1 + c3 + c5 = 0,
i.e.
c1 = c3 = c5 = 0, c4 = c2, 2c2 = 0.
All such cases were already considered.
ForA1 = A0∪{x2x3x5, x1x4x5} we get extra conditions c2+c3+c5 = 0 and c1+c4+c5 = 0,
i.e.
c1 = c3 = 0, c2 = c4 = c5, 2c2 = 0.
All such cases were already considered.
Let A0 = {x22x0, x23x0, x23x1, x24x1, x25x1, x30, x31}. Then
c1 = 0, 2c2 = 2c3 = 2c4 = 2c5 = 0.
For A = A0 ∪ {x3x4x5} we get an extra condition c3 + c4 + c5 = 0, i.e.
c1 = 0, c3 = c4 + c5, 2c2 = 2c4 = 2c5 = 0.
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This means that GA ∼= (Z/2Z)⊕3 with generators
f1 = (1, 1, ω, 1, 1, 1), f2 = (1, 1, 1, ω, ω, 1), f3 = (1, 1, 1, ω, 1, ω), ω =
2
√
1,
Then i2 ≡ i3+i4 ≡ i3+i5 ≡ 0 mod 2. This means that A = A∪{f3(x0, x1), x22 ·f1(x0, x1), x23 ·
f1(x0, x1), x
2
4 · f1(x0, x1), x25 · f1(x0, x1)}.
For A = A0 ∪ {x2x4x5} we get an extra condition c2 + c4 + c5 = 0, i.e.
c1 = 0, c2 = c4 + c5, 2c3 = 2c4 = 2c5 = 0.
This case was already considered.
If A = {x22x0, x23x0, x24x1, x25x1, x2x4x5, x1x2x3, x30, x31}. Then
c1 = 0, c3 = c2 = c4 + c5, 2c4 = 2c5 = 0.
This means that GA ∼= (Z/2Z)⊕2 with generators
f1 = (1, 1, ω, ω, ω, 1), f2 = (1, 1, ω, ω, 1, ω), ω =
2
√
1,
Then i2 + i3 + i4 ≡ i2 + i3 + i5 ≡ 0 mod 2. This means that A = A ∪ {f3(x0, x1), x24 ·
f1(x0, x1), x
2
5 · f1(x0, x1), f2(x2, x3) · f1(x0, x1), x3x4x5}.
If A = {x22x0, x23x0, x24x1, x25x1, x2x4x5, x2x3x4, x30, x31}. Then
c1 = 0, c3 = c5 = c2 + c4, 2c2 = 2c4 = 0.
This case was already considered.
Let A0 = {x22x0, x23x0, x24x0, x25x1, x30, x31}. Then
c1 = −2c5, 2c2 = 2c3 = 2c4 = 6c5 = 0.
For A = A0 ∪ {x2x3x4} we get an extra condition c2 + c3 + c4 = 0, i.e.
c1 = −2c5, c3 = c2 + c4, 2c2 = 2c4 = 6c5 = 0.
This means that GA ∼= (Z/2Z)⊕2 ⊕ Z/6Z with generators
f1 = (1, 1, ω, ω, 1, 1), f2 = (1, 1, 1, ω, ω, 1), f3 = (1, η
−2, 1, 1, 1, η), ω = 2
√
1, η =
6
√
1,
Then i2 + i3 ≡ i3 + i4 ≡ 0 mod 2, i5 ≡ 2i1 mod 6. This means that A = A.
For A1 = A0 ∪ {x1x3x4, x2x4x5} we get extra conditions c1 + c3 + c4 = c2 + c4 + c5 = 0,
i.e.
c1 = 0, c3 = c4 = c2 + c5, 2c2 = 2c5 = 0.
All such cases have already appeared.
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Let A0 = {x22x0, x23x0, x24x0, x25x0, x2x3x4, x1x2x5, x30, x31}. Then
c1 = 0, c5 = c2 = c3 + c4, 2c3 = 2c4 = 0.
All such cases have already appeared.
If A = {x22x0, x23x0, x24x0, x25x0, x2x3x4, x2x3x5, x2x4x5, x3x4x5, x30, x31}. Then
c2 = c3 = c4 = c5 = 0, 3c1 = 0.
This case was already considered.
2.6 Case of 1 cube.
Let the cube be x30. If a longest cycle has length 5, then A is
0
1
2
3
4
5
i.e. A = {x30, x21x2, x22x3, x23x4, x24x5, x25x1}. Then 2c1+c2 = 2c2+c3 = 2c3+c4 = 2c4+c5 =
2c5 + c1 = 0, i.e.
c2 = −2c1, c3 = 4c1, c4 = −8c1, c5 = 16c1, 33c1 = 0.
This means that GA ∼= Z/33Z with a generator
f = (1, ω, ω−2, ω4, ω−8, ω16), ω = 33
√
1.
Then i1 − 2i2 + 4i3 − 8i4 + 16i5 ≡ 0 mod 33. This means that A = A.
2.6.1 Case of 1 cube. Length 4 longest cycle.
If a longest cycle has length 4, then A is either
0
12
3 4
5
or
12
3 4
5
,
12
3 4
5
,
0
12
3 4
5
,
12
3 4
5
∪A,
12
3 4
5
∪A,
12
3 4
5
∪(x2x4x5, x0x4x5),
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or
12
3 4
5
∪A, where A = (x22x4, x22x5, x22x0, x0x2x4, x0x2x5).
Indeed, suppose x1, x2, x3, x4 form a length 4 cycle. By Lemma 1 ([5], Lemma 1.3) the
5-th vertex should be connected either to the cube 0 (in which case there are neither singular
pairs nor singular triples) or to the cycle (say, to the 1-st vertex).
In the latter case we may have one singular pair (x4, x5) and one singular triple (x2, x4, x5).
They are resolved as in the earlier examples.
This gives us the pictures shown above. Now let us do computations.
If A = {x21x2, x22x3, x23x4, x24x1, x25x0, x30}. Then
c2 = −2c1, c3 = 4c1, c4 = −8c1, 15c1 = 2c5 = 0.
This means that GA ∼= Z/2Z⊕ Z/15Z with generators
f1 = (1, ω, ω
−2, ω4, ω−8, 1), f2 = (1, 1, 1, 1, 1, η), ω =
15
√
1, η =
2
√
1.
Then i1 − 2i2 + 4i3 − 8i4 ≡ 0 mod 15, i5 ≡ 0 mod 2. This means that A = A.
Let A0 = {x21x2, x22x3, x23x4, x24x1, x25x1, x30}. Then
c1 = −2c5, c2 = 4c5, c3 = −8c5, c4 = 16c5, 30c5 = 0.
For A = A0 ∪ {x24x2}, A1 = A0 ∪ {x24x3}, A = A0 ∪ {x25x2} and A1 = A0 ∪ {x25x3} we
get the same extra condition 6c5 = 0, i.e.
c1 = c2 = c3 = c4 = −2c5, 6c5 = 0.
This means that GA ∼= Z/6Z with a generator
f = (1, ω−2, ω−2, ω−2, ω−2, ω), ω = 6
√
1,
Then i5 ≡ 2(i1 + i2 + i3 + i4) mod 6. This means that A = A ∪ {f3(x1, x2, x3, x4), x25 ·
f1(x1, x2, x3, x4)}.
For A = A1 ∪ {x22x0}, A = A1 ∪ {x0x2x4}, A = A1 ∪ {x0x2x5} we get extra conditions
2c5 = 0, 2c5 = 0, c5 = 0 respectively. They all imply that 2c5 = 0, i.e.
c1 = c2 = c3 = c4 = 0, 2c5 = 0.
All such cases have already appeared.
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For A = A1 ∪ {x22x4} the extra condition is automatically satisfied.
This case was already considered.
For A = A1 ∪ {x22x5} we get an extra condition 3c5 = 0, i.e.
c1 = c2 = c3 = c4 = c5, 3c5 = 0.
This means that GA ∼= Z/3Z with a generator
f = (1, ω, ω, ω, ω, ω), ω =
3
√
1,
Then i1 + i2 + i3 + i4 + i5 ≡ 0 mod 3. This means that A = A ∪ {f3(x1, x2, x3, x4, x5)}.
For A = A0 ∪ {x24x0} we get an extra condition 2c5 = 0, i.e.
c1 = c2 = c3 = c4 = 0, 2c5 = 0.
This case was already considered.
For A = A0 ∪ {x0x4x5} and A = A0 ∪ {x2x4x5} we get the same extra condition c5 = 0,
i.e.
c1 = c2 = c3 = c4 = c5 = 0.
Hence GA = Id.
For A1 = A0 ∪ {x3x4x5} we get an extra condition c3 + c4 + c5 = 0, i.e.
c1 = c2 = c3 = c4 = c5, 3c5 = 0.
All such cases have already appeared.
2.6.2 Case of 1 cube. Length 3 longest cycle.
Suppose that a longest cycle has length 3. We may assume that 1 is connected to 2, 2 is
connected to 3 and 3 is connected to 1.
If the remaining vertices 4 and 5 are connected, then A is one of the following:
0
1
2
3
4 5
,
1
2
3 4
5
,
0
1
2
3 45
1
2
3
45 0
1
2
3 45 1
2
3 45
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12
3 45 1
2
3 45
Indeed, let 4 be connected to 5. If there is also an edge from 5 to 4 (i.e. 4 and 5 form a
cycle), then there are neither singular pairs nor singular triples.
Let us assume that 4 and 5 do not form a cycle. Then by Lemma 1 ([5], Lemma 1.3) the
5-th vertex should be connected to either the cube 0 or to the length 3 cycle (say, to 3).
In the former case there are neither singular pairs nor singular triples. In the latter case
(x2, x5) may form a singular pair. We resolve it as usual.
Now let us assume that vertices 4 and 5 are disconnected. By Lemma 1 ([5], Lemma 1.3)
each of them should be connected either to the cube 0 or to the cycle.
Let us consider the case when one of the vertices 4, 5 is connected to the cube (say, 5 is
connected to 0) and the other one is connected to the cycle (say, 4 is connected to 1).
Then A will be one of the following:
0
12
3
4
5
,
01
2
3
4 5
,
0
12
3
4
5
,
0
1
2
3
4
5
0
1
2
34
5
01
2
34
5
∪A,
01
2
3
4
5
∪A,
0 1
23
4
5
∪A,
where A = (x25x3, x
2
5x2, x2x3x5, x2x4x5).
Indeed, in this case we may get
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• one singular pair (x3, x4) and
• one singular triple (x3, x4, x5).
We resolve them as in the earlier examples.
Suppose that both vertices 4 and 5 are connected to the cycle formed by 1, 2, 3. If they are
connected to two different vertices of that cycle (say, 4 is connected to 2 and 5 is connected to
3), then we may get two singular pairs (x1, x4) and (x2, x5) and one singular triple (x1, x4, x5).
We resolve them as usual and obtain the following pictures:
1
2
3
4
5 ∪A ∪B,
1
2
3
4
5
∪A ∪B,
1
2
3
4
5
∪A ∪B, 1
2
3
4
5
∪A ∪B,
1
2
3
4
5
∪A,
1
2
3
4
5
∪A ∪B,
0
1
2
3
4
5
∪A ∪B,
0
1
2
3
4
5
∪A ∪B,
where A = (x24x1, x1x4x5, x
2
1x3, x
2
4x3, x1x3x4, x
2
1x0, x0x1x4);
B = (x1x4x5, x
2
5x1, x
2
4x1, x
2
1x0, x0x4x5, x0x1x4, x0x1x5).
Finally, it may happen that both vertices 4 and 5 are connected to the same vertex of
the cycle (say, to 1) or to the cube 0.
In this case A is one of the following:
1
2
3
4
5
∪(x22x0, x2x4x5, x22x4, x0x2x4,
x0x4x5),
0
1
2
3
4
5
,
0
1
2
3
4
5
∪(x23x2, x3x4x2, x2x4x5) ∪ (x23x0,
x0x3x4, x
2
3x2, x2x3x4) ∪ (x23x0,
x0x3x5, x
2
3x2, x2x3x5),
0 1
2
3
4
5
∪(x0x3x4, x23x2, x2x3x4),
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01
2
3
4
5
∪(x21x4, x1x4x5, x21x3, x1x3x4, x3x4x5)
Indeed, if 4 and 5 are both connected to 1, then we may get
• three singular pairs (x3, x4), (x3, x5), (x4, x5) and
• two singular triples (x3, x4, x5), (x2, x4, x5).
Note that this configuration is symmetric with respect to vertices 4 and 5.
If 4 and 5 are both connected to the cube 0, then we may get
• one singular pair (x4, x5) and
• three singular triples (x1, x4, x5), (x2, x4, x5), (x3, x4, x5).
Note that this configuration is symmetric with respect to vertices 4 and 5 as well as with
respect to a cyclic permutation of vertices 1, 2, 3.
We resolve all these singular pairs and triples as usual and obtain the pictures shown
above.
Now let us do computations.
If A = {x21x2, x22x3, x23x1, x24x5, x25x0, x30}, then
c2 = −2c1, c3 = 4c1, c5 = 2c4, 9c1 = 4c4 = 0.
This means that GA ∼= Z/4Z⊕ Z/9Z with generators
f1 = (1, ω, ω
−2, ω4, 1, 1), f2 = (1, 1, 1, 1, η, η2), ω =
9
√
1, η =
4
√
1.
Then i1 − 2i2 + 4i3 ≡ 0 mod 9, i4 ≡ 2i5 mod 4. This means that A = A.
If A = {x21x2, x22x3, x23x1, x24x5, x25x4, x30}, then
c2 = −2c1, c3 = 4c1, c5 = c4, 9c1 = 3c4 = 0.
This means that GA ∼= Z/3Z⊕ Z/9Z with generators
f1 = (1, ω, ω
−2, ω4, 1, 1), f2 = (1, 1, 1, 1, η, η), ω =
9
√
1, η =
3
√
1.
Then i1− 2i2 + 4i3 ≡ 0 mod 9, i4 + i5 ≡ 0 mod 3. This means that A = A∪{f3(x4, x5)}.
Let A0 = {x21x2, x22x3, x23x1, x24x5, x25x3, x30}. Then
c2 = −2c1, c3 = 4c1, c5 = −2c4, 9c1 = 4(c1 − c4) = 0.
64
For A = A0 ∪ {x22x0} we get an extra condition c1 = 0, i.e.
c1 = c2 = c3 = 0, c5 = 2c4, 4c4 = 0.
This means that GA ∼= Z/4Z with a generator
f = (1, 1, 1, 1, ω, ω2), ω =
4
√
1.
Then i4 ≡ 2i5 mod 4. This means that A = A∪ {f3(x0, x1, x2, x3), x25 · f1(x0, x1, x2, x3)}.
For A = A0 ∪ {x25x2} and A = A0 ∪ {x22x1} we get the same extra condition c2 + 2c5 =
c1 + 2c2 = 0, i.e.
c1 = c2 = c3 = 4c4, c5 = −2c4, 12c4 = 0.
This means that GA ∼= Z/12Z with a generator
f = (1, ω4, ω4, ω4, ω, ω−2), ω = 12
√
1.
Then i4 + 4(i1 + i2 + i3) ≡ 2i5 mod 12. This means that A = A ∪ {f3(x1, x2, x3), x25 ·
f1(x1, x2, x3)}.
For A = A0 ∪ {x0x2x5} we get an extra condition c2 + c5 = 0, i.e.
c1 = c2 = c3 = 0, c5 = 2c4, 4c4 = 0.
This case was already considered.
For A = A0 ∪ {x2x4x5} we get an extra condition c2 + c4 + c5 = 0, i.e.
c1 = c2 = c3 = c4 = c5, 3c1 = 0.
This case was already considered.
For A = A0 ∪ {x1x2x5} we get an extra condition c1 + c2 + c5 = 0, i.e.
c1 = c2 = c3 = c5 = −2c4, 6c4 = 0.
This case was already considered.
Let A0 = {x21x2, x22x3, x23x1, x24x1, x25x0, x30}. Then
c1 = −2c4, c2 = 4c4, c3 = −8c4, 18c4 = 2c5 = 0.
For A = A0 ∪ {x24x2} and A = A0 ∪ {x23x2} we get the same extra condition 6c4 = 0, i.e.
c1 = c2 = c3 = −2c4, 6c4 = 2c5 = 0.
This case was already considered.
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For A = A0 ∪ {x2x3x4} we get an extra condition c2 + c3 + c4 = 0, i.e.
c1 = c2 = c3 = c4, 3c4 = 2c5 = 0.
This case was already considered.
For A = A0 ∪ {x23x5} we get an extra condition 2c3 + c5 = 0, i.e.
c1 = c2 = c3 = c5 = 0, 2c4 = 0.
This case was already considered.
For A = A0 ∪ {x3x4x5} we get an extra condition c5 = 7c4, i.e.
c1 = c2 = c3 = 0, c5 = c4, 2c4 = 0.
This case was already considered.
For A1 = A0∪{x0x3x4}, A1 = A0∪{x24x0} and A1 = A0∪{x23x0} we get extra conditions
c4 = 0, 2c4 = 0 and 2c4 = 0 respectively. They all imply that 2c4 = 0, i.e.
c1 = c2 = c3 = 0, 2c4 = 2c5 = 0.
All such cases were already considered.
Let A0 = {x21x2, x22x3, x23x1, x24x2, x25x2, x25x3, x30} or A0 = {x21x2, x22x1, x22x3, x23x1, x24x2,
x25x3, x
3
0}. Then
c1 = c2 = c3 = −2c4, 6c4 = 2(c5 − c4) = 0.
For A = A0 ∪ {x24x1} the extra condition is automatically satisfied.
This means that GA ∼= Z/2Z⊕ Z/6Z with generators
f1 = (1, ω
−2, ω−2, ω−2, ω, ω), f2 = (1, 1, 1, 1, 1, η), ω =
6
√
1, η =
2
√
1.
Then i5 ≡ 0 mod 2, i4 + i5 ≡ 2(i1 + i2 + i3) mod 6. This means that A = A ∪
{f3(x1, x2, x3), x24 · f1(x1, x2, x3), x25 · f1(x1, x2, x3)}.
For A = A0 ∪{x21x0} and A = A0 ∪{x0x1x4} we get extra conditions 2c4 = 0 and c4 = 0
respectively. They both immply that 2c4 = 0, i.e.
c1 = c2 = c3 = 0, 2c4 = 2c5 = 0.
All such cases were already considered.
For A = A0 ∪ {x1x4x5} we get an extra condition c5 = c4, i.e.
c1 = c2 = c3 = −2c4, c5 = c4, 6c4 = 0.
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This means that GA ∼= Z/6Z with a generator
f = (1, ω−2, ω−2, ω−2, ω, ω), ω = 6
√
1.
Then i4 + i5 ≡ 2(i1 + i2 + i3) mod 6. This means that A = A∪{f3(x1, x2, x3), f2(x4, x5) ·
f1(x1, x2, x3)}.
Any other extra condition (after adding a monomial xi00 x
i1
1 x
i2
2 x
i3
3 x
i4
4 x
i5
5 to A0) will have the
form a ·c4+b ·c5 = 0, a, b ∈ Z, i.e. either a ·c4 = 0 or c5 = a ·c4 with some a ∈ {0, 1, 2, 3, 4, 5}.
All such cases have already appeared.
Let A0 = {x21x2, x22x3, x23x1, x24x2, x25x3, x2x4x5, x30}. Then
c1 = c2 = c3 = −2c4, c5 = c4, 6c4 = 0.
All such cases have already appeared.
Let A0 = {x21x2, x22x3, x23x1, x24x2, x22x4, x25x3, x30}. Then
c2 = c4 = −2c1, c3 = 4c1, 9c1 = 2(c5 + 2c1) = 0.
For A = A0 ∪ {x24x1}, A = A0 ∪ {x1x4x5}, A = A0 ∪ {x21x0}, A = A0 ∪ {x0x1x4},
A1 = A0 ∪ {x21x3}, A1 = A0 ∪ {x1x3x4} we get extra conditions 3c1 = 0, c5 = c1, 2c1 = 0,
c1 = 0, 3c1 = 0, 3c1 = 0 respectively. They all imply that 3c1 = 0, i.e.
c1 = c2 = c3 = c4 = −2c5, 6c5 = 0.
All such cases have already appeared.
For A1 = A0 ∪ {x24x3} the extra condition is automatically satisfied.
For A = A1 ∪ {x25x1}, A = A1 ∪ {x0x4x5}, A = A1 ∪ {x0x1x5} we get extra conditions
3c1 = 0, c5 = 2c1, c5 = −c1 respectively. They all imply that 3c1 = 0, i.e.
c1 = c2 = c3 = c4 = −2c5, 6c5 = 0.
All such cases have already appeared.
Let A0 = {x21x2, x22x3, x23x1, x24x2, x25x1, x25x3, x30}. Then
c1 = c2 = c3 = −2c5, 2(c4 − c5) = 6c5 = 0.
All such cases were already considered.
Let A0 = {x21x2, x22x3, x23x1, x24x2, x25x3, x1x2x5, x30}. Then
c1 = c2 = c3 = c5 = −2c4, 6c4 = 0.
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All such cases were already considered.
Let A0 = {x21x2, x22x3, x23x1, x24x2, x25x3, x22x0, x30}. Then
c1 = c2 = c3 = 0, 2c4 = 2c5 = 0.
All such cases have already appeared.
Let A0 = {x21x2, x22x3, x23x1, x24x2, x25x3, x0x2x5, x30}. Then
c1 = c2 = c3 = c5 = 0, 2c4 = 0.
All such cases have already appeared.
Let A0 = {x21x2, x22x3, x23x1, x24x0, x25x0, x2x4x5, x30} or A0 = {x21x2, x22x3, x23x1, x24x1, x25x1,
x0x4x5, x
3
0}. Then
c1 = c2 = c3 = 0, c4 = c5, 2c5 = 0.
All such cases were already considered.
Let A0 = {x21x2, x22x3, x23x1, x24x1, x25x1, x3x4x5, x30}. Then
c1 = c2 = c3 = −2c4, c5 = c4, 6c4 = 0.
All such cases were already considered.
If A = {x21x2, x22x3, x23x1, x24x1, x25x1, x23x0, x2x4x5, x30}. Then
c1 = c2 = c3 = 0, c4 = c5, 2c5 = 0.
This case was already considered.
Let A0 = {x21x2, x22x3, x23x1, x24x1, x25x1, x2x4x5, x0x3x5, x30}. Then
c1 = c2 = c3 = c4 = c5 = 0.
Hence GA = Id for all such cases.
2.6.3 Case of 1 cube. Length 2 longest cycle.
If a longest cycle has length 2, then A may be either
01
2
3
4
5
,
01
2
3 4 5
or one of the following:
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12
3
4
5
,
1
2
3 4
5
∪B,
1
2
3 4
5
∪C,
1
2 34
5
∪A,
0
1
2 34
5
,
01
2 34
5
,
where A = (x2x3x5, x
2
3x2, x
2
5x2, x
2
2x0, x0x2x3, x0x2x5);
B = (x2x3x5, x0x2x5);
C = (x2x3x5, x
2
2x3, x
2
2x5, x
2
2x0, x0x2x3, x0x2x5).
Suppose x1, x2 form a length 2 cycle.
Consider the subgraph formed by vertices x3, x4, x5. This subgraph may also contain a
length 2 cycle (formed, say, by vertices 4 and 5). Then by Lemma 1 ([5], Lemma 1.3) the
remaining vertex 3 should be connected either to the cube 0 or to one of the two length 2
cycles (say, to 4).
In the former case, there are neither singular pairs nor singular triples. In the latter case
we may get
• one singular pair (x3, x5) and
• two singular triples (x1, x3, x5), (x2, x3, x5).
We resolve them as in the earlier examples.
Suppose that the subgraph formed by vertices 3, 4, 5 has no cycles. Then the length of
its longest path may be either 3 or 2 or 1 (in which case the subgraph is totally disconnected).
If 3 is connected to 4 and 4 is connected to 5, then by Lemma 1 ([5], Lemma 1.3) the
5-th vertex should be connected either to the cube 0 or to the cycle (say, to the 1-st vertex).
Suppose that it is connected to the cube. Then there are neither singular pairs nor sin-
gular triples.
This gives us the pictures shown above.
If 5 is connected to 1, then there may be
• one singular pair (x2, x5) and
• one singular triple (x2, x3, x5).
We resolve them as usual and obtain the following pictures of A:
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12
345
0
1
2
3 4 5 1
2
3
4
5
0
1
2
345 1
2
345
∪(x23x2, x23x5, x23x0,
x0x2x3, x0x3x5)
Suppose that the length of a longest path in the subgraph formed by vertices 3, 4, 5 is 2.
We may assume that 3 is connected to 4. By Lemma 1 ([5], Lemma 1.3) 4 should be
connected either to the cube 0 or to the cycle formed by vertices 1, 2. It can be connected
neither to the 5-th vertex (since there are no length 3 paths by our assumption) nor to
the 3-rd vertex (since 3, 4, 5 do not form cycles). The remaining vertex 5 should be also
connected either to the cube 0 or to the cycle formed by 1, 2 or to the length 2 path formed
by 3, 4.
Let one of the vertices 4, 5 be connected to the cube and the other one be connected to
the cycle (say, to 1).
In these cases A will be one of the following:
0
1
2
34
5
,
0
1
2
3 4
5
∪A,
0
1
2
3
4
5
,
0
1
2
3
4
5
∪A,
0
1
2
3
4
5
,
0
1
2
34
5
∪A,
where A = (x25x2, x
2
5x4, x2x3x5, x3x4x5);
0
1
2
3
4
5
,
0
1
2
3 4
5
,
0
1
2 34
5
∪B,
0
1
2
3
4
5
∪B,
0
1
2
3
4
5
,
0
1
2
3
4
5
∪A,
0
1
2
3
4
5
∪A,
0
1
234
5
,
0
1
2 34
5
∪B,
0
1
2
3
4
5
∪A,
where A = (x23x2, x
2
3x0, x2x3x0, x0x3x5);
B = (x2x4x5, x
2
2x4, x
2
5x4, x
2
4x2, x2x3x4, x3x4x5).
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Indeed, if 5 is connected to the cube and 4 is connected to 1, then we may get one singular
pair (x2, x4) and one singular triple (x2, x4, x5).
If 4 is connected to the cube and 5 is connected to 1, then we may get
• one singular pair (x2, x5) and
• two singular triples (x2, x3, x5), (x2, x4, x5).
We resolve these singular pairs and triples as usual and obtain the pictures shown above.
Suppose that both 4 and 5 are connected to the cycle.
Let them be connected to different vertices of the cycle (say, 4 is connected to 1 and 5 is
connected to 2). In this case there may be
• two singular pairs (x1, x5), (x2, x4) and
• one singular triple (x1, x3, x5).
We resolve them as usual and obtain the following pictures:
1
2
34
5 ∪B,
01
2
3 4
5
∪B,
1
2
34
5
∪A1 ∪B,
0
1
2
34
5
∪B,
1
2
34
5
∪A ∪B,
1
2
34
5
∪B,
1
2
34
5
∪A1 ∪B,
where A = (x23x5, x
2
3x1, x
2
3x0, x0x1x3, x0x3x5); A1 = (x
2
3x5, x
2
3x1, x0x1x3, x0x3x5);
B = (x24x2, x2x3x4, x2x4x5, x
2
2x0, x0x2x4).
If 4 and 5 are both connected to the cube 0, then there may be
• one singular pair (x4, x5) and
• two singular triples (x1, x4, x5), (x2, x4, x5).
We resolve them as usual and obtain the following pictures:
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01
2 3 4
5
,
0 1
2
34
5
,
0
1
2
3
4
5
∪(x2x4x5, x22x4, x22x5, x22x3,
x2x3x4, x2x3x5)
Now suppose that vertices 4 and 5 are either both connected to the same vertex of the
cycle formed by vertices 1 and 2 (say, to 1) or 5 is connected to the length 2 path (i.e. to
4), while 4 is connected to the cube 0.
In this case A may be one of the following:
0
1
2 3 4
5
,
0 1
2
34
5
∪(x2x3x5, x22x3, x22x0, x0x2x3),
1
2
3
45
∪A ∪ C,
1
2
3
45
∪A,
0
1
2
3
45
∪C ∪ D ∪ (x2x3x4,
x2x3x5, x3x4x5), 1
2
3
45
∪B∪C∪D,
0
1
2
3
45
,
0
1
2
3
45
,
0
1
2
3
45
∪(x2x3x4, x2x3x5,
x3x4x5),
0
1
2
3
45
,
where A = (x2x3x5, x
2
3x2, x
2
3x5, x
2
3x0, x2x3x0, x2x5x0, x0x3x5);
B = (x0x2x4, x0x2x5, x0x4x5);
C = (x2x3x4, x0x2x4); D = (x2x3x5, x0x2x5).
If 4 is connected to 0 and 5 is connected to 4, we may get
• one singular pair (x3, x5) and
• two singular triples (x1, x3, x5), (x2, x3, x5).
Note that the configuration is symmetric with respect to vertices 3 and 5 as well as with
respect to vertices 1 and 2.
If 4 and 5 are both connected to 1, we may get
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• three singular pairs (x4, x5), (x2, x4), (x2, x5) and
• two singular triples (x2, x4, x5), (x2, x3, x5).
After resolving all these singular pairs and triples we obtain the pictures shown above.
It may also happen that 5 is connected to the length 2 path (i.e. to 4), while 4 is con-
nected to the cycle (say, to 1).
In this case A will be one of the following:
1
2
3
4
5
∪A ∪B,
0
1
2
3
4
5
∪A,
1
2
3
4
5
∪A ∪ C,
where A = (x24x2, x
2
2x0, x0x2x4, x2x3x4);
B = (x1x3x5, x0x1x3, x0x1x5, x
2
1x0);
C = (x22x0, x2x3x0, x2x5x0).
We may get
• two singular pairs (x3, x5), (x2, x4) and
• two singular triples (x1, x3, x5), (x2, x3, x5).
After resolving them we obtain the pictures shown above. Note that this configuration
is symmetric with respect to vertices 3 and 5.
This concludes the analysis of the cases when the length of a longest path in the subgraph
formed by vertices 3, 4, 5 is 2.
Suppose now that this subgraph is totally disconnected. By Lemma 1 ([5], Lemma 1.3)
each of its vertices 3, 4 and 5 should be connected to either the cycle formed by 1 and 2 or
to the cube 0.
Suppose that 4 is connected to 1, 3 is connected to 2 and 5 is connected to 0.
In this case A will be one of the following:
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01
23
4
5
∪(x23x1, x1x3x4, x21x5, x1x3x5, x21x0,
x23x0, x0x1x3) ∪ (x1x3x5, x23x1, x21x5,
x25x1, x1x3x4, x1x4x5, x3x4x5),
0
1
2 3
4
5
∪(x1x3x4, x21x5, x1x3x5, x21x0,
x23x0, x0x1x3)∪ (x1x3x5, x21x5,
x25x1, x1x3x4, x1x4x5, x3x4x5),
0 1
2 3
4
5
∪(x1x3x4, x1x3x5, x21x0,
x23x0, x0x1x3)∪ (x1x3x5, x25x1,
x1x3x4, x1x4x5, x3x4x5),
0
1
2 3
4
5 ∪(x1x3x4, x21x0, x23x0, x0x1x3)∪
A ∪B,
0
1
2 3
45
∪(x1x3x4, x21x0, x23x0)∪A∪B,
0
1
2 3
4
5
∪(x1x3x4, x23x0)∪
A ∪B,
01
2 3
4
5
,
where A = (x25x1, x1x3x4, x1x4x5, x3x4x5); B = (x
2
5x2, x2x3x4, x2x3x5, x3x4x5).
Indeed, we may get
• two singular pairs (x1, x3), (x2, x4) and
• two singular triples (x1, x3, x5), (x2, x4, x5).
After resolving these singular pairs and triples as usual we obtain the pictures shown
above.
Suppose that 5 is still connected to the cube 0, but 3 and 4 are connected to the same
vertex of the cycle (say, to 1).
In this case we may get
• three singular pairs (x2, x3), (x2, x4), (x3, x4) and
• three singular triples (x2, x3, x5), (x2, x4, x5), (x3, x4, x5).
We resolve these singular pairs and triples as usual and obtain the following possibilities
for A:
01
2
3 4
5
,
0
1
2
3 4
5
∪A ∪ (x2x3x5, x2x4x5),
0
1
2
3 4
5
∪B ∪ C,
0
1
2
3 4
5
,
0
1
2
3
4
5
∪B,
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where A = (x22x0, x
2
3x0, x0x2x3, x
2
2x5, x2x3x5);
B = (x22x0, x
2
4x0, x0x2x4, x
2
2x5, x2x4x5); C = (x
2
2x0, x
2
3x0, x0x2x3).
Suppose that 3 and 4 are connected to the same vertex of the cycle (say, to 1) and 5 is
connected to the other vertex (i.e. to 2).
In this case we may get
• four singular pairs (x2, x3), (x2, x4), (x3, x4), (x1, x5) and
• two singular triples (x2, x3, x4), (x3, x4, x5).
We resolve these singular pairs and triples as usual and obtain the following possibilities
for A:
1
2
3 4
5
∪A∪
(x3x4x5, x0x3x4,
x0x3x5, x0x4x5), 1
2
3
4
5
∪A ∪ C∪
(x3x4x5, x0x3x4,
x0x3x5, x0x4x5), 1
2
3 4
5
∪A ∪ B ∪ C∪
(x22x0, x0x2x3, x3x4x0),
1
2
3 4
5
∪A ∪ (x3x4x5,
x0x3x4, x0x4x5),
0
1
2
3 4
5
∪A ∪ C,
where A = (x25x1, x
2
1x0, x0x1x5, x1x5x3, x1x5x4);
B = (x22x0, x0x2x3, x2x3x5); C = (x
2
2x0, x0x2x4, x2x4x5).
Now suppose that two of the vertices 3, 4, 5 (say, 4 and 5) are connected to the cube 0
and the third of them is connected to the cycle (say, 3 is connected to 1).
In this case we may get
• two singular pairs (x2, x3), (x4, x5) and
• five singular triples (x2, x3, x4), (x2, x3, x5), (x1, x4, x5), (x2, x4, x5), (x3, x4, x5).
We resolve these singular pairs and triples as usual and obtain the following possibilities
for A:
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01
2
3 4
5
∪A,
01
2
3
4 5
∪(x22x0, x22x4,
x23x0, x0x2x3),
01
2
3
4 5
,
01
2
3
4 5
∪A ∪ (x21x4, x21x5,
x1x3x4, x1x3x5),
0
1
2
3
4
5
,
0
1
2
3
4
5
∪(x2x4x5, x22x4, x2x3x4),
where A = (x22x0, x
2
2x4, x
2
3x0, x0x2x3, x2x3x4).
If all three vertices 3, 4, 5 are connected to the same vertex of the cycle (say, to 1), then
we may get
• six singular pairs (x2, x3), (x2, x4), (x2, x5), (x3, x4), (x3, x5), (x4, x5) and
• four singular triples (x3, x4, x5), (x2, x3, x4), (x2, x3, x5), (x2, x4, x5).
We resolve then as in the earlier examples.
The resulting possibilities for A are as follows:
1
2
3 4
5
∪(x0x2x5, x2x3x5)∪
(x2x5x4, x2x4x0, x2x5x0,
x0x5x4), 0
1
2
3 4
5
∪(x0x2x3, x2x3x5),
0
1
2
3 4
5
,
0
1
2
3 4
5
,
0
1
2
3 4
5
,
0
1
2
3
4
5
Finally, it may happen that all three vertices 3, 4, 5 are connected to the cube 0.
In this case we may get
• three singular pairs (x3, x4), (x3, x5), (x4, x5) and
• seven singular triples (x1, x3, x4), (x1, x3, x5), (x1, x4, x5), (x2, x3, x4), (x2, x3, x5),
(x2, x4, x5), (x3, x4, x5).
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We resolve then as in the earlier examples.
The resulting possibilities for A are as follows:
0
1 2
3
45
,
0
1 2
3
45
If A = {x21x2, x22x1, x23x4, x24x3, x25x0, x30}. Then
c1 = c2, c3 = c4, 3c1 = 3c3 = 2c5 = 0.
This means that GA ∼= Z/2Z⊕ (Z/3Z)⊕2 with generators
f1 = (1, ω, ω, 1, 1, 1), f2 = (1, 1, 1, ω, ω, 1), f3 = (1, 1, 1, 1, 1, η), ω =
3
√
1, η =
2
√
1.
Then i1 + i2 ≡ i3 + i4 ≡ 0 mod 3 and i5 ≡ 0 mod 2. This means that A = A ∪
{f3(x1, x2), f3(x3, x4)}.
If A = {x21x2, x22x1, x23x4, x24x5, x25x0, x30}. Then
c1 = c2, c4 = −2c3, c5 = 4c3, 3c1 = 8c3 = 0.
This means that GA ∼= Z/8Z⊕ Z/3Z with generators
f1 = (1, ω, ω, 1, 1, 1), f2 = (1, 1, 1, η, η
−2, η4), ω = 3
√
1, η =
8
√
1.
Then i1 + i2 ≡ 0 mod 3 and i3 ≡ 2i4 + 4i5 mod 8. This means that A = A ∪ {f3(x1, x2)}.
If A = {x21x2, x22x1, x23x4, x24x5, x25x4, x23x5, x30}. Then
c1 = c2, c4 = c5 = −2c3, 3c1 = 6c3 = 0.
This means that GA ∼= Z/6Z⊕ Z/3Z with generators
f1 = (1, ω, ω, 1, 1, 1), f2 = (1, 1, 1, η, η
−2, η−2), ω = 3
√
1, η =
6
√
1.
Then i1 + i2 ≡ 0 mod 3 and i3 ≡ 2(i4 + i5) mod 6. This means that A = A ∪ {f3(x1, x2),
f3(x4, x5)}.
Let A0 = {x21x2, x22x1, x23x1, x24x5, x25x4, x23x4, x30}, A0 = {x21x2, x22x1, x23x4, x24x5, x25x4,
x25x2, x
3
0} or A0 = {x21x2, x22x1, x23x4, x24x5, x25x1, x2x4x5, x30}. Then
c1 = c2 = c4 = c5 = −2c3, 6c3 = 0.
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All such cases were already considered.
If A = {x21x2, x22x1, x23x4, x24x5, x25x4, x25x0, x30}. Then
c1 = c2, c4 = c5 = 0, 3c1 = 2c3 = 0.
This means that GA ∼= Z/2Z⊕ Z/3Z with generators
f1 = (1, ω, ω, 1, 1, 1), f2 = (1, 1, 1, η, 1, 1), ω =
3
√
1, η =
2
√
1.
Then i1 + i2 ≡ 0 mod 3 and i3 ≡ 0 mod 2. This means that A = A ∪ {f3(x0, x4, x5), x23 ·
f1(x0, x4, x5), f3(x1, x2)}.
If A = {x21x2, x22x1, x23x4, x24x5, x25x4, x0x3x5, x30}. Then
c1 = c2, c3 = c4 = c5 = 0, 3c1 = 0.
This means that GA ∼= Z/3Z with a generator
f = (1, ω, ω, 1, 1, 1), ω =
3
√
1.
Then i1 + i2 ≡ 0 mod 3. This means that A = A ∪ {f3(x0, x3, x4, x5), f3(x1, x2)}.
Let A0 = {x21x2, x22x1, x23x4, x24x5, x25x4, x1x3x5, x30}. Then
c1 = c2 = c3 = c4 = c5, 3c3 = 0.
All such cases were already considered.
If A = {x21x2, x22x1, x23x4, x24x5, x25x1, x25x2, x30}. Then
c1 = c2 = −8c3, c4 = −2c3, c5 = 4c3, 24c3 = 0.
This means that GA ∼= Z/24Z with a generator
f = (1, ω−8, ω−8, ω, ω−2, ω4), ω = 24
√
1.
Then i3 + 4i5 ≡ 2i4 + 8(i1 + i2) mod 24. This means that A = A ∪ {f3(x1, x2)}.
If A = {x21x2, x22x1, x23x4, x24x5, x25x1, x22x0, x30}. Then
c1 = c2 = 0, c4 = −2c3, c5 = 4c3, 8c3 = 0.
This means that GA ∼= Z/8Z with a generator
f = (1, 1, 1, ω, ω−2, ω4), ω = 8
√
1.
Then i3 ≡ 2i4 + 4i5 mod 8. This means that A = A ∪ {f3(x0, x1, x2), x25 · f1(x0, x1, x2)}.
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If A = {x21x2, x22x1, x23x4, x24x5, x25x1, x2x3x5, x30}. Then
c1 = c2 = c3 = c4 = c5, 3c3 = 0.
This case was already considered.
If A = {x21x2, x22x1, x23x4, x24x5, x25x1, x0x2x5, x30}. Then
c1 = c2 = c5 = 0, c4 = 2c3, 4c3 = 0.
This case was already considered.
If A = {x21x2, x22x1, x23x4, x24x1, x25x0, x2x4x5, x30}. Then
c1 = c2 = 0, c4 = c5 = 2c3, 4c3 = 0.
This means that GA ∼= Z/4Z with a generator
f = (1, 1, 1, ω, ω2, ω2), ω =
4
√
1.
Then i3 ≡ 2(i4+i5) mod 4. This means that A = A∪{f3(x0, x1, x2), x23 ·f1(x4, x5), f2(x4, x5) ·
f1(x0, x1, x2)}.
If A = {x21x2, x22x1, x23x4, x24x1, x25x0, x2x3x4, x30}. Then
c1 = c2 = c3 = c4, 3c1 = 2c5 = 0.
This case was already considered.
If A = {x21x2, x22x1, x23x4, x24x1, x25x0, x22x5, x30}. Then
c1 = c2 = c5 = 0, c4 = 2c3, 4c3 = 0.
This case was already considered.
If A = {x21x2, x22x1, x23x4, x24x1, x24x2, x25x0, x30}. Then
c1 = c2 = 4c3, c4 = −2c3, 12c3 = 2c5 = 0.
This means that GA ∼= Z/12Z⊕ Z/2Z with generators
f1 = (1, ω
4, ω4, ω, ω−2, 1), f2 = (1, 1, 1, 1, 1, η), ω =
12
√
1, η =
2
√
1.
Then i3 + 4(i1 + i2) ≡ 2i4 mod 12 and i5 ≡ 0 mod 2. This means that A = A∪ {f3(x1, x2)}.
Let A0 = {x21x2, x22x1, x23x4, x24x1, x25x0, x22x0, x30} or A0 = {x21x2, x22x1, x23x4, x24x0, x25x0,
x24x1, x
3
0}. Then
c1 = c2 = 0, c4 = 2c3, 4c3 = 2c5 = 0.
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For A = A0 ∪ {x25x2} the extra condition is automatically satisfied.
This case will appear and will be analyzed below.
For A = A0 ∪ {x25x4} we get an extra condition 2c3 = 0, i.e.
c1 = c2 = c4 = 0, 2c3 = 2c5 = 0.
This case was already considered.
For A = A0 ∪{x2x3x5} and A = A0 ∪{x3x4x5} we get the same extra condition c3 = c5,
i.e.
c1 = c2 = c4 = 0, c3 = c5, 2c5 = 0.
This case was already considered.
Let A0 = {x21x2, x22x1, x23x4, x24x1, x25x0, x0x2x4, x30}. Then
c1 = c2 = c4 = 0, 2c3 = 2c5 = 0.
All such cases were already considered.
If A = {x21x2, x22x1, x23x4, x24x0, x25x1, x25x2, x30}. Then
c1 = c2 = −2c5, c4 = 2c3, 4c3 = 6c5 = 0.
This means that GA ∼= Z/6Z⊕ Z/4Z with generators
f1 = (1, ω
−2, ω−2, 1, 1, ω), f2 = (1, 1, 1, η, η2, 1), ω =
6
√
1, η =
4
√
1.
Then i5 ≡ 2(i1 + i2) mod 6 and i3 ≡ 2i4 mod 4. This means that A = A ∪ {f3(x1, x2)}.
If A = {x21x2, x22x1, x23x4, x24x0, x25x1, x2x3x5, x30}. Then
c1 = c2 = c4 = 0, c5 = c3, 2c3 = 0.
This case was already considered.
If A = {x21x2, x22x1, x23x4, x24x0, x25x1, x22x3, x30}. Then
c1 = c2 = c3 = c4 = 0, 2c5 = 0.
This case was already considered.
Let A0 = {x21x2, x22x1, x23x4, x24x0, x25x1, x0x2x5, x30}. Then
c1 = c2 = c5 = 0, c4 = 2c3, 4c3 = 0.
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All such cases were already considered.
Let A0 = {x21x2, x22x1, x23x4, x24x0, x25x1, x2x4x5, x30}. Then
c1 = c2 = 0, c4 = c5 = 2c3, 4c3 = 0.
All such cases were already considered.
Let A0 = {x21x2, x22x1, x23x4, x24x0, x25x1, x22x4, x30}. Then
c1 = c2 = c4 = 0, 2c3 = 2c5 = 0.
All such cases were already considered.
Let A0 = {x21x2, x22x1, x23x4, x24x0, x25x1, x22x0, x30} or A0 = {x21x2, x22x1, x23x4, x24x0, x25x0,
x25x1, x
3
0}. Then
c1 = c2 = 0, c4 = 2c3, 4c3 = 2c5 = 0.
For A = A0 ∪ {x24x2} the extra condition c2 + 2c4 = 0 is automatically satisfied.
This means that GA ∼= Z/2Z⊕ Z/4Z with generators
f1 = (1, 1, 1, ω, ω
2, 1), f2 = (1, 1, 1, 1, 1, η), ω =
4
√
1, η =
2
√
1.
Then i3 ≡ 2i4 mod 4 and i5 ≡ 0 mod 2. This means that A = A ∪ {f3(x0, x1, x2), x24 ·
f1(x0, x1, x2), x
2
5 · f1(x0, x1, x2)}.
Any further extra condition (after adding to A0 a monomial xi00 xi11 xi22 xi33 xi44 xi55 ) has the
form ac3 + bc5 = 0, a, b ∈ Z, i.e. either a · c3 = 0 or c5 = a · c3 for some a ∈ {0, 1, 2, 3}. All
such cases have already appeared.
Let A0 = {x21x2, x22x1, x23x4, x24x0, x25x1, x25x4, x30}. Then
c1 = c2 = c4 = 0, 2c3 = 2c5 = 0.
All such cases have already appeared.
Let A0 = {x21x2, x22x1, x23x4, x24x1, x25x1, x2x4x5, x30}. Then
c1 = c2 = 4c3, c4 = c5 = −2c3, 12c3 = 0.
For A = A0 ∪ {x23x5} the extra condition 2c3 + c5 = 0 is automatically satisfied.
This means that GA ∼= Z/12Z with a generator
f = (1, ω4, ω4, ω, ω−2, ω−2), ω = 12
√
1.
Then i3 + 4(i1 + i2) ≡ 2(i4 + i5) mod 12. This means that A = A ∪ {f3(x1, x2), f2(x4, x5) ·
f1(x1, x2)}.
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Any further extra condition (after adding to A0 a monomial xi00 xi11 xi22 xi33 xi44 xi55 ) has the
form a · c3 = 0 for some a ∈ {0, 1, 2, 3, 4, 6}. All such cases have already appeared.
If A = {x21x2, x22x1, x23x4, x24x0, x25x4, x25x0, x30}. Then
c1 = c2, c4 = 0, 3c1 = 2c3 = 2c5 = 0.
This means that GA ∼= (Z/2Z)⊕2 ⊕ Z/3Z with generators
f1 = (1, 1, 1, 1, 1, ω), f2 = (1, 1, 1, ω, 1, 1), f3 = (1, η, η, 1, 1, 1), ω =
2
√
1, η =
3
√
1.
Then i1 + i2 ≡ 0 mod 3 and i3 ≡ i5 ≡ 0 mod 2. This means that A = A ∪ {f3(x0, x4),
f3(x1, x2), x
2
3x0}.
If A = {x21x2, x22x1, x23x4, x24x0, x25x0, x3x4x5, x30}. Then
c1 = c2, c3 = c5, c4 = 0, 3c1 = 2c5 = 0.
This case was already considered.
If A = {x21x2, x22x1, x23x4, x24x1, x25x4, x25x1, x22x0, x30}. Then
c1 = c2 = c4 = 0, 2c3 = 2c5 = 0.
This case was already considered.
Let A0 = {x21x2, x22x1, x23x4, x24x0, x25x0, x1x4x5, x30}. Then
c1 = c2 = 0, c4 = c5 = 2c3, 4c3 = 0.
All such cases have already appeared.
If A = {x21x2, x22x1, x23x4, x24x0, x25x4, x0x3x5, x30}. Then
c1 = c2, c4 = 2c3, c5 = −c3, 3c1 = 4c3 = 0.
This means that GA ∼= Z/4Z⊕ Z/3Z with generators
f1 = (1, ω, ω, 1, 1, 1), f2 = (1, 1, 1, η, η
2, η3), ω =
3
√
1, η =
4
√
1.
Then i1 + i2 ≡ 0 mod 3 and i3 ≡ i5 + 2i4 mod 4. This means that A = A ∪ {f3(x1, x2)}.
Let A0 = {x21x2, x22x1, x23x4, x24x0, x25x4, x1x3x5, x30} or A0 = {x21x2, x22x1, x23x4, x24x1, x25x4,
x0x3x5, x
3
0}. Then
c1 = c2 = 0, c4 = 2c3, c5 = −c3, 4c3 = 0.
All such cases have already appeared.
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Let A0 = {x21x2, x22x1, x23x4, x24x1, x25x4, x2x3x5, x30} or A0 = {x21x2, x22x1, x23x4, x24x1, x25x4,
x1x3x5, x
3
0}. Then
c1 = c2 = 4c3, c4 = −2c3, c5 = −5c3, 12c3 = 0.
For A = A0∪{x1x3x5, x24x2} extra conditions c1+c3+c5 = c2+2c4 = 0 are automatically
satisfied.
This means that GA ∼= Z/12Z with a generator
f = (1, ω4, ω4, ω, ω−2, ω−5), ω = 12
√
1.
Then i3 + 4(i1 + i2) ≡ 2i4 + 5i5 mod 12. This means that A = A ∪ {f3(x1, x2)}.
Any further extra condition (after adding to A0 a monomial xi00 xi11 xi22 xi33 xi44 xi55 ) has the
form a · c3 = 0 for some a ∈ {0, 1, 2, 3, 4, 6}. All such cases have already appeared.
Let A0 = {x21x2, x22x1, x23x4, x24x1, x25x1, x25x4, x30}, A0 = {x21x2, x22x1, x23x4, x24x1, x25x2,
x25x4, x
3
0} or A0 = {x21x2, x22x1, x23x4, x24x1, x25x2, x21x4, x30}. Then
c1 = c2 = c4 = −2c3, 6c3 = 2(c5 − c3) = 0.
For A1 = A0 ∪ {x2x3x4} we get an extra condition 3c3 = 0, i.e.
c1 = c2 = c3 = c4 = −2c5, 6c5 = 0.
All such cases have already appeared.
For A1 = A0 ∪ {x0x1x3}, A1 = A0 ∪ {x0x3x5}, A1 = A0 ∪ {x0x2x4}, A1 = A0 ∪ {x22x0}
we get extra conditions c3 = 0, c5 = −c3, 2c3 = 0, 2c3 = 0 respectively. They all imply that
2c3 = 0, i.e.
c1 = c2 = c4 = 0, 2c3 = 2c5 = 0.
All such cases have already appeared.
For A1 = A0∪{x23x5} and A1 = A0∪{x2x4x5} we get the same extra condition c5 = −2c3,
i.e.
c1 = c2 = c4 = c5 = −2c3, 6c3 = 0.
All such cases have already appeared.
For A1 = A0 ∪ {x23x1} the extra condition c1 + 2c3 = 0 is automatically satisfied.
For A = A1 ∪ {x24x2} the extra condition c2 + 2c4 = 0 is automatically satisfied.
This case was already considered.
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Let A0 = {x21x2, x22x1, x23x4, x24x1, x25x1, x25x2, x30}. Then
c1 = c2 = 4c3, c4 = −2c3, 12c3 = 2(c5 + 2c3) = 0.
For A = A0 ∪ {x24x2} the extra condition c2 + 2c4 = 0 is automatically satisfied.
This means that GA ∼= Z/12Z⊕ Z/2Z with generators
f1 = (1, ω
4, ω4, ω, ω−2, ω−2), f2 = (1, 1, 1, 1, 1, η), ω =
12
√
1, η =
2
√
1.
Then i3 + 4(i1 + i2) ≡ 2(i4 + i5) mod 12, i5 ≡ 0 mod 2. This means that A = A ∪
{f3(x1, x2), x24 · f1(x1, x2), x23x5}.
For A = A0 ∪ {x2x4x5} we get an extra condition c5 = −2c3, i.e.
c1 = c2 = 4c3, c4 = c5 = −2c3, 12c3 = 0.
This case has already appeared.
For A = A0 ∪ {x22x0} we get an extra condition 4c3 = 0, i.e.
c1 = c2 = 0, c4 = 2c3, 4c3 = 2c5 = 0.
This case has already appeared.
For A = A0 ∪ {x0x2x4} we get an extra condition 2c3 = 0, i.e.
c1 = c2 = c4 = 0, 2c3 = 2c5 = 0.
This case has already appeared.
For A = A0 ∪ {x2x3x4} we get an extra condition 3c3 = 0, i.e.
c1 = c2 = c3 = c4 = −2c5, 6c5 = 0.
This case has already appeared.
Let A0 = {x21x2, x22x1, x23x4, x24x1, x25x2, x21x0, x30}. Then
c1 = c2 = 0, c4 = 2c3, 4c3 = 2c5 = 0.
All such cases have already appeared.
Let A0 = {x21x2, x22x1, x23x4, x24x1, x25x2, x0x1x5, x30}. Then
c1 = c2 = c5 = 0, c4 = 2c3, 4c3 = 0.
All such cases have already appeared.
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Let A0 = {x21x2, x22x1, x23x4, x24x1, x25x2, x1x4x5, x30}. Then
c1 = c2 = 4c3, c4 = c5 = −2c3, 12c3 = 0.
All such cases have already appeared.
Let A0 = {x21x2, x22x1, x23x4, x24x1, x25x2, x1x3x5, x30} or A0 = {x21x2, x22x1, x23x4, x24x1, x25x1,
x3x4x5, x
3
0}. Then
c1 = c2 = c4 = −2c3, c5 = c3, 6c3 = 0.
All such cases have already appeared.
Let A0 = {x21x2, x22x1, x23x4, x24x1, x25x1, x0x4x5, x30}. Then
c1 = c2 = 0, c4 = c5 = 2c3, 4c3 = 0.
All such cases have already appeared.
If A = {x21x2, x22x1, x23x1, x23x2, x24x1, x24x2, x25x0, x30}, then
c1 = c2 = −2c3, 6c3 = 2(c4 − c3) = 2c5 = 0.
This means that GA ∼= Z/6Z⊕ (Z/2Z)⊕2 with generators
f1 = (1, ω
−2, ω−2, ω, ω, 1), f2 = (1, 1, 1, 1, η, 1), f3 = (1, 1, 1, 1, 1, η), ω =
6
√
1, η =
2
√
1.
Then i3 + i4 ≡ 2(i1 + i2) mod 6, i4 ≡ i5 ≡ 0 mod 2. This means that A = A ∪ {f3(x1, x2)}.
Let A0 = {x21x2, x22x1, x23x1, x23x2, x24x1, x25x0, x30}. Then
c1 = c2 = −2c3, 6c3 = 2(c4 − c3) = 2c5 = 0.
For A = A0 ∪ {x22x5} we get an extra condition c5 = −2c3, i.e.
c1 = c2 = c5 = 0, 2c3 = 2c4 = 0.
This case has already appeared.
For A = A0 ∪ {x2x3x4} we get an extra condition c4 = c3, i.e.
c1 = c2 = −2c3, c4 = c3, 6c3 = 2c5 = 0.
This means that GA ∼= Z/6Z⊕ Z/2Z with generators
f1 = (1, ω
−2, ω−2, ω, ω, 1), f2 = (1, 1, 1, 1, 1, η), f3 = (1, 1, 1, 1, 1, η), ω =
6
√
1, η =
2
√
1.
Then i3+i4 ≡ 2(i1+i2) mod 6, i5 ≡ 0 mod 2. This means thatA = A∪{f3(x1, x2), f2(x3, x4)·
f1(x1, x2)}.
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For A = A0 ∪ {x2x4x5} we get an extra condition c5 = 2c3 − c4, i.e.
c1 = c2 = 0, c5 = c4, 2c3 = 2c4 = 0.
This case has already appeared.
For A1 = A0 ∪ {x25x2} we get an extra condition c2 = 0, i.e.
c1 = c2 = 0, 2c3 = 2c4 = 2c5 = 0.
All such cases have already appeared.
For A1 = A0 ∪ {x2x3x5} we get an extra condition c5 = c3, i.e.
c1 = c2 = 0, c5 = c3, 2c3 = 2c4 = 0.
All such cases have already appeared.
For A1 = A0 ∪ {x3x4x5} we get an extra condition c3 + c4 + c5 = 0, i.e.
c1 = c2 = 0, c5 = c3 + c4, 2c3 = 2c4 = 0.
All such cases have already appeared.
Let A0 = {x21x2, x22x1, x23x2, x24x1, x25x0, x22x0, x30}. Then
c1 = c2 = 0, 2c3 = 2c4 = 2c5 = 0.
All such cases have already appeared.
Let A0 = {x21x2, x22x1, x23x2, x24x1, x25x0, x22x5, x30}. Then
c1 = c2 = c5 = 0, 2c3 = 2c4 = 0.
All such cases have already appeared.
Let A0 = {x21x2, x22x1, x23x2, x24x1, x25x0, x2x3x4, x30}. Then
c1 = c2 = −2c3, c4 = c3, 6c3 = 2c5 = 0.
For A = A0 ∪ {x1x3x4} the extra condition c1 + c3 + c4 = 0 is automatically satisfied.
This case has already appeared.
Let A0 = {x21x2, x22x1, x23x2, x24x1, x25x0, x2x4x5, x30}. Then
c1 = c2 = 0, c4 = c5, 2c3 = 2c5 = 0.
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All such cases have already appeared.
Let A0 = {x21x2, x22x1, x23x1, x24x1, x25x0, x2x3x5, x30}. Then
c1 = c2 = 0, c5 = c3, 2c3 = 2c4 = 0.
All such cases have already appeared.
Let A0 = {x21x2, x22x1, x23x1, x24x1, x25x0, x24x0, x30}. Then
c1 = c2 = 0, 2c3 = 2c4 = 2c5 = 0.
All such cases have already appeared.
Let A0 = {x21x2, x22x1, x23x1, x24x1, x25x0, x3x4x5, x30}. Then
c1 = c2 = 0, c5 = c3 + c4, 2c3 = 2c4 = 0.
All such cases have already appeared.
Let A0 = {x21x2, x22x1, x23x2, x24x1, x25x0, x0x2x4, x30}. Then
c1 = c2 = c4 = 0, 2c3 = 2c5 = 0.
All such cases have already appeared.
Let A0 = {x21x2, x22x1, x23x2, x24x1, x25x0, x24x0, x30}. Then
c1 = c2 = 0, 2c3 = 2c4 = 2c5 = 0.
All such cases have already appeared.
If A = {x21x2, x22x1, x23x1, x24x1, x25x0, x2x3x4, x30}, then
c1 = c2 = −2c3, c4 = c3, 6c3 = 2c5 = 0.
This case has already appeared.
Let A0 = {x21x2, x22x1, x23x1, x24x1, x25x2, x2x3x4, x30}. Then
c1 = c2 = −2c3, c4 = c3, 6c3 = 2(c5 − c3) = 0.
For A1 = A0∪{x0x3x4}, A1 = A0∪{x0x3x5}, A1 = A0∪{x0x4x5} we get extra conditions
2c3 = 0, x5 = −x3, x5 = −x3 respectively. They all imply that 2c3 = 0, i.e.
c1 = c2 = 0, c4 = c3, 2c3 = 2c5 = 0.
All such cases have already appeared.
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For A1 = A0 ∪ {x3x4x5} we get an extra condition c5 = −2c3, i.e.
c1 = c2 = c5 = −2c3, c4 = c3, 6c3 = 0.
All such cases have already appeared.
Let A0 = {x21x2, x22x1, x23x1, x23x2, x24x1, x25x2, x30}. Then
c1 = c2 = −2c3, 6c3 = 2(c4 − c3) = 2(c5 − c3) = 0.
For A1 = A0 ∪ {x3x4x5} we get an extra condition c3 + c4 + c5 = 0, i.e.
c1 = c2 = −2c3, c5 = −c3 − c4, 6c3 = 2(c4 − c3) = 0.
For A2 = A1 ∪ {x0x1x5} and A2 = A1 ∪ {x21x0} we get extra conditions 2c3 = 0 and
c4 = 3c3 respectively. They both imply that 2c3 = 0, i.e.
c1 = c2 = 0, c5 = c3 + c4, 2c3 = 2c4 = 0.
All such cases have already appeared.
For A2 = A1 ∪ {x1x3x5} we get an extra condition c4 = −2c3, i.e.
c1 = c2 = c4 = −2c3, c5 = c3, 6c3 = 0.
All such cases have already appeared.
For A2 = A1 ∪ {x1x4x5} we get an extra condition 3c3 = 0, i.e.
c1 = c2 = c3 = −2c4, c5 = c4, 6c4 = 0.
All such cases have already appeared.
For A2 = A1 ∪ {x0x2x4} and A2 = A1 ∪ {x22x0} we get extra conditions c4 = 2c3 and
2c3 = 0 respectively. They both imply that 2c3 = 0, i.e.
c1 = c2 = 0, c5 = c3 + c4, 2c3 = 2c4 = 0.
All such cases have already appeared.
For A2 = A1 ∪ {x2x4x5} we get an extra condition 3c3 = 0, i.e.
c1 = c2 = c3 = −2c4, c5 = c4, 6c4 = 0.
All such cases have already appeared.
For A = A1 ∪ {x25x1, x24x2} extra conditions are automatically satisfied, i.e.
c1 = c2 = −2c3, c5 = −c3 − c4, 6c3 = 2(c4 − c3) = 0.
88
This means that GA ∼= Z/6Z⊕ Z/2Z with generators
f1 = (1, ω
−2, ω−2, ω, ω, ω−2), f2 = (1, 1, 1, 1, η, η), ω =
6
√
1, η =
2
√
1.
Then i3+ i4 ≡ 2(i1+ i2+ i5) mod 6, i4+ i5 ≡ 0 mod 2. This means that A = A∪{f3(x1, x2)}.
For A1 = A0∪{x0x3x4}, A1 = A0∪{x0x3x5}, A1 = A0∪{x0x4x5} we get extra conditions
c4 = −c3, c5 = −c3, c5 = −c4 respectively. Hence upto a permutation of xi we get
c1 = c2 = 0, c4 = c3, 2c3 = 2c5 = 0.
All such cases have already appeared.
Let A0 = {x21x2, x22x1, x23x1, x24x1, x25x2, x0x3x4, x2x3x5, x30}. Then
c1 = c2 = 0, c3 = c4 = c5, 2c3 = 0.
All such cases have already appeared.
Let A0 = {x21x2, x22x1, x23x1, x24x1, x25x2, x3x4x5, x30} or A0 = {x21x2, x22x1, x23x1, x24x1, x25x1,
x3x4x5, x
3
0}. Then
c1 = c2 = −2c3, c5 = −c3 − c4, 6c3 = 2(c4 − c3) = 0.
For A1 = A0 ∪ {x22x0}, A1 = A0 ∪ {x0x2x3} we get extra conditions 2c3 = 0, c3 = 0
respectively. They both imply that 2c3 = 0, i.e.
c1 = c2 = 0, c5 = c3 + c4, 2c3 = 2c4 = 0.
All such cases have already appeared.
For A1 = A0 ∪ {x2x3x5} we get an extra condition c5 = c3, i.e.
c1 = c2 = c4 = −2c3, c5 = c3, 6c3 = 0.
All such cases have already appeared.
For A1 = A0 ∪ {x2x3x4} we get an extra condition c4 = c3, i.e.
c1 = c2 = c5 = −2c3, c4 = c3, 6c3 = 0.
All such cases have already appeared.
Let A0 = {x21x2, x22x1, x23x1, x24x0, x25x0, x3x4x5, x30}. Then
c1 = c2 = 0, c5 = c3 + c4, 2c3 = 2c4 = 0.
All such cases have already appeared.
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Let A0 = {x21x2, x22x1, x23x1, x24x0, x25x0, x2x4x5, x30}. Then
c1 = c2 = 0, c5 = c4, 2c3 = 2c4 = 0.
All such cases have already appeared.
Let A0 = {x21x2, x22x1, x23x1, x23x2, x24x0, x25x0, x30}. Then
c1 = c2 = −2c3, 6c3 = 2c4 = 2c5 = 0.
For A1 = A0 ∪ {x1x4x5} and A = A0 ∪ {x3x4x5} we get extra conditions c4 + c5 = 2c3
and c4 + c5 = −c3 respectively. They both imply that 2c3 = 0, i.e.
c1 = c2 = 0, 2c3 = 2c4 = 2c5 = 0.
All such cases have already appeared.
Let A0 = {x21x2, x22x1, x23x1, x24x1, x25x1, x0x3x5, x30}. Then
c1 = c2 = 0, c5 = c3, 2c3 = 2c4 = 0.
All such cases have already appeared.
If A = {x21x2, x22x1, x23x1, x24x0, x25x0, x1x4x5, x2x3x4, x30} or A = {x21x2, x22x1, x23x0, x24x0,
x25x0, x1x3x5, x1x4x5, x2x3x4, x
3
0}, then
c1 = c2 = 0, c5 = c4 = c3, 2c3 = 0.
This case has already appeared.
If A = {x21x2, x22x1, x23x0, x24x0, x25x0, x3x4x5, x30}, then
c1 = c2, c5 = c3 + c4, 3c1 = 2c3 = 2c4 = 0.
This means that GA ∼= Z/3Z⊕ (Z/2Z)⊕2 with generators
f1 = (1, ω, ω, 1, 1, 1), f2 = (1, 1, 1, η, 1, η), f3 = (1, 1, 1, 1, η, η), ω =
3
√
1, η =
2
√
1.
Then i1 + i2 ≡ 0 mod 3, i3 + i5 ≡ i4 + i5 ≡ 0 mod 2. This means that A = A∪ {f3(x1, x2)}.
2.6.4 Case of 1 cube. No cycles.
If there are no cycles at all, then A may be either
01 2 3 4 5
or one of the following:
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01 2 3 4
5
01 2 3 4
5
∪(x23x0, x0x1x5,
x0x3x5),
01 2 3 4
5
01 2 3 4
5
01 2 3 4
5
01 2 3 4
5
∪(x25x0, x21x0,
x23x0, x0x1x3,
x0x1x5, x0x3x5),
01 2 3 4
5
∪(x1x4x5, x1x3x4,
x3x4x5),
01 2
3
4
5
01 2 3 4
5
01 2 3 4
5
∪A,
01 2 3 4
5
∪A,
01 2 3 4
5
01 2 3 4
5
01 2 3 4
5
∪A,
01 2 3 4
5
01 2 3 4
5
where A = (x1x2x5, x1x2x4, x1x4x5);
01 2 3 4
5
01 2 3 4
5
∪(x21x3, x21x5,
x21x0, x1x3x0,
x1x5x0, x0x3x5),
01 2 3 4
5
∪(x22x4, x22x5,
x1x2x4, x1x2x5),
01 2 3 4
5
∪(x21x4, x21x5, x21x3, x1x3x4, x1x3x5, x3x4x5),
01 2 3 4
5
Consider the subgraph formed by vertices x1, x2, x3, x4, x5. The maximal length of a path
in this subgraph may be either 5 or 4 or 3 or 2 or 1 (in which case the subgraph is totally
disconnected).
If this length is equal to 5, then we may assume that 1 is connected to 2, 2 is connected
to 3, 3 is connected to 4 and 4 is connected to 5. By Lemma 1 ([5], Lemma 1.3) the 5-th
vertex should be connected either to the cube 0 or to one of the vertices 1, 2, 3, 4. The
latter is not possible since we assume that there are no cycles. In the former case there are
neither singular pairs nor singular triples.
If the maximal length of a path in the subgraph formed by 1, 2, 3, 4, 5 is 4, then we may
assume that 1 is connected to 2, 2 is connected to 3 and 3 is connected to 4. By Lemma
1 ([5], Lemma 1.3) the 4-th vertex should be connected to the cube 0. It can be connected
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neither to 5 (since there are no length 5 paths) nor to any of the vertices 1, 2, 3 (since there
are no cycles).
By Lemma 1 ([5], Lemma 1.3) the 5-th vertex should be connected either to the 2-nd
vertex or to the 3-rd vertex or to the 4-th vertex or to the cube 0. It can not be connected
to the 1-st vertex, because there are no length 5 paths.
If the 5-th vertex is connected to the 2-nd vertex, we may get
• one singular pair (x1, x5) and
• two singular triples (x1, x5, x3), (x1, x5, x4).
Note that this configuration is symmetric with respect to vertices 1 and 5.
If the 5-th vertex is connected to the 3-rd vertex, we may get
• one singular pair (x2, x5) and
• one singular triple (x2, x4, x5).
If the 5-th vertex is connected to the 4-th vertex, we may get
• one singular pair (x3, x5) and
• one singular triple (x1, x3, x5).
If the 5-th vertex is connected to the cube 0, we may get
• one singular pair (x4, x5) and
• two singular triples (x1, x4, x5), (x2, x4, x5).
All these singular pairs and singular triples can be resolved as in the earlier examples
and we obtain the pictures shown above.
If the maximal length of a path in the subgraph formed by 1, 2, 3, 4, 5 is 3, then we
may assume that 1 is connected to 2, 2 is connected to 3 and 3 is connected to the cube 0.
Indeed, 3 can be connected neither to 4 or 5 (since there are no length 4 paths) nor to 1 or
2 (since there are no cycles).
The remaining vertices 4 and 5 may be connected by an edge or disconnected.
If 4 is connected to 5, then by Lemma 1 ([5], Lemma 1.3) the 5-th vertex should be
connected either to 3 or to the cube 0. It can be connected neither to 1 (since there are no
length 5 paths) nor to 2 (since there are no length 4 paths) nor to 4 (since there are no cycles).
If the 5-th vertex is connected to 3, we may get one singular pair (x2, x5).
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If the 5-th vertex is connected to the cube 0, we may get one singular pair (x3, x5) and
one singular triple (x1, x3, x5).
These singular pairs and singular triples can be resolved as usual and we obtain the
following pictures of A:
01 2 3
4
5
01 2 3
4 5
01 2 3
4 5
01 2 3
4
5
01 2 3
4 5
∪(x21x3, x21x5, x21x4,
x1x3x4, x1x4x5),
01 2 3
4 5
If the remaining vertices 4 and 5 are disconnected, then by Lemma 1 ([5], Lemma 1.3)
each of them should be connected to either 2 or 3 or 0. They can not be connected to 1,
because there are no length 4 paths.
If they are connected to a different pair of these three vertices 0, 2, 3, then A is one of
the following:
01 2 3
4 5
∪(x24x3, x24x0, x1x4x0, x1x3x4, x1x4x5)∪
(x25x2, x
2
2x0, x
2
5x0, x1x2x5, x2x4x5, x0x2x5)∪
(x1x4x3, x
2
1x3, x
2
4x3, x1x4x5, x1x3x5, x3x4x5)∪
(x1x4x5, x
2
1x0, x
2
4x0, x
2
5x0, x1x4x0, x1x0x5,
x0x4x5),
01 2 3
4 5
∪(x21x3, x21x0, x1x4x0, x1x3x4, x1x4x5)∪
(x25x2, x3x2x5, x1x3x5, x3x4x5)∪
(x1x5x3, x21x3, x1x4x5, x1x3x4, x3x4x5)∪
(x1x3x5, x24x3, x1x4x3, x1x4x5, x3x4x5),
01 2 3
4 5
∪(x25x3, x1x3x5, x2x3x5, x3x4x5) ∪ (x24x0, x22x0, x1x2x4, x2x4x0, x4x2x5) ∪
(x2x4x5, x1x4x2, x1x2x5, x1x4x5)∪(x1x3x5, x21x3, x21x5, x25x3, x21x4, x1x4x3, x1x4x5, x3x4x5)
Indeed, if 4 is connected to 2 and 5 is connected to 3, then we may get
• two singular pairs (x1, x4), (x2, x5) and
• two singular triples (x1, x4, x3), (x1, x4, x5).
If 4 is connected to 2 and 5 is connected to 0, then we may get
• two singular pairs (x1, x4), (x3, x5) and
• four singular triples (x1, x4, x3), (x1, x4, x5), (x1, x3, x5), (x3, x4, x5).
If 4 is connected to 3 and 5 is connected to 0, then we may get
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• two singular pairs (x2, x4), (x3, x5) and
• two singular triples (x2, x4, x5), (x1, x3, x5).
We resolve these singular pairs and triples as usual and obtain the pictures shown above.
If the remaining vertices 4 and 5 are both connected to the cube 0, then we may get
• three singular pairs (x3, x4), (x3, x5), (x4, x5) and
• five singular triples (x3, x4, x5), (x2, x4, x5), (x1, x4, x5), (x1, x3, x4), (x1, x3, x5).
After resolving them as usual we obtain the following pictures of A:
01 2 3
4
5
∪(x2x4x5, x1x2x4, x1x4x5, x22x4),
01 2 3
4 5
∪(x1x3x4, x2x4x3) ∪ (x1x3x5,
x2x5x3) ∪ (x1x3x4, x1x4x5),
01 2 3
4 5
∪(x1x3x5, x2x5x3)
If the remaining vertices 4 and 5 are either both connected to 2 or both connected to 3,
then A is one of the following:
01 2 3
4
5
∪(x0x4x5, x1x4x5, x21x4, x21x0, x0x4x1), 01 2 3
4
5
∪(x22x0, x0x2x4, x1x2x4)∪
(x22x0, x0x2x5, x1x2x5)∪
(x1x5x4, x1x2x4),
01 2 3
4
5
∪(x1x2x5, x2x5x0),
0
1 2 3
4
5
01 2 3
4
5
01 2 3
4
5
∪(x3x4x1, x0x4x1) ∪ (x3x5x1,
x0x5x1) ∪ (x0x4x5, x0x4x1),
01 2 3
4
5
∪(x3x5x1, x0x5x1)
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Indeed, if 4 and 5 are both connected to the 3-rd vertex, then we may get
• three singular pairs (x2, x4), (x2, x5), (x4, x5) and
• two singular triples (x1, x4, x5), (x2, x4, x5).
Note that this configuration is symmetric with respect to vertices 4 and 5.
If 4 and 5 are both connected to the 2-nd vertex, then we may get
• three singular pairs (x1, x4), (x1, x5), (x4, x5) and
• four singular triples (x1, x4, x5), (x3, x4, x5), (x1, x3, x4), (x1, x3, x5).
Note that this configuration is symmetric with respect to vertices 1, 4 and 5.
After resolving these singular pairs and triples as usual we obtain the pictures shown
above.
Suppose that the maximal length of a path in the subgraph formed by 1, 2, 3, 4, 5 is
2. We may assume that 1 is connected to 2 (which then should be connected to 0 by our
assumptions).
The remaining vertices 3, 4 and 5 may also form a length 2 path. If they do (say, 5 is
connected to 4), then by Lemma 1 ([5], Lemma 1.3) the 4-th vertex can be connected only
to the cube 0 (since otherwise we would get a length 3 path or a cycle).
In this case the 3-rd vertex can be connected either to the cube 0 or to 2 or to 4.
If it is connected to 0, then A can be one of the following:
01 2
3
4 5 ∪(x3x5x2, x25x3, x25x2,
x23x2, x3x2x1, x1x2x5,
x1x3x5)∪ (x1x3x4, x21x3, x21x4,
x23x4, x3x4x5, x1x3x5, x1x4x5),
01 2
3
4 5
∪(x3x4x1, x3x4x5),
01 2
3
4 5
01 2
3
4 5 ∪(x4x5x2, x1x2x4)∪
(x2x3x5, x
2
5x2, x
2
3x2, x1x2x3,
x1x2x5, x1x3x5),
01 2
3
4 5
∪(x3x4x1, x3x4x5)
Indeed, in this case we may get
• three singular pairs (x2, x3), (x2, x4), (x3, x4) and
• three singular triples (x2, x3, x4), (x2, x3, x5), (x1, x3, x4).
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These singular pairs and triples can be resolved as usual and we obtain the pictures shown
above.
If the 3-rd vertex is connected to 2 or to 4, then by symmetry we may assume that it is
connected to 2.
In this case we may get
• two singular pairs (x1, x3), (x2, x4) and
• two singular triples (x1, x3, x4), (x1, x3, x5).
We resolve them as usual and obtain the following pictures:
01 2
3
4 5 ∪(x21x4, x1x3x0, x1x3x4, x1x3x5) ∪ (x21x4, x23x4, x4x3x5, x1x3x4, x1x3x5,
x1x4x5) ∪ (x1x3x5, x1x3x0, x0x3x5, x1x0x5) ∪ (x2x4x5, x1x2x4, x2x3x4)
Suppose now that the remaining vertices 3, 4 and 5 do not form length 2 paths (i.e. they
are totally disconnected).
By Lemma 1 ([5], Lemma 1.3) and our assumptions each of them should be connected
either to the cube 0 or to the 2-nd vertex.
If 4 and 5 are connected to 0 and 3 is connected to 2, then we may get
• four singular pairs (x1, x3), (x2, x4), (x2, x5), (x4, x5) and
• five singular triples (x1, x3, x4), (x1, x3, x5), (x1, x4, x5), (x3, x4, x5), (x2, x4, x5).
Note that this configuration is symmetric with respect to vertices 1, 3 as well as with
respect to vertices 4, 5.
If 4 and 3 are connected to 2 and 5 is connected to 0, then we may get
• four singular pairs (x1, x3), (x1, x4), (x3, x4), (x2, x5) and
• four singular triples (x1, x3, x4), (x1, x3, x5), (x1, x4, x5), (x3, x4, x5).
Note that this configuration is symmetric with respect to vertices 1, 3, 4.
We resolve these singular pairs and triples as usual and obtain the following pictures of
A:
01 2
3
4
5
∪(x1x4x5, x1x4x3) ∪
(x21x0, x
2
3x0, x1x3x0, x1x3x4),
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01 2
3
4
5 ∪(x1x2x5, x25x2) ∪A,
01 2
3
4
5
∪(x2x3x4, x2x3x5, x3x4x5)∪
(x1x4x5, x3x4x5) ∪ (x1x4x2,
x3x4x2) ∪A,
where A = (x1x4x5, x1x4x3, x1x3x5, x3x4x5) ∪ (x21x0, x23x0, x1x3x0, x1x3x4, x1x3x5);
01 2
3
4
5 ∪(x1x3x5, x1x3x0) ∪ (x1x4x5,
x1x4x0) ∪ (x1x3x5, x4x3x5) ∪B,
0
1
2
3 4
5
∪B,
where B = (x25x2, x2x3x5, x2x5x4, x1x2x5).
If all three vertices 3, 4 and 5 are connected to the cube 0, then we may get
• six singular pairs (x2, x3), (x2, x4), (x2, x5), (x3, x4), (x3, x5), (x4, x5) and
• seven singular triples (x2, x3, x4), (x2, x3, x5), (x2, x4, x5), (x3, x4, x5), (x1, x3, x4),
(x1, x3, x5), (x1, x4, x5).
After we resolve them as usual we obtain the following pictures:
01 2
3
4
5 ∪(x2x3x4, x3x2x5) ∪ (x1x4x3,
x2x4x3) ∪ (x1x5x4, x4x5x2) ∪ C,
01 2
3
4
5
∪(x1x5x2, x3x5x2, x1x3x2, x1x5x3)∪
(x2x3x4, x2x3x1, x3x2x5)∪
(x1x3x2, x3x4x2, x1x3x4, x1x2x4)∪
(x1x5x2, x1x4x2, x1x5x4, x5x2x4) ∪ C,
where C = (x1x5x2, x3x5x2, x4x5x2) ∪ (x1x4x2, x2x4x5, x2x4x3).
If all three vertices 3, 4 and 5 are connected to the 2-nd vertex, then we may get
• six singular pairs (x1, x3), (x1, x4), (x1, x5), (x3, x4), (x3, x5), (x4, x5) and
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• four singular triples (x1, x3, x4), (x1, x3, x5), (x1, x4, x5), (x3, x4, x5).
After we resolve them as usual we obtain the following pictures:
0
1
2
3 4 5
∪(x1x0x5, x5x3x1) ∪ (x3x0x5, x5x3x1, x3x4x5) ∪ (x4x0x5, x5x4x1, x3x4x5)∪
(x1x4x5, x4x1x0, x1x5x0, x0x4x5) ∪ (x4x3x5, x3x4x0, x3x5x0, x0x4x5)
Finally, it may happen that the subgraph formed by vertices 1, 2, 3, 4, 5 is totally dis-
connected. In this case each of them should be connected to the cube 0 by Lemma 1 ([5],
Lemma 1.3).
We get
• ten singular pairs (x1, x2), (x1, x3), (x1, x4), (x1, x5), (x2, x3), (x2, x4), (x2, x5), (x3, x4),
(x3, x5), (x4, x5) and
• ten singular triples (x1, x2, x3), (x1, x2, x4), (x1, x2, x5), (x1, x3, x4), (x1, x3, x5),
(x1, x4, x5), (x2, x3, x4), (x2, x3, x5), (x2, x4, x5), (x3, x4, x5).
After we resolve them as usual we obtain the following pictures of A:
0
1
2
3
4
5
∪(x1x2x5, x3x2x5, x4x2x5) ∪ (x1x2x4, x3x2x4, x4x2x5)
Now let us computations.
If A = {x21x2, x22x3, x23x4, x24x5, x25x0, x30}, then
c2 = −2c1, c3 = 4c1, c4 = −8c1, c5 = 16c1, 32c1 = 0.
This means that GA ∼= Z/32Z with a generator
f = (1, ω, ω−2, ω4, ω−8, ω16), ω = 32
√
1.
Then i1 − 2i2 + 4i3 − 8i4 ≡ 16i5 mod 32. This means that A = A.
Let A0 = {x21x2, x22x3, x23x4, x24x0, x25x2, x30}. Then
c2 = −2c1, c3 = 4c1, c4 = −8c1, 16c1 = 2(c5 − c1) = 0.
For A = A0∪{x1x3x5}, A1 = A0∪{x1x4x5} we get extra conditions c5 = −5c1, c5 = 7c1
respectively. They all imply that 4c1 = 0 and c5 = −c1, i.e.
c2 = 2c1, c3 = c4 = 0, c5 = −c1, 4c1 = 0.
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All such cases have already appeared.
For A1 = A0 ∪ {x1x3x4}, A = A0 ∪ {x25x3}, A1 = A0 ∪ {x25x4}, A1 = A0 ∪ {x25x0} we
get extra conditions 3c1 = 0, c3 = −2c1, 6c1 = 0, 2c1 = 0 respectively. They all imply that
2c1 = 0, i.e.
c2 = c3 = c4 = 0, 2c1 = 2c5 = 0.
All such cases have already appeared.
Let A0 = {x21x2, x22x3, x23x4, x24x0, x25x3, x30}. Then
c2 = −2c1, c3 = 4c1, c4 = −8c1, 16c1 = 2(c5 + 2c1) = 0.
For A = A0 ∪ {x2x4x5} and A1 = A0 ∪ {x0x2x5} we get the same extra conditions
c5 = −6c1 and c5 = 2c1, i.e.
c2 = −2c1, c3 = 4c1, c4 = 0, c5 = 2c1, 8c1 = 0.
All such cases have already appeared.
For A = A0 ∪ {x22x4}, A = A0 ∪ {x1x2x5}, A1 = A0 ∪ {x22x0}, A = A0 ∪ {x25x4} we get
extra conditions 4c1 = 0, c5 = c1, 4c1 = 0, 4c1 = 0 respectively. They all imply that 4c1 = 0,
i.e.
c2 = 2c1, c3 = c4 = 0, 4c1 = 2c5 = 0.
All such cases have already appeared.
Let A0 = {x21x2, x22x3, x23x4, x24x0, x25x0, x25x3, x30}. Then
c2 = 2c1, c3 = c4 = 0, 4c1 = 2c5 = 0.
All such cases have already appeared.
Let A0 = {x21x2, x22x3, x23x4, x24x0, x25x4, x30}. Then
c2 = −2c1, c3 = 4c1, c4 = −8c1, 16c1 = 2(c5 − 4c1) = 0.
For A = A0 ∪ {x25x0} we get an extra condition 8c1 = 0, i.e.
c2 = −2c1, c3 = 4c1, c4 = 0, 8c1 = 2c5 = 0.
This means that GA ∼= Z/8Z⊕ Z/2Z with generators
f1 = (1, ω, ω
−2, ω4, 1, 1), f2 = (1, 1, 1, 1, 1, η), ω =
8
√
1, η =
2
√
1.
Then i1−2i2 ≡ 4i3 mod 8, i5 ≡ 0 mod 2. This means that A = A∪{f3(x0, x4), x23 ·f1(x0, x4)}.
For A = A0 ∪ {x0x3x5} we get an extra condition c5 = −4c1, i.e.
c2 = −2c1, c3 = 4c1, c4 = −8c1, c5 = −4c1, 16c1 = 0.
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This means that GA ∼= Z/16Z with a generator
f = (1, ω, ω−2, ω4, ω8, ω−4), ω = 16
√
1.
Then i1 − 2i2 + 4i3 ≡ 4i5 + 8i4 mod 16. This means that A = A.
For A1 = A0 ∪ {x2x3x5}, A = A0 ∪ {x1x3x5}, A = A0 ∪ {x23x0} we get extra conditions
c5 = −2c1, c5 = −5c1, 8c1 = 0 respectively. They all imply that 8c1 = 0, i.e.
c2 = −2c1, c3 = 4c1, c4 = 0, 8c1 = 2c5 = 0.
All such cases have already appeared.
Let A0 = {x21x2, x22x3, x23x4, x24x0, x25x0, x30}. Then
c2 = −2c1, c3 = 4c1, c4 = 8c1, 16c1 = 2c5 = 0.
For A1 = A0∪{x2x4x5}, A1 = A0∪{x3x4x5}, A = A0∪{x1x4x5} we get extra conditions
c5 = 6c1, c5 = 4c1, c5 = 7c1. They all imply that 8c1 = 0, i.e.
c2 = −2c1, c3 = 4c1, c4 = 0, 8c1 = 2c5 = 0.
All such cases have already appeared.
Let A0 = {x21x2, x22x3, x23x0, x24x5, x25x3, x30}. Then
c2 = −2c1, c3 = 4c1, c5 = −2c4, 8c1 = 4(c4 − c1) = 0.
For A = A0 ∪ {x0x2x5} we get an extra condition 2(c4 + c1) = 0, i.e.
c2 = −2c1, c3 = 4c1, c5 = 2c1, 8c1 = 2(c4 + c1) = 0.
This means that GA ∼= Z/8Z⊕ Z/2Z with generators
f1 = (1, ω, ω
−2, ω4, ω−1, ω2), f2 = (1, 1, 1, 1, η, 1), ω =
8
√
1, η =
2
√
1.
Then i1 − 2i2 + 2i5 ≡ 4i3 + i4 mod 8, i4 ≡ 0 mod 2. This means that A = A.
For A = A0 ∪ {x2x4x5} we get an extra condition c4 = −2c1, i.e.
c2 = c4 = 2c1, c3 = c5 = 0, 4c1 = 0.
This case has already appeared.
For A = A0 ∪ {x25x0} we get an extra condition 4c4 = 0, i.e.
c2 = 2c1, c3 = 0, c5 = 2c4, 4c1 = 4c4 = 0.
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This means that GA ∼= (Z/4Z)⊕2 with generators
f1 = (1, ω, ω
2, 1, 1, 1), f2 = (1, 1, 1, 1, ω, ω
2), ω =
4
√
1.
Then i1 ≡ 2i2 mod 4, i4 ≡ 2i5 mod 4. This means that A = A ∪ {f3(x0, x3), x22 · f1(x0, x3)}.
Let A0 = {x21x2, x22x3, x23x0, x24x5, x25x0, x30}. Then
c2 = −2c1, c3 = 4c1, c5 = 2c4, 8c1 = 4c4 = 0.
For A = A0 ∪ {x3x4x5} we get an extra condition c4 = 4c1, i.e.
c2 = −2c1, c3 = c4 = 4c1, c5 = 0, 8c1 = 0.
This case has already appeared.
For A = A0 ∪ {x1x3x5} we get an extra condition c5 = 3c1, i.e.
c2 = c3 = 0, c1 = c5 = 2c4, 4c4 = 0.
This case has already appeared.
For A1 = A0 ∪ {x2x3x5} we get an extra condition c5 = −2c1, i.e.
c2 = c5 = 2c1, c3 = 0, 4c1 = 2(c4 − c1) = 0.
All such cases either have already appeared or will appear and will be analyzed below.
Let A0 = {x21x2, x22x3, x23x0, x24x2, x25x3, x30}. Then
c2 = −2c1, c3 = 4c1, 8c1 = 2(c4 − c1) = 2(c5 − 2c1) = 0.
For A1 = A0 ∪ {x24x3} and A1 = A0 ∪ {x24x0} we get the same extra condition c3 + 2c4 =
2c4 = 0, i.e.
c2 = c3 = 0, 2c1 = 2c4 = 2c5 = 0.
All such cases have already appeared.
For A1 = A0 ∪ {x0x1x4} and A1 = A0 ∪ {x1x3x4} we get the same extra condition
c1 + c4 = c1 + c3 + c4 = 0, i.e.
c2 = 2c1, c3 = 0, c4 = −c1 4c1 = 2c5 = 0.
All such cases have already appeared.
For A1 = A0 ∪ {x1x4x5} we get an extra condition c1 + c4 + c5 = 0, i.e.
c2 = −2c1, c3 = 4c1, c5 = −c1 − c4, 8c1 = 2(c4 − c1) = 0.
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For A = A1 ∪ {x25x2}, A = A1 ∪ {x1x2x5}, A = A1 ∪ {x2x4x5} we get extra conditions
2c1 = 0, 2c5 = c1, 3c1 = 0 respectively. They all imply that 2c1 = 0, i.e.
c2 = c3 = 0, c5 = c1 + c4, 2c1 = 2c4 = 0.
These cases have already appeared.
For A = A1 ∪ {x25x0} and A = A1 ∪ {x22x0} we get the same extra condition 4c1 = 0, i.e.
c2 = 2c1, c3 = 0, c5 = −c1 − c4, 4c1 = 2(c4 − c1) = 0.
This means that GA ∼= Z/4Z⊕ Z/2Z with generators
f1 = (1, ω, ω
2, 1, ω, ω2), f2 = (1, 1, 1, 1, ω
2, ω2), ω =
4
√
1.
Then i1 + i4 ≡ 2(i2 + i5) mod 4, i4 + i5 ≡ 0 mod 2. This means that A = A∪{f3(x0, x3), x22 ·
f1(x0, x3), x
2
5 · f1(x0, x3)}.
For A = A1 ∪ {x0x2x5} we get the same extra condition c4 = −3c1, i.e.
c2 = −2c1, c3 = 4c1, c4 = −3c1, c5 = 2c1, 8c1 = 0.
This means that GA ∼= Z/8Z with a generator
f = (1, ω, ω−2, ω4, ω5, ω2), ω = 8
√
1.
Then i1 + 2i5 ≡ 2i2 + 4i3 + 3i4 mod 8. This means that A = A.
Let A0 = {x21x2, x22x3, x23x0, x24x2, x25x0, x30}. Then
c2 = −2c1, c3 = 4c1, 8c1 = 2(c4 − c1) = 2c5 = 0.
For A1 = A0 ∪ {x25x2} we get an extra condition 2c1 = 0, i.e.
c2 = c3 = 0, 2c1 = 2c4 = 2c5 = 0.
All such cases have already appeared.
For A1 = A0 ∪ {x2x3x5} we get an extra condition c2 + c3 + c5 = 0, i.e.
c2 = c5 = 2c1, c3 = 0, 4c1 = 2(c4 − c1) = 0.
For A = A1 ∪ {x1x4x5} we get an extra condition c4 = c1, i.e.
c2 = c5 = 2c1, c3 = 0, c4 = c1, 4c1 = 0.
This means that GA ∼= Z/4Z with a generator
f = (1, ω, ω2, 1, ω, ω2), ω =
4
√
1.
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Then i1 + i4 ≡ 2(i2 + i5) mod 4. This means that A = A ∪ {f3(x0, x3), f2(x2, x5) ·
f1(x0, x3), f1(x2, x5) · f2(x1, x4)}.
Any other extra condition (after adding to A1 a monomial xi00 xi11 xi22 xi33 xi44 xi55 ) has the
form a · c1 + b · c4 = 0, a, b ∈ Z, i.e. either a · c1 = 0 or c4 = a · c1 for some a ∈ {0, 1, 2, 3}.
All such cases have already appeared.
For A1 = A0 ∪ {x1x3x5} we get an extra condition c5 = 3c1, i.e.
c2 = c3 = 0, c5 = c1, 2c1 = 2c4 = 0.
All such cases have already appeared.
For A1 = A0 ∪ {x3x4x5} we get an extra condition c3 + c4 + c5 = 0, i.e.
c2 = c3 = 0, c4 = c5, 2c1 = 2c5 = 0.
All such cases have already appeared.
Let A0 = {x21x2, x22x3, x23x0, x24x3, x25x0, x30}. Then
c2 = −2c1, c3 = 4c1, 8c1 = 2(c4 − 2c1) = 2c5 = 0.
For A1 = A0 ∪ {x25x3} we get an extra condition 4c1 = 0, i.e.
c2 = 2c1, c3 = 0, 4c1 = 2c4 = 2c5 = 0.
For A2 = A1 ∪ {x2x4x5} we get an extra condition c5 = c4 + 2c1, i.e.
c2 = 2c1, c3 = 0, c5 = c4 + 2c1, 4c1 = 2c4 = 0.
All such cases have already appeared.
For A2 = A1∪{x1x2x4}, A2 = A1∪{x1x2x5}, A2 = A1∪{x1x4x5} we get extra conditions
c4 = c1, c5 = c1, c1 = c4 + c5 respectively. They all imply that 2c1 = 0, i.e.
c2 = c3 = 0, 2c1 = 2c4 = 2c5 = 0.
All such cases have already appeared.
For A1 = A0 ∪ {x3x4x5} we get an extra condition c5 = c3 + c4, i.e.
c2 = 2c1, c3 = 0, c4 = c5, 4c1 = 2c5 = 0.
For A2 = A1 ∪ {x1x2x4}, A2 = A1 ∪ {x1x2x5}, A2 = A1 ∪ {x1x4x5}, A = A1 ∪ {x2x4x5}
we get extra conditions c4 = c1, c5 = c1, c1 = 0, 2c1 = 0 respectively. They all imply that
2c1 = 0, i.e.
c2 = c3 = 0, c4 = c5, 2c1 = 2c5 = 0.
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All such cases have already appeared.
For A1 = A0 ∪ {x2x3x5} we get an extra condition c5 = −2c1, i.e.
c2 = c5 = 2c1, c3 = 0, 4c1 = 2c4 = 0.
For A2 = A1 ∪ {x2x4x5} we get an extra condition c4 = 0, i.e.
c2 = c5 = 2c1, c3 = c4 = 0, 4c1 = 0.
All such cases have already appeared.
For A2 = A1∪{x1x2x4}, A2 = A1∪{x1x4x5}, A2 = A1∪{x1x2x5} we get extra conditions
c4 = c1, c4 = c1, c1 = 0. They all imply that 2c1 = 0, i.e.
c2 = c5 = c3 = 0, 2c1 = 2c4 = 0.
All such cases have already appeared.
For A1 = A0 ∪ {x1x3x5} we get an extra condition c5 = −5c1, i.e.
c2 = c3 = 0, c5 = c1, 2c1 = 2c4 = 0.
All such cases have already appeared.
Let A0 = {x21x2, x22x3, x23x0, x24x0, x25x0, x30}. Then
c2 = −2c1, c3 = 4c1, 8c1 = 2c4 = 2c5 = 0.
For A1 = A0 ∪ {x3x4x5} we get an extra condition c5 = c4 + 4c1, i.e.
c2 = −2c1, c3 = 4c1, c5 = c4 + 4c1, 8c1 = 2c4 = 0.
For A = A1 ∪ {x22x4} we get an extra condition c4 = 4c1, i.e.
c2 = −2c1, c3 = c4 = 4c1, c5 = 0, 8c1 = 0.
This case has already appeared.
For A = A1 ∪ {x1x4x5}, A = A1 ∪ {x1x2x4}, A = A1 ∪ {x2x4x5} we get extra conditions
5c1 = 0, c4 = c1, 2c1 = 0 respectively. They all imply that 2c1 = 0, i.e.
c2 = c3 = 0, c5 = c4, 2c1 = 2c4 = 0.
All such cases have already appeared.
For A1 = A0 ∪ {x2x4x5} we get an extra condition c5 = c4 + 2c1, i.e.
c2 = 2c1, c3 = 0, c5 = c4 + 2c1, 4c1 = 2c4 = 0.
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For A2 = A1 ∪ {x2x3x4} we get an extra condition c4 = 2c1, i.e.
c2 = c4 = 2c1, c3 = c5 = 0, 4c1 = 0.
All such cases have already appeared.
For A2 = A1 ∪ {x1x3x4} we get an extra condition c4 = c1, i.e.
c2 = c3 = 0, c4 = c5 = c1, 2c1 = 0.
All such cases have already appeared.
For A1 = A0 ∪ {x2x3x4, x1x4x5} we get extra conditions c4 = 2c1, c1 = c4 + c5, i.e.
c2 = c3 = c4 = 0, c5 = c1, 2c1 = 0.
All such cases have already appeared.
Let A0 = {x21x2, x22x3, x23x0, x24x3, x25x3, x30}. Then
c2 = −2c1, c3 = 4c1, 8c1 = 2(c4 − 2c1) = 2(c5 − 2c1) = 0.
For A1 = A0 ∪ {x2x4x5} we get an extra condition c5 = 2c1 − c4, i.e.
c2 = 2c1, c3 = 0, c5 = 2c1 + c4, 4c1 = 2c4 = 0.
All such cases have already appeared.
For A1 = A0 ∪ {x0x4x5} we get an extra condition c5 = −c4, i.e.
c2 = −2c1, c3 = 4c1, c5 = −c4, 8c1 = 2(c4 − 2c1) = 0.
For A2 = A1 ∪ {x1x4x5} and A2 = A1 ∪ {x1x2x4} we get extra conditions c1 = 0 and
c4 = c1 respectively. They both imply that 2c1 = 0, i.e.
c2 = c3 = 0, c5 = c4, 2c1 = 2c4 = 0.
All such cases have already appeared.
For A1 = A0 ∪ {x1x4x5} we get an extra condition c5 = −c4 − c1, i.e.
c2 = c3 = 0, c5 = c1 + c4, 2c1 = 2c4 = 0.
All such cases have already appeared.
Let A0 = {x21x2, x22x3, x23x0, x24x2, x25x2, x30}. Then
c2 = −2c1, c3 = 4c1, 8c1 = 2(c4 − c1) = 2(c5 − c1) = 0.
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For A = A0 ∪ {x1x4x5} we get an extra condition c5 = −c4 − c1, i.e.
c2 = c3 = 0, c5 = c1 + c4, 2c1 = 2c4 = 0.
This case has already appeared.
For A1 = A0 ∪ {x3x4x5} we get an extra condition c5 = 4c1 − c4, i.e.
c2 = 2c1, c3 = 0, c5 = −c4, 4c1 = 2(c4 − c1) = 0.
For A2 = A1∪{x1x3x5} and A2 = A1∪{x0x1x5} we get the same extra condition c4 = c1,
i.e.
c2 = 2c1, c3 = 0, c4 = c1, c5 = −c1, 4c1 = 0.
For A3 = A2∪{x1x3x4} and A3 = A2∪{x0x1x4} we get the same extra condition 2c1 = 0,
i.e.
c2 = c3 = 0, c4 = c5 = c1, 2c1 = 0.
All such cases have already appeared.
For A1 = A0 ∪ {x0x4x5, x1x3x4} we get extra conditions c5 = −c4, c4 = −c1, i.e.
c2 = 2c1, c3 = 0, c4 = −c1, c5 = c1, 4c1 = 0.
For A2 = A1∪{x1x3x5} and A2 = A1∪{x0x1x5} we get the same extra condition 2c1 = 0,
i.e.
c2 = c3 = 0, c4 = c5 = c1, 2c1 = 0.
All such cases have already appeared.
Let A0 = {x21x2, x22x0, x23x0, x24x0, x25x4, x30}. Then
c2 = 2c1, c4 = 2c5, 4c1 = 2c3 = 4c5 = 0.
For A1 = A0 ∪ {x2x3x4} we get an extra condition c3 = 2c1 + 2c5, i.e.
c2 = 2c1, c3 = 2c1 + 2c5, c4 = 2c5, 4c1 = 4c5 = 0.
For A2 = A1 ∪ {x2x3x5} we get an extra condition c5 = 0, i.e.
c2 = c3 = 2c1, c4 = c5 = 0, 4c1 = 0.
All such cases have already appeared.
For A2 = A1 ∪ {x23x2}, A2 = A1 ∪ {x25x3} we get the same extra condition 2c1 = 0, i.e.
c2 = 0, c3 = c4 = 2c5, 2c1 = 4c5 = 0.
For A = A2 ∪ {x1x3x4} we get an extra condition c1 = 0, i.e.
c1 = c2 = 0, c3 = c4 = 2c5, 4c5 = 0.
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This case has already appeared.
For A = A2 ∪ {x23x4}, A = A2 ∪ {x21x3}, A = A2 ∪ {x21x4}, A = A2 ∪ {x3x4x5},
A = A2 ∪ {x1x3x5}, A = A2 ∪ {x1x4x5} we get extra conditions 2c5 = 0, 2c5 = 0, 2c5 = 0,
c5 = 0, c1 = c5, c1 = c5 respectively. They all imply that 2c5 = 0, i.e.
c2 = c3 = c4 = 0, 2c1 = 2c5 = 0.
All such cases have already appeared.
For A2 = A1 ∪ {x25x2} we get an extra condition 2c1 = 2c5, i.e.
c2 = c4 = 2c1, c3 = 0, 4c1 = 2(c5 − c1) = 0.
All such cases have already appeared.
For A2 = A1 ∪ {x1x2x3} we get an extra condition c1 = 2c5, i.e.
c2 = 0, c1 = c3 = c4 = 2c5, 4c5 = 0.
For A = A2 ∪ {x1x3x4}, A = A2 ∪ {x23x4}, A = A2 ∪ {x21x3}, A = A2 ∪ {x21x4},
A = A2∪{x3x4x5}, A = A2∪{x1x3x5}, A = A2∪{x1x4x5} we get extra conditions 2c5 = 0,
2c5 = 0, 2c5 = 0, 2c5 = 0, c5 = 0, c5 = 0, c5 = 0 respectively. They all imply that 2c5 = 0,
i.e.
c1 = c2 = c3 = c4 = 0, 2c5 = 0.
All such cases have already appeared.
For A2 = A1 ∪ {x1x2x5} we get an extra condition c5 = c1, i.e.
c2 = c4 = 2c1, c3 = 0, c5 = c1, 4c1 = 0.
All such cases have already appeared.
For A = A1 ∪ {x1x3x5} we get an extra condition c5 = −c1, i.e.
c2 = c4 = 2c1, c3 = 0, c5 = −c1, 4c1 = 0.
This case has already appeared.
For A1 = A0 ∪ {x23x4} we get an extra condition 2c5 = 0, i.e.
c2 = 2c1, c4 = 0, 4c1 = 2c3 = 2c5 = 0.
For A2 = A1 ∪ {x2x4x5} we get an extra condition c5 = 2c1, i.e.
c2 = c5 = 2c1, c4 = 0, 4c1 = 2c3 = 0.
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For A = A2 ∪ {x2x3x5} we get an extra condition c3 = 0, i.e.
c2 = c5 = 2c1, c3 = c4 = 0, 4c1 = 0.
This case has already appeared.
For A = A2 ∪ {x23x2}, A = A2 ∪ {x25x2}, A = A2 ∪ {x1x2x3}, A = A2 ∪ {x1x3x5},
A = A2 ∪ {x1x2x5} we get extra conditions 2c1 = 0, 2c1 = 0, c1 = c3, c1 = c3, c1 = 0. They
all imply that 2c1 = 0, i.e.
c2 = c4 = c5 = 0, 2c1 = 2c3 = 0.
All such cases have already appeared.
For A2 = A1 ∪ {x1x2x4} we get an extra condition c1 = 0, i.e.
c1 = c2 = c4 = 0, 2c3 = 2c5 = 0.
All such cases have already appeared.
For A1 = A0 ∪ {x2x3x5, x1x2x4} we get extra conditions c5 = 2c1 + c3 and c1 = 2c5, i.e.
c1 = c2 = c4 = 0, c5 = c3, 2c3 = 0.
All such cases have already appeared.
For A1 = A0 ∪ {x2x4x5, x1x2x3} we get extra conditions c5 = 2c1 and c3 = c1, i.e.
c2 = c4 = c5 = 0, c3 = c1, 2c1 = 0.
All such cases have already appeared.
For A = A0 ∪ {x2x4x5, x1x3x4, x2x3x5} we get extra conditions c5 = 2c1, c3 = c1 + 2c5
and c5 = 2c1 + c3, i.e.
c1 = c2 = c3 = c4 = c5 = 0.
Hence GA = Id.
Let A0 = {x21x2, x22x0, x23x2, x24x0, x25x4, x30}. Then
c2 = 2c1, c4 = 2c5, 4c1 = 2(c3 − c1) = 4c5 = 0.
For A1 = A0 ∪ {x2x4x5} we get an extra condition c5 = 2c1, i.e.
c2 = c5 = 2c1, c4 = 0, 4c1 = 2(c3 − c1) = 0.
For A2 = A1 ∪ {x21x4} we get an extra condition 2c1 = 0, i.e.
c2 = c4 = c5 = 0, 2c1 = 2c3 = 0.
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All such cases have already appeared.
For A2 = A1 ∪ {x1x3x0} and A2 = A1 ∪ {x1x3x4} we get the same extra condition
c3 = −c1, i.e.
c2 = c5 = 2c1, c3 = −c1, c4 = 0, 4c1 = 0.
All such cases have already appeared.
For A2 = A1 ∪ {x1x3x5} we get an extra condition c3 = c1, i.e.
c2 = c5 = 2c1, c3 = c1, c4 = 0, 4c1 = 0.
All such cases have already appeared.
For A1 = A0 ∪ {x1x2x4} we get an extra condition c1 = 2c5, i.e.
c2 = 0, c1 = c4 = 2c5, 2c3 = 4c5 = 0.
For A2 = A1 ∪ {x21x4} we get an extra condition 2c5 = 0, i.e.
c1 = c2 = c4 = 0, 2c3 = 2c5 = 0.
All such cases have already appeared.
For A2 = A1 ∪ {x1x3x4} we get an extra condition c3 = 0, i.e.
c2 = c3 = 0, c1 = c4 = 2c5, 4c5 = 0.
All such cases have already appeared.
For A2 = A1 ∪ {x1x3x5} we get an extra condition c5 = c3, i.e.
c1 = c2 = c4 = 0, c5 = c3, 2c3 = 0.
All such cases have already appeared.
For A2 = A1 ∪ {x0x1x3} we get an extra condition c3 = 2c5, i.e.
c2 = 0, c1 = c3 = c4 = 2c5, 4c5 = 0.
For A = A2∪{x23x4}, A = A2∪{x3x4x5} and A = A2∪{x1x4x5} we get extra conditions
2c5 = 0, c5 = 0 and c5 = 0 respectively. They all imply that 2c5 = 0, i.e.
c1 = c2 = c3 = c4 = 0, 2c5 = 0.
All such cases have already appeared.
For A1 = A0 ∪ {x2x3x4} we get an extra condition c3 = 2c1 + 2c5, i.e.
c2 = 0, c3 = c4 = 2c5, 2c1 = 4c5 = 0.
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For A2 = A1 ∪ {x21x4} we get an extra condition 2c5 = 0, i.e.
c2 = c3 = c4 = 0, 2c1 = 2c5 = 0.
All such cases have already appeared.
For A2 = A1 ∪ {x1x3x4} we get an extra condition c1 = 0, i.e.
c1 = c2 = 0, c3 = c4 = 2c5, 4c5 = 0.
All such cases have already appeared.
For A2 = A1 ∪ {x1x3x5} we get an extra condition c5 = c1, i.e.
c2 = c3 = c4 = 0, c5 = c1, 2c1 = 0.
All such cases have already appeared.
For A2 = A1 ∪ {x0x1x3} we get an extra condition c1 = 2c5, i.e.
c2 = 0, c1 = c3 = c4 = 2c5, 4c5 = 0.
For A = A2∪{x23x4}, A = A2∪{x3x4x5} and A = A2∪{x1x4x5} we get extra conditions
2c5 = 0, c5 = 0 and c5 = 0 respectively. They all imply that 2c5 = 0, i.e.
c1 = c2 = c3 = c4 = 0, 2c5 = 0.
All such cases have already appeared.
Let A0 = {x21x2, x22x0, x23x2, x24x0, x25x0, x2x4x5, x30}. Then
c2 = 2c1, c5 = 2c1 + c4, 4c1 = 2(c3 − c1) = 2c4 = 0.
For A1 = A0 ∪ {x21x0} and A1 = A0 ∪ {x23x0} we get the same extra condition 2c1 = 0,
i.e.
c2 = 0, c5 = c4, 2c1 = 2c3 = 2c4 = 0.
This case has already appeared.
For A = A1 ∪ {x1x4x5} we get an extra condition c1 = 0, i.e.
c1 = c2 = 0, c5 = c4, 2c3 = 2c4 = 0.
This case has already appeared.
For A = A1 ∪ {x1x3x4} we get an extra condition c4 = c1 + c3, i.e.
c2 = 0, c5 = c4 = c1 + c3, 2c1 = 2c3 = 0.
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This case has already appeared.
For A = A0 ∪ {x1x3x4} we get an extra condition c3 = c4 − c1, i.e.
c2 = 2c1, c3 = c4 − c1, c5 = 2c1 + c4, 4c1 = 2c4 = 0.
This means that GA ∼= Z/2Z⊕ Z/4Z with generators
f1 = (1, ω, ω
2, ω−1, 1, ω2), f2 = (1, 1, 1, ω2, ω2, ω2), ω =
4
√
1.
Then i3 + i4 + i5 ≡ 0 mod 2 and i1 ≡ i3 + 2(i2 + i5) mod 4. This means that A = A.
For A1 = A0 ∪ {x0x1x3} we get an extra condition c3 = −c1, i.e.
c2 = 2c1, c3 = −c1, c5 = 2c1 + c4, 4c1 = 2c4 = 0.
For A = A1 ∪ {x1x4x5} we get an extra condition c1 = 0, i.e.
c1 = c2 = c3 = 0, c5 = c4, 2c4 = 0.
This case has already appeared.
Let A0 = {x21x2, x22x0, x23x2, x24x0, x24x2, x25x0, x30}. Then
c2 = 0, 2c1 = 2c3 = 2c4 = 2c5 = 0.
For A1 = A0 ∪ {x1x2x5} we get an extra condition c5 = c1, i.e.
c2 = 0, c5 = c1, 2c1 = 2c3 = 2c4 = 0.
For A2 = A1 ∪ {x1x4x5} and A = A1 ∪ {x1x3x5} we get the same (upto a permutation
of xi) extra condition c4 = 0, i.e.
c2 = c4 = 0, c5 = c1, 2c1 = 2c3 = 0.
All such cases have already appeared.
For A2 = A1 ∪ {x3x4x5} and A = A1 ∪ {x1x3x4} we get the same extra condition
c1 = c3 + c4, i.e.
c2 = 0, c5 = c1 = c3 + c4, 2c3 = 2c4 = 0.
All such cases have already appeared.
For A1 = A0 ∪ {x25x2} the extra condition is automatically satisfied
ForA2 = A1∪{x1x3x4}, A2 = A1∪{x1x3x5}, A2 = A1∪{x1x4x5} andA2 = A1∪{x3x4x5}
we get the same (upto a permutation of xi) extra condition c1 = c3 + c4, i.e.
c2 = 0, c1 = c3 + c4, 2c3 = 2c4 = 2c5 = 0.
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All such cases have already appeared.
Let A0 = {x21x2, x22x0, x23x2, x24x0, x25x0, x1x2x5, x30}. Then
c2 = 0, c5 = c1, 2c1 = 2c3 = 2c4 = 0.
For A1 = A0 ∪ {x1x4x5} we get an extra condition c4 = 0, i.e.
c2 = c4 = 0, c5 = c1, 2c1 = 2c3 = 0.
All such cases have already appeared.
For A1 = A0 ∪ {x3x4x5} we get an extra condition c5 = c3 + c4, i.e.
c2 = 0, c5 = c1 = c3 + c4, 2c3 = 2c4 = 0.
All such cases have already appeared.
Let A0 = {x21x2, x22x0, x23x2, x24x2, x25x0, x1x3x4, x30}. Then
c2 = 0, c4 = c1 + c3, 2c1 = 2c3 = 2c5 = 0.
All such cases have already appeared.
Let A0 = {x21x2, x22x0, x23x2, x24x2, x25x0, x0x3x4, x30}. Then
c2 = 2c1, c4 = −c3, 4c1 = 2(c3 − c1) = 2c5 = 0.
For A1 = A0 ∪ {x0x1x3} we get an extra condition c3 = −c1, i.e.
c2 = 2c1, c3 = −c1, c4 = c1, 4c1 = 2c5 = 0.
For A2 = A1 ∪ {x0x1x4} we get an extra condition 2c1 = 0, i.e.
c2 = 0, c3 = c4 = c1, 2c1 = 2c5 = 0.
For A3 = A2 ∪ {x3x4x5} we get an extra condition c5 = 0, i.e.
c2 = c5 = 0, c3 = c4 = c1, 2c1 = 0.
All such cases have already appeared.
For A2 = A1 ∪ {x1x4x5} we get an extra condition c5 = 2c1, i.e.
c2 = c5 = 2c1, c3 = −c1, c4 = c1, 4c1 = 0.
For A3 = A2 ∪ {x1x2x5}, A3 = A2 ∪ {x2x3x5}, A3 = A2 ∪ {x2x4x5} we get the same
extra condition c1 = 0, i.e.
c1 = c2 = c3 = c4 = c5 = 0.
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Hence GA = Id in all such cases.
For A3 = A2 ∪ {x25x2} we get an extra condition 2c1 = 0, i.e.
c2 = c5 = 0, c3 = c4 = c1, 2c1 = 0.
All such cases have already appeared.
For A1 = A0 ∪ {x1x3x5} we get an extra condition c3 = c5 − c1, i.e.
c2 = 2c1, c3 = c5 − c1, c4 = c5 + c1, 4c1 = 2c5 = 0.
For A2 = A1 ∪ {x0x1x4} we get an extra condition c5 = 2c1, i.e.
c2 = c5 = 2c1, c3 = c1, c4 = −c1, 4c1 = 0.
All such cases have already appeared.
For A2 = A1 ∪ {x1x4x5} we get an extra condition 2c1 = 0, i.e.
c2 = 0, c3 = c4 = c1 + c5, 2c1 = 2c5 = 0.
All such cases have already appeared.
Let A0 = {x21x2, x22x0, x23x0, x24x0, x25x0, x3x4x5, x30}. Then
c2 = 2c1, c5 = c3 + c4, 4c1 = 2c3 = 2c4 = 0.
For A1 = A0 ∪ {x1x2x3} we get an extra condition c3 = c1, i.e.
c2 = 0, c3 = c1 = c4 + c5, 2c4 = 2c5 = 0.
All such cases have already appeared.
For A1 = A0 ∪ {x2x3x4} we get an extra condition c4 = 2c1 + c3, i.e.
c2 = c5 = 2c1, c4 = 2c1 + c3, 4c1 = 2c3 = 0.
For A2 = A1 ∪ {x1x2x5} we get an extra condition c1 = 0, i.e.
c1 = c2 = c5 = 0, c4 = c3, 2c3 = 0.
All such cases have already appeared.
For A2 = A1 ∪ {x2x3x5} and A2 = A1 ∪ {x2x4x5} we get the same (unto a permutation
of xi) extra condition c3 = 0, i.e.
c2 = c4 = c5 = 2c1, c3 = 0, 4c1 = 0.
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For A3 = A2 ∪ {x2x4x5} (for A3 = A2 ∪ {x2x3x5} in case of A2 = A1 ∪ {x2x4x5} above)
we get an extra condition 2c1 = 0, i.e.
c2 = c3 = c4 = c5 = 0, 2c1 = 0.
All such cases have already appeared.
For A3 = A2 ∪ {x1x4x5}, A3 = A2 ∪ {x1x2x4}, A3 = A2 ∪ {x1x2x5} (for A3 = A2 ∪
{x1x3x5}, A3 = A2 ∪ {x1x2x3}, A3 = A2 ∪ {x1x2x5} in case of A2 = A1 ∪ {x2x4x5} above)
we get the same extra condition c1 = 0, i.e.
c1 = c2 = c3 = c4 = c5 = 0.
Hence GA = Id in all such cases.
For A1 = A0 ∪ {x2x3x5} we get an extra condition c4 = 2c1, i.e.
c2 = c4 = 2c1, c5 = c3 + 2c1, 4c1 = 2c3 = 0.
For A2 = A1 ∪ {x1x2x4} we get an extra condition c1 = 0, i.e.
c1 = c2 = c4 = 0, c5 = c3, 2c3 = 0.
All such cases have already appeared.
For A2 = A1 ∪ {x2x3x4} and A2 = A1 ∪ {x2x4x5} we get the same (upto a permutation
of xi) extra condition c3 = 0, i.e.
c2 = c4 = c5 = 2c1, c3 = 0, 4c1 = 0.
For A3 = A2 ∪ {x1x4x5}, A3 = A2 ∪ {x1x2x4}, A3 = A2 ∪ {x1x2x5} (for A3 = A2 ∪
{x1x3x4}, A3 = A2 ∪ {x1x2x4}, A3 = A2 ∪ {x1x2x3} in case of A2 = A1 ∪ {x2x4x5} above)
we get the same extra condition c1 = 0, i.e.
c1 = c2 = c3 = c4 = c5.
Hence GA = Id in all such cases.
For A3 = A2 ∪ {x2x4x5} (for A3 = A2 ∪ {x2x3x4} in case of A2 = A1 ∪ {x2x4x5} above)
we get an extra condition 2c1 = 0, i.e.
c2 = c3 = c4 = c5 = 0, 2c1 = 0.
All such cases have already appeared.
Let A0 = {x21x2, x22x0, x23x0, x24x0, x25x0, x1x3x5, x30}. Then
c2 = 0, c5 = c1 + c3, 2c1 = 2c3 = 2c4 = 0.
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All such cases have already appeared.
If A0 = {x21x0, x22x0, x23x0, x24x0, x25x0, x1x2x3, x3x4x5, x1x4x5, x30}, then
c2 = 0, c3 = c1 = c4 + c5, 2c4 = 2c5 = 0.
All such cases have already appeared.
Let A0 = {x21x2, x22x0, x23x2, x24x2, x25x2, x1x3x4, x30}. Then
c2 = 0, c4 = c1 + c3, 2c1 = 2c3 = 2c5 = 0.
All such cases have already appeared.
2.7 Case of no cubes.
If a longest cycle has length 6, then A is
0 1
2
34
5
i.e. A = {x21x2, x22x3, x23x4, x24x5, x25x0, x20x1}. Then c1 = 2c1 + c2 = 2c2 + c3 = 2c3 + c4 =
2c4 + c5 = 2c5, i.e.
c2 = −c1, c3 = 3c1, c4 = −5c1, c5 = 11c1, 21c1 = 0.
This means that GA ∼= Z/21Z with a generator
f = (1, ω, ω−1, ω3, ω−5, ω11), ω = 21.
√
1
Then A contains a monomial xi00 xi11 xi22 xi33 xi44 xi55 is and only if
i1 − i2 + 3i3 − 5i4 + 11i5 ≡ 1 mod 21
(1 mod 21 is the f -weight of x20x1 ∈ A ⊂ A). This means that A = A.
2.7.1 Case of no cubes. Length 5 longest cycle.
If a longest cycle has length 5, then A is one of the following:
0 1
2
3
4
5
,
0 5
1
2
3
4
,
0 1
2
3
4
5
,
0
1
2
3
4
5
∪(x22x5, x22x0, x22x4,
x0x2x4, x0x4x5, x2x4x5),
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0 1
2
3
4
5
∪(x22x4, x0x2x4, x0x4x5, x2x4x5,
x22x0, x
2
2x5),
0
1
2
3
4
5
∪(x23x5, x23x0, x23x2, x0x2x3,
x0x2x5, x2x3x5),
0 1
2
3
4
5
∪(x0x3x5, x23x5, x25x3, x23x0, x23x2,
x0x2x3, x0x2x5, x2x3x5),
0
1
2
3
4
5
∪(x0x3x5, x23x5, x25x3, x23x0,
x23x2, x0x2x3, x0x2x5, x2x3x5),
0
1
2
3
4
5
∪(x22x5, x22x0, x20x4, x25x4, x22x4, x0x2x4, x0x4x5, x2x4x5)
Indeed, let vertices 1, 2, 3, 4, 5 form a longest cycle. By Lemma 1 ([5], Lemma 1.3) the
remaining vertex 0 should be connected to this cycle. We may assume that 0 is connected
to 1. Then there may be one singular pair (x0, x5) and two singular triples (x0, x2, x5),
(x0, x3, x5).
After resolving them as usual we obtain the pictures shown above.
Now let us do computations.
Let A0 = {x20x1, x21x2, x22x3, x23x4, x24x5, x25x1}. Then
c2 = −c1, c3 = 3c1, c4 = −5c1, c5 = 11c1, 22c1 = 0.
For A = A0 ∪ {x25x2} and A = A0 ∪ {x20x5} we get extra conditions c2 + 2c5 = c1 and
c5 = c1 respectively. They both are equivalent to 2c1 = 0, i.e.
c1 = c2 = c3 = c4 = c5, 2c1 = 0.
This means that GA ∼= Z/2Z with a generator
f = (1, ω, ω, ω, ω, ω), ω =
2
√
1.
Then i1 + i2 + i3 + i4 + i5 ≡ 1 mod 2. This means that A = A ∪ {f3(x1, x2, x3, x4, x5), x20 ·
f1(x1, x2, x3, x4, x5)}.
For A = A0∪{x0x2x5}, A1 = A0∪{x0x3x5}, A1 = A0∪{x0x4x5} we get extra conditions
c2 + c5 = c1, c3 + c5 = c1, c4 + c5 = c1 respectively. They all imply that c1 = 0, i.e.
c1 = c2 = c3 = c4 = c5 = 0.
Hence GA = Id in all such cases.
For A1 = A0 ∪ {x20x4}, A1 = A0 ∪ {x25x4}, A1 = A0 ∪ {x20x3}, A1 = A0 ∪ {x25x3} we get
extra conditions c4 = c1, c4 = c1, c3 = c1, c3 = c1 respectively. They all imply that 2c1 = 0,
i.e.
c1 = c2 = c3 = c4 = c5, 2c1 = 0.
All such cases have already appeared.
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2.7.2 Case of no cubes. Length 4 longest cycle.
If a longest cycle has length 4, then A may be either
0
1 2
3
4
5
or one of the following:
01
2 3
4 5
0
12
3
4 5 01
2 3
4
5
01
2 3
4 5 01
2
3
4 5
∪A,
01
2 3
4 5
∪A,
01
2 3
4 5
∪A,
where A = (x21x3, x
2
1x4, x
2
1x5, x1x3x5, x1x4x5).
Indeed, let x0, x1, x2, x3 form a length 4 cycle. The remaining vertices 4 and 5 may be
either connected or disconnected.
If 4 and 5 form a (length 2) cycle, then there are neither singular pairs nor singular triples.
If 4 and 5 do not form a cycle, but 5 is connected to 4, then by Lemma 1 ([5], Lemma
1.3) the 4-th vertex should be connected to the cycle formed by 0, 1, 2 and 3.
We may assume that 4 is connected to 0. Then we may get one singular pair (x3, x4) and
one singular triple (x1, x3, x4). We resolve them as usual and obtain the pictures shown above.
Suppose that vertices 4 and 5 are disconnected. By Lemma 1 ([5], Lemma 1.3) each of
them should be connected to the cycle.
If they are connected to a pair of opposite vertices of the cycle (say, 4 is connected to 0
and 5 is connected to 2), then we may get
• two singular pairs (x3, x4), (x1, x5) and
• four singular triples (x1, x3, x4), (x1, x3, x5), (x1, x4, x5), (x3, x4, x5).
We resolve them as usual and obtain the following pictures of A:
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01
2 3
4
5
∪A ∪ C,
0
12
3
45
∪A ∪B,
01
2 3
4
5
∪A,
01
2 3
4
5
∪A ∪B,
01
2 3
4
5
∪A ∪ (x1x4x5, x21x4, x3x4x5),
01
2 3
4
5
∪A,
where A = (x1x3x5, x
2
1x3, x
2
5x1, x
2
5x3, x
2
1x0, x
2
5x0, x1x0x5, x
2
1x4, x1x4x5);
B = (x1x3x5, x
2
5x1, x
2
5x3, x
2
1x4, x
2
3x5, x1x3x4, x1x4x5, x3x4x5);
C = (x1x4x5, x
2
5x1, x
2
5x3, x
2
1x4, x
2
4x1, x
2
1x3, x
2
4x3, x1x3x4, x1x3x5, x3x4x5);
01
2 3
4
5
∪A,
0
12
3
45
∪A,
0
1
2
3
4
5
∪A,
where A = (x1x3x5, x
2
1x3, x
2
5x1, x
2
5x3, x
2
1x0, x
2
5x0, x1x0x5, x
2
1x4, x1x4x5) ∪ (x1x3x5,
x25x1, x
2
5x3, x
2
1x4, x
2
3x5, x1x3x4, x1x4x5, x3x4x5, x
2
1x3) ∪ (x1x4x5,
x25x1, x
2
5x3, x
2
1x4, x
2
4x1, x
2
1x3, x
2
4x3, x1x3x4, x1x3x5, x3x4x5) ∪ (x1x4x3,
x21x3, x
2
4x3, x
2
1x4, x
2
4x1, x
2
3x5, x5x3x4, x1x3x5, x1x4x5) ∪ (x3x4x5, x23x5,
x25x3, x
2
4x3, x
2
4x1, x
2
5x1, x1x3x4, x1x3x5, x1x4x5).
Suppose that vertices 4 and 5 are connected to a pair of vertices of the cycle which share
a side (say, 4 is connected to 0 and 5 is connected to 1). Then we may get
• two singular pairs (x3, x4), (x0, x5) and
• three singular triples (x1, x3, x4), (x3, x4, x5), (x0, x2, x5).
We resolve them as usual and obtain the following pictures of A:
118
01
2 3
4
5
∪A ∪B,
0
12
3
4
5
∪A ∪ C,
0
1
2 3
4
5
∪A ∪B,
0
1 2
3
4
5
∪A ∪D,
0
12
3
4
5
∪A ∪ E,
0
12
3
4
5
∪A,
0
12
3
4
5
∪A ∪ E,
where A = (x25x0, x0x4x5, x
2
0x4, x
2
0x3, x
2
5x3, x0x3x5, x
2
0x2, x0x2x5) ∪ (x0x2x5,
x20x2, x
2
2x0, x
2
5x0, x
2
2x5, x
2
0x4, x
2
2x4, x0x2x4, x2x4x5, x0x4x5);
B = (x3x4x5, x
2
3x5, x
2
5x3, x2x4x5, x2x3x4, x2x3x5, x
2
3x2, x
2
4x2);
C = (x3x4x5, x
2
3x5, x
2
3x2, x2x4x5, x2x3x4, x2x3x5);
D = (x1x3x4, x
2
3x5, x
2
3x1, x
2
1x5, x
2
4x1, x
2
1x4, x
2
1x3, x1x4x5, x3x4x5, x1x3x5);
E = (x1x3x4, x
2
1x4, x
2
1x3, x1x4x5, x3x4x5, x1x3x5, x
2
3x5, x
2
1x5).
Finally, suppose that vertices 4 and 5 are connected to the same vertex of the cycle (say,
to 0). Then we may get
• three singular pairs (x3, x4), (x3, x5), (x4, x5) and
• five singular triples (x1, x3, x4), (x1, x3, x5), (x1, x4, x5), (x2, x4, x5), (x3, x4, x5).
We resolve them as usual and obtain the following pictures of A:
01
2 3
4
5
∪(x2x4x5, x22x4, x22x5, x22x1,
x1x4x5, x1x2x4, x1x2x5),
01
2 3
4
5
∪A ∪B,
0
12
3 4
5
∪A ∪ (x23x2,
x2x3x4, x2x3x5),
where A = (x23x1, x
2
3x2, x1x3x4, x2x3x4) ∪ (x23x1, x23x2, x1x3x5, x2x3x5);
B = (x23x1, x1x4x5, x1x3x4, x1x3x5) ∪ (x1x4x5, x21x4, x21x5, x21x3, x1x3x4, x1x3x5).
119
Now let us do computations.
If A = {x20x1, x21x2, x22x3, x23x0, x24x5, x25x4}, then
c1 = 3c4, c2 = −3c4, c3 = 9c4, c5 = c4, 15c4 = 0.
This means that GA ∼= Z/15Z with a generator
f = (1, ω3, ω−3, ω9, ω, ω), ω = 15
√
1.
Then 3i1 − 3i2 + 9i3 + i4 + i5 ≡ 3 mod 15. This means that A = A ∪ {f3(x4, x5)}.
Let A0 = {x20x1, x21x2, x22x3, x23x0, x24x0, x25x4}. Then
c1 = 4c5, c2 = −4c5, c3 = 12c5, c4 = 2c5, 20c5 = 0.
For A = A0 ∪ {x23x1}, A1 = A0 ∪ {x23x2}, A = A0 ∪ {x24x1}, A1 = A0 ∪ {x24x2} we get
the same extra condition c1 = 0, i.e.
c1 = c2 = c3 = 0, c4 = 2c5, 4c5 = 0.
All such cases have already appeared.
For A = A0∪{x1x3x4}, A1 = A0∪{x2x3x4}, A = A0∪{x3x4x5} we get extra conditions
2c5 = 0, 2c5 = 0, c5 = 0 respectively. They all imply that 2c5 = 0, i.e.
c1 = c2 = c3 = c4 = 0, 2c5 = 0.
All such cases have already appeared.
Let A0 = {x20x1, x21x2, x22x3, x23x0, x24x0, x25x2}. Then
c1 = 2c4, c2 = −2c4, c3 = 6c4, 10c4 = 2(c5 − 2c4) = 0.
For A1 = A0 ∪ {x23x1}, A1 = A0 ∪ {x24x1}, A1 = A0 ∪ {x24x3}, A1 = A0 ∪ {x1x3x4},
A1 = A0 ∪ {x23x5}, A1 = A0 ∪ {x3x4x5} we get extra conditions 2c4 = 0, 2c4 = 0, 2c4 = 0,
c4 = 0, c5 = 0, c5 = 5c4 respectively. They all imply that 2c4 = 0, i.e.
c1 = c2 = c3 = 0, 2c4 = 2c5 = 0.
All such cases have already appeared.
For A1 = A0 ∪ {x24x2}, A1 = A0 ∪ {x23x2}, A1 = A0 ∪ {x2x3x4} we get extra conditions
2c4 = 0, 2c4 = 0, c4 = 0 respectively. They all imply that 2c4 = 0, i.e.
c1 = c2 = c3 = 0, 2c4 = 2c5 = 0.
All such cases have already appeared.
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Let A0 = {x20x1, x21x2, x22x3, x23x0, x24x0, x25x1}. Then
c1 = 2c4, c2 = −2c4, c3 = 6c4, 10c4 = 2c5 = 0.
For A1 = A0 ∪ {x23x1}, A1 = A0 ∪ {x23x2}, A1 = A0 ∪ {x24x1}, A1 = A0 ∪ {x24x2},
A1 = A0 ∪ {x1x3x4}, A1 = A0 ∪ {x2x3x4} we get extra conditions 2c4 = 0, 2c4 = 0, 2c4 = 0,
2c4 = 0, c4 = 0, c4 = 0 respectively. They all imply that 2c4 = 0, i.e.
c1 = c2 = c3 = 0, 2c4 = 2c5 = 0.
All such cases have already appeared.
For A1 = A0 ∪ {x3x4x5} we get an extra condition c5 = 5c4, i.e.
c1 = 2c4, c2 = −2c4, c3 = 6c4, c5 = 5c4, 10c4 = 0.
For A = A1 ∪ {x25x0}, A2 = A1 ∪ {x20x4}, A2 = A1 ∪ {x0x4x5}, A2 = A1 ∪ {x20x3},
A2 = A1∪{x25x3}, A2 = A1∪{x0x3x5}, A2 = A1∪{x0x2x5}, A2 = A1∪{x20x2} we get extra
conditions 2c4 = 0, c4 = 0, 2c4 = 0, 2c4 = 0, 2c4 = 0, c4 = 0, c4 = 0, 2c4 = 0 respectively.
They all imply that 2c4 = 0, i.e.
c1 = c2 = c3 = 0, c5 = c4, 2c4 = 0.
All such cases have already appeared.
Let A0 = {x20x1, x21x2, x22x3, x23x0, x24x0, x25x0}. Then
c1 = 2c4, c2 = −2c4, c3 = 6c4, 10c4 = 2(c5 − c4) = 0.
For A1 = A0∪{x3x4x5}, A1 = A0∪{x2x4x5}, A1 = A0∪{x1x4x5} we get extra conditions
c5 = 5c4, c5 = 3c4, c5 = −c4 respectively. They all imply that 2c4 = 0, i.e.
c1 = c2 = c3 = 0, 2c4 = 2c5 = 0.
All such cases have already appeared.
2.7.3 Case of no cubes. Length 3 longest cycle.
If a longest cycle has length 3, then A may be either
0
1
2
3 4
5
or one of the following:
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01
2
3
4
5
,
0
1
2 3
4
5
∪(x1x3x5, x21x3, x21x5, x21x0, x0x3x5,
x0x1x3, x0x1x5),
01
2
3 4 5
∪A,
0
1
2
3 4 5
∪(x2x3x5, x25x2, x22x1, x1x3x5,
x2x1x3, x2x1x5),
where A = (x2x3x5, x
2
5x2, x
2
2x5, x
2
2x1, x
2
3x1, x
2
5x1, x1x3x5, x2x1x3, x2x1x5).
Indeed, let x0, x1, x2 form a length 3 cycle.
Consider the subgraph formed by vertices x3, x4, x5. This subgraph may also have a
length 3 cycle. If it does, then we may assume that 3 is connected to 4, 4 is connected to 5
and 5 is connected to 3. Then there are neither singular pairs nor singular triples.
Suppose the subgraph formed by vertices 3, 4, 5 does not have length 3 cycles. Let us
consider the length of a longest path of this subgraph. If it is equal to 3, then we may assume
that 3 is connected to 4 and 4 is connected to 5.
By Lemma 1 ([5], Lemma 1.3) the 5-th vertex should be connected either to 4 or to the
cycle (say, to 0). It can not be connected to 3, because the subgraph formed by 3, 4, 5 has
no length 3 cycles by the assumption.
If 5 is connected to 4, then we may have one singular pair (x5, x3) and three singular
triples: (x0, x3, x5), (x1, x3, x5) and (x2, x3, x5).
In order to resolve the singular pair, we should have that either
• 3 and 5 are connected by an edge, or
• 3 or 5 is connected to the length 3 cycle (say, to 0), or
• there is a dashed curve passing through 3, 5 and the length 3 cycle (say, through the
2-nd vertex).
In the first case, 3 should be connected to 5 (since otherwise the subgraph formed by 3,
4, 5 would have a length 3 cycle). Then the singular triples are automatically resolved as well.
In the other two cases, one resolves the singular triples as usual.
This gives us the pictures shown above.
Alternatively, the 5-th vertex may be connected to the length 3 cycle (say, to 0). In this
case we may get
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• one singular pair (x2, x5) and
• one singular triple (x2, x3, x5).
We resolve them as usual and obtain the following pictures of A:
01
2
345 0
1
2
3 4 5
0
1
2
3 4 5
01
2
345
∪(x23x2, x23x5, x23x1, x1x3x5, x2x1x3), 0
1
2
3
4
5
Suppose that the length of a longest path of the subgraph formed by vertices 3, 4, 5 is
equal to 2. We may assume that 4 is connected to 3. Then by Lemma 1 ([5], Lemma 1.3)
either 3 is connected to 4 (i.e. 3 and 4 form a length 2 cycle) or 3 is connected to the length
3 cycle (say, to 0).
If 3 and 4 form a cycle, then by Lemma 1 ([5], Lemma 1.3) the 5-th vertex should be
connected to either of the cycles. It can not be connected to the length 2 cycle (since other-
wise the subgraph formed by vertices 3, 4, 5 would have a length 3 path). Hence it should
be connected to the length 3 cycle (say, to 0).
In this case we may get
• one singular pair (x2, x5) and
• two singular triples (x2, x3, x5), (x2, x4, x5).
We resolve them as usual and obtain the following pictures of A:
0
1
2
3
4
5
01
2 3
45
∪(x2x4x5, x22x4,
x24x2, x
2
4x1, x1x2x4, x1x4x5),
0
1
2 3
4
5
,
0
1
2 3
4
5
,
01
2
3 4
5
∪(x2x4x5, x24x2, x24x1, x24x5, x1x2x4, x1x4x5)
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If 3 and 4 do not form a cycle, while 3 is connected to 0, then by Lemma 1 ([5], Lemma
1.3) the 5-th vertex should be connected either to 3 or to the cycle.
If the 5-th vertex is connected to 1, then we may get
• two singular pairs (x0, x5), (x2, x3) and
• two singular triples (x0, x4, x5), (x2, x3, x5).
If the 5-th vertex is connected to 2, then we may get
• two singular pairs (x1, x5), (x2, x3) and
• two singular triples (x1, x3, x5), (x1, x4, x5).
We resolve all these singular pairs and triples as usual and obtain the following pictures
of A:
0
1
234
5
∪B,
0
12
3 4
5
∪C ∪ F ,
0
1
2
34
5
∪(x1x4x5, x25x1, x21x0, x25x0, x21x3, x25x3,
x0x1x5, x1x3x5)
∪(x1x4x5, x24x1, x24x5, x25x1, x21x0, x24x0,
x25x0, x0x4x5, x0x1x4, x0x1x5),
0
12
3 4
5
∪C ∪G, 0
1
234
5
∪A∪(x1x0x5, x21x0, x25x0, x21x3, x25x3,
x1x3x5, x1x4x5),
where A = (x1x3x5, x
2
1x3, x
2
5x3, x1x3x4, x1x4x5, x3x4x5) ∪ (x1x4x5, x24x1, x24x5,
x24x0, x
2
1x0, x
2
5x0, x1x0x4, x1x0x5, x0x4x5);
B = (x25x0, x
2
0x2, x
2
5x2, x0x2x5, x
2
0x3, x
2
5x3, x0x3x5, x0x4x5) ∪ (x0x4x5,
x24x5, x
2
4x0, x
2
5x0, x
2
0x2, x
2
5x2, x
2
4x2, x2x0x4, x2x0x5, x2x4x5);
C = (x2x3x5, x
2
5x3, x
2
3x2, x2x4x5, x2x3x4, x3x4x5);
F = (x25x0, x
2
5x3, x0x3x5, x0x4x5, x
2
0x2, x0x2x5) ∪ (x0x4x5, x24x0, x25x0, x24x5,
x20x2, x
2
4x2, x2x0x4, x2x0x5, x2x4x5);
G = (x25x3, x2x3x5, x2x4x5, x
2
2x1, x1x2x5) ∪ (x2x4x5, x24x5, x24x2, x22x1, x25x1,
x24x1, x2x1x4, x2x1x5, x1x4x5);
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01
2
3 4
5
∪D ∪ E,
0
1
234
5
∪A ∪ F ,
01
2
3 4
5
∪D ∪ E,
0
1
234
5
∪A ∪ F ,
01
2
3 4
5
∪E,
0
1
234
5
∪A ∪ F ,
0
1
234
5
∪A ∪ F ,
where A = (x1x3x5, x
2
1x3, x
2
5x3, x1x3x4, x1x4x5, x3x4x5) ∪ (x1x4x5, x24x1, x24x5,
x24x0, x
2
1x0, x
2
5x0, x1x0x4, x1x0x5, x0x4x5);
D = (x2x3x5, x
2
5x3, x
2
5x2, x2x4x5, x3x4x5);
E = (x25x0, x
2
0x2, x
2
5x2, x0x2x5, x
2
0x3, x
2
5x3, x0x3x5, x0x4x5) ∪ (x24x5, x25x0,
x24x0, x
2
0x2, x
2
5x2, x
2
4x2, x0x4x2, x0x2x5, x0x4x5, x2x4x5);
F = (x1x3x5, x
2
1x0, x
2
5x0, x
2
1x3, x
2
5x3, x0x1x5, x1x4x5).
If the 5-th vertex is connected to 0, then we may get
• three singular pairs (x2, x3), (x2, x5), (x3, x5) and
• three singular triples (x1, x3, x5), (x2, x3, x5), (x2, x4, x5).
If the 5-th vertex is connected to 3, then we may get
• two singular pairs (x2, x3), (x4, x5) and
• three singular triples (x0, x4, x5), (x1, x4, x5), (x2, x4, x5).
We resolve all these singular pairs and triples as usual and obtain the following pictures
of A:
01
2
3
45
∪(x1x4x5, x2x4x5, x0x4x5)
∪(x0x4x5, x20x2, x0x2x4,
x0x2x5, x2x4x5)
∪(x1x4x5, x21x0, x0x1x4,
x0x1x5, x0x4x5)
∪(x2x4x5, x22x1, x1x2x4,
x1x2x5, x1x4x5),
0
1
2
3
4
5
∪A ∪ (x2x3x5, x22x1, x1x2x3, x1x2x5, x1x3x5)
∪(x1x3x5, x21x5, x21x3, x1x3x4, x1x4x5, x3x4x5)
∪(x2x4x5, x24x5, x24x2, x22x1, x24x1, x1x2x4,
x1x2x5, x1x4x5),
125
01
2
3
45
∪B ∪ C,
0
1
234
5
∪A ∪D ∪ E,
0
1
2
3
45
∪B,
0
1
2
3
4
5
∪A ∪D ∪ E ∪ F ,
0
1
2
3
45
∪B ∪ C,
0
1
234
5
∪A ∪ E ∪ F ,
where A = (x1x3x5, x2x3x5, x3x4x5) ∪ (x1x2x5, x22x1, x2x4x5, x2x3x5);
B = (x25x0, x
2
4x0, x0x4x5, x1x4x5, x2x4x5) ∪ (x0x4x5, x25x0, x24x0, x20x2, x0x4x2,
x0x2x5, x2x4x5) ∪ (x1x4x5, x21x0, x24x0, x25x0, x0x4x5, x0x1x4, x0x1x5);
C = (x1x4x5, x1x2x4, x1x2x5, x2x4x5); D = (x2x4x5, x3x4x5, x2x3x5);
E = (x1x3x5, x
2
1x5, x
2
1x3, x1x3x4, x1x4x5, x3x4x5);
F = (x2x4x5, x
2
4x5, x
2
4x2, x
2
4x1, x1x2x4, x1x4x5, x1x2x5).
Finally, suppose that the subgraph formed by vertices 3, 4, 5 is totally disconnected. By
Lemma 1 ([5], Lemma 1.3) each of its vertices should be connected to the length 3 cycle.
Let us assume that the three vertices 3, 4, 5 are connected to three different vertices of
the cycle (say, 3 is connected to 0, 4 is connected to 1 and 5 is connected to 2).
Then we may get
• three singular pairs (x0, x4), (x1, x5), (x2, x3) and
• three singular triples (x0, x4, x5), (x1, x3, x5), (x2, x3, x4).
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We resolve them as usual and obtain the following pictures of A:
01
2
3
4
5
∪A ∪B,
0
1
2
3
4 5
∪A,
0
1
2
3
4
5
∪A ∪B,
01
2
3
4
5
∪A,
01
2
3
4 5
∪A ∪B,
0
1
2
3
4
5
∪A,
01
2
3
4
5
∪A,
where A = (x23x2, x
2
3x1, x
2
2x1, x1x2x3, x
2
2x5, x2x3x4, x2x3x5) ∪ (x1x4x5, x25x1,
x21x4, x
2
1x0, x
2
5x0, x1x0x5, x1x3x5) ∪ (x2x3x4, x23x2, x24x2, x22x5,
x2x3x5, x2x4x5, x3x4x5) ∪ (x1x3x5, x23x1, x25x1, x21x4, x1x4x5, x1x3x4, x3x4x5);
B = (x0x4x5, x
2
0x3, x
2
5x0, x
2
4x0, x0x3x5, x0x3x4, x3x4x5).
Suppose that vertices 3, 4, 5 are connected to only two distinct vertices of the cycle (say,
3 and 4 are connected to 0, while 5 is connected to 1 or to 2).
If 5 is connected to 1, then we may get
• four singular pairs (x2, x3), (x2, x4), (x3, x4), (x0, x5) and
• five singular triples (x3, x4, x5), (x1, x3, x4), (x2, x3, x4), (x2, x3, x5), (x2, x4, x5).
If 5 is connected to 2, then we may get
• four singular pairs (x2, x3), (x2, x4), (x3, x4), (x1, x5) and
• five singular triples (x3, x4, x5), (x1, x3, x4), (x2, x3, x4), (x1, x3, x5), (x1, x4, x5).
We resolve these singular pairs and triples as usual and obtain the following pictures of
A:
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0
1
2
3
4
5
∪G ∪ E1,
0
1
2
3
4
5
∪E2 ∪ (x1x3x4, x1x4x5, x1x3x5, x3x4x5),
01
2
3
4
5
∪A1 ∪B1 ∪ C1 ∪ E1,
0
1
2
3
4
5
∪A1 ∪ C1 ∪ E1,
0
1
2
3
4
5
∪A1 ∪B1 ∪D ∪ E1,
where G = (x1x3x4, x
2
3x1, x
2
1x3, x
2
4x1, x
2
1x4, x
2
1x5, x1x4x5, x1x3x5, x3x4x5);
01
2
3
4
5
∪A2 ∪B2 ∪ C2 ∪ E2,
0
1
2
3
4
5 ∪A2 ∪B2 ∪D ∪ E2,
where A1 = (x
2
2x1, x
2
4x1, x2x4x5, x1x2x4); A2 = (x
2
2x1, x
2
2x5, x2x4x5, x1x2x4);
B1 = (x
2
2x1, x
2
3x1, x2x3x5, x1x2x3); B2 = (x
2
2x1, x
2
2x5, x2x3x5, x1x2x3);
C1 = (x2x3x5, x2x4x5, x3x4x5); C2 = (x
2
2x5, x2x3x5, x2x4x5, x3x4x5);
D = (x24x2, x
2
3x2, x
2
4x1, x
2
3x1, x
2
2x1, x1x3x4, x1x2x3, x1x2x4);
E1 = (x
2
5x0, x
2
5x2, x
2
0x2, x
2
0x3, x
2
0x4, x0x3x5, x0x2x5, x0x4x5);
E2 = (x
2
1x0, x
2
5x0, x1x3x5, x1x4x5, x0x1x5).
The remaining possibility is that vertices 3, 4, 5 are connected to one and the same vertex
of the length 3 cycle (say, to 0).
Then we may get
• six singular pairs (x2, x3), (x2, x4), (x2, x5), (x3, x4), (x3, x5), (x4, x5) and
• seven singular triples (x3, x4, x5), (x2, x3, x4), (x2, x3, x5), (x2, x4, x5), (x1, x3, x4),
(x1, x3, x5), (x1, x4, x5).
After resolving them as in the earlier examples, we obtain the following pictures of A4:
4Note that in the last picture we take a usual union of the set of monomials represented by the graph
and a set of three other monomials.
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01
2
3
4
5
∪(x2x3x5, x1x2x3)
∪(x2x4x5, x2x3x4, x1x2x4)
∪(x2x3x5, x2x4x5, x1x2x5)
∪(x1x3x4, x2x3x4, x1x2x3, x1x2x4)
∪(x1x4x5, x2x4x5, x1x2x4, x1x2x5),
0
1
2
3
4 5
∪(x2x3x5, x2x3x4,
x1x2x3)
∪(x2x3x5, x1x3x5), 0
1
2
3
4
5
01
2
3
4
5
∪(x2x3x5, x1x3x5)
∪(x2x3x5, x2x3x4, x2x4x5)
∪(x1x4x5, x2x4x5), 0
1
2
3
4 5
∪{x1x3x5, x1x4x5, x2x3x4}
Now let us do computations.
If A = {x20x1, x21x2, x22x0, x23x4, x24x5, x25x3}. Then
c2 = −c1, c4 = c1 − 2c3, c5 = 4c3 − c1, 3c1 = 9c3 = 0.
This means that GA ∼= Z/3Z⊕ Z/9Z with generators
f1 = (1, ω, ω
−1, 1, ω, ω−1), f2 = (1, 1, 1, η, η−2, η4), ω =
3
√
1, η =
9
√
1.
Then i1 + i4 ≡ 1 + i2 + i5 mod 3 and i3 + 4i5 ≡ 2i4 mod 9. This means that A = A.
At this point the following simplifying remark can be made:
Whenever A contains a cube, this case has already appeared earlier.
Still, for the sake of completeness we will continue our analysis in the same fashion as
above.
If A = {x20x1, x21x2, x22x0, x23x4, x24x5, x25x4, x23x5}. Then
c1 = 3c4, c2 = −3c4, c5 = c4, 2(c3 − c4) = 9c4 = 0.
This means that GA ∼= Z/2Z⊕ Z/9Z with generators
f1 = (1, ω
3, ω−3, ω, ω, ω), f2 = (1, 1, 1, η, 1, 1), ω =
9
√
1, η =
2
√
1.
Then i3 ≡ 0 mod 2 and 3i1+i3+i4+i5 ≡ 3i2+3 mod 9. This means thatA = A∪{f3(x4, x5)}.
Let A0 = {x20x1, x21x2, x22x0, x23x4, x24x5, x25x4, x2x3x5}. Then
c1 = c2 = c3 = c4 = c5 = 0.
Hence GA = Id in all such cases.
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Let A0 = {x20x1, x21x2, x22x0, x23x0, x23x4, x24x5, x25x4} or A0 = {x20x1, x21x2, x22x0, x23x4, x24x5,
x25x4, x
2
5x0}. Then
c1 = c2 = c4 = c5 = 0, 2c3 = 0.
All such cases have already appeared.
Let A0 = {x20x1, x21x2, x22x0, x23x4, x24x5, x25x0}. Then
c1 = 2c5, c2 = −2c5, c4 = 2c5 − 2c3, 4c3 + 3c5 = 6c5 = 0.
For A = A0 ∪ {x25x1}, A = A0 ∪ {x22x1}, A = A0 ∪ {x1x2x5}, A1 = A0 ∪ {x2x4x5} we
get extra conditions 2c5 = 0, 2c5 = 0, c5 = 0, c5 = −2c3 respectively. They all imply that
2c5 = 0, i.e.
c1 = c2 = 0, c4 = −2c3, c5 = 4c3, 8c3 = 0.
All such cases have already appeared.
For A = A0 ∪ {x2x3x5} we get an extra condition c3 = 3c5, i.e.
c1 = c4 = −c5, c2 = c5, c3 = 0, 3c5 = 0.
This means that GA ∼= Z/3Z with a generator
f = (1, ω−1, ω, 1, ω−1, ω), ω = 3
√
1.
Then i2 + i5 ≡ 2 + i1 + i4 mod 3. This means that A = A∪{f2(x2, x5) · f1(x0, x3), f2(x0, x3) ·
f1(x1, x4), f2(x1, x4) · f1(x2, x5)}.
Let A0 = {x20x1, x21x2, x22x0, x23x4, x24x3, x25x0}. Then
c1 = 2c5, c2 = −2c5, c3 = c4, 3c3 − 2c5 = 6c5 = 0.
For A = A0 ∪ {x1x2x5}, A = A0 ∪ {x22x1}, A = A0 ∪ {x25x1}, A1 = A0 ∪ {x22x3},
A1 = A0 ∪{x2x3x5} we get extra conditions c5 = 0, 2c5 = 0, 2c5 = 0, c3 = 0, c3 = 3c5. They
all imply that 2c5 = 0, i.e.
c1 = c2 = 0, c3 = c4, 3c3 = 2c5 = 0.
All such cases have already appeared.
Let A0 = {x20x1, x21x2, x22x0, x23x0, x24x3, x25x1}. Then
c1 = 4c4, c2 = −4c4, c3 = 2c4, 12c4 = 2c5 = 0.
For A1 = A0 ∪ {x2x3x5} we get an extra condition c5 = 6c4, i.e.
c1 = 4c4, c2 = −4c4, c3 = 2c4, c5 = 6c4, 12c4 = 0.
For A = A1 ∪ {x25x0}, A2 = A1 ∪ {x20x2}, A2 = A1 ∪ {x25x2}, A2 = A1 ∪ {x25x3},
A2 = A1 ∪ {x20x3}, A2 = A1 ∪ {x0x2x5}, A2 = A1 ∪ {x0x3x5} we get extra conditions
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4c4 = 0, 4c4 = 0, 4c4 = 0, 2c4 = 0, 2c4 = 0, 2c4 = 0, 4c4 = 0. They all imply that 4c4 = 0,
i.e.
c1 = c2 = 0, c3 = c5 = 2c4, 4c4 = 0.
All such cases have already appeared.
For A = A1 ∪ {x0x4x5} we get an extra condition 3c4 = 0, i.e.
c1 = c4, c2 = c3 = −c4, c5 = 0, 3c4 = 0.
This case has already appeared.
For A1 = A0 ∪ {x1x2x3}, A1 = A0 ∪ {x2x3x4}, A1 = A0 ∪ {x22x1}, A1 = A0 ∪ {x23x1}
we get extra conditions 2c4 = 0, c4 = 0, 4c4 = 0, 4c4 = 0 respectively. They all imply that
4c4 = 0, i.e.
c1 = c2 = 0, c3 = 2c4, 4c4 = 2c5 = 0.
All such cases have already appeared.
Let A0 = {x20x1, x21x2, x22x0, x23x0, x23x1, x24x3, x25x2} or A0 = {x20x1, x21x2, x22x0, x23x0, x23x1,
x24x3, x
2
5x0}. Then
c1 = c2 = 0, c3 = 2c4, 4c4 = 2c5 = 0.
All such cases have already appeared.
Let A0 = {x20x1, x21x2, x22x0, x23x0, x24x3, x25x2}. Then
c1 = 4c4, c2 = −4c4, c3 = 2c4, 2(c5 − 4c4) = 12c4 = 0.
For A1 = A0 ∪ {x22x1}, A1 = A0 ∪ {x2x3x4}, A1 = A0 ∪ {x1x2x3}, A1 = A0 ∪ {x22x5},
A1 = A0 ∪ {x2x3x5} we get extra conditions 4c4 = 0, c4 = 0, 2c4 = 0, c5 = 0, c5 = 6c4
respectively. They all imply that 4c4 = 0, i.e.
c1 = c2 = 0, c3 = 2c4, 4c4 = 2c5 = 0.
All such cases have already appeared.
Let A0 = {x20x1, x21x2, x22x0, x23x0, x24x3, x25x3}. Then
c1 = 4c4, c2 = −4c4, c3 = 2c4, 12c4 = 2(c5 − c4) = 0.
For A1 = A0 ∪ {x23x1} and A1 = A0 ∪ {x22x1} we get the same extra condition 4c4 = 0,
i.e.
c1 = c2 = 0, c3 = 2c4, 4c4 = 2(c5 − c4) = 0.
For A2 = A1 ∪ {x1x4x5}, A2 = A1 ∪ {x0x4x5}, A2 = A1 ∪ {x2x4x5} we get the same
extra condition c5 = −c4, i.e.
c1 = c2 = 0, c3 = 2c4, c5 = −c4, 4c4 = 0.
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All such cases have already appeared.
For A2 = A1 ∪ {x25x0}, A2 = A1 ∪ {x24x0} we get the same extra condition 2c4 = 0, i.e.
c1 = c2 = c3 = 0, 2c4 = 2c5 = 0.
All such cases have already appeared.
For A1 = A0 ∪ {x2x3x4} and A1 = A0 ∪ {x1x2x3} we get extra conditions c4 = 0 and
2c4 = 0 respectively. They both imply that 2c4 = 0, i.e.
c1 = c2 = c3 = 0, 2c4 = 2c5 = 0.
All such cases have already appeared.
Let A0 = {x20x1, x21x2, x22x0, x23x0, x24x3, x25x0}. Then
c1 = 2c5, c2 = −2c5, c3 = 2c5 − 2c4, 2(c5 − 2c4) = 6c5 = 0.
For A1 = A0 ∪ {x2x3x4}, A1 = A0 ∪ {x22x1}, A1 = A0 ∪ {x1x2x3}, A1 = A0 ∪ {x2x3x5}
we get extra conditions c4 = −2c5, 4c5 = 0, 2c4 = 0, c5 = −2c4 respectively. They all imply
that 4c4 = 0, i.e.
c1 = c2 = 0, c3 = 2c4, 4c4 = 2c5 = 0.
All such cases have already appeared.
Let A0 = {x20x1, x21x2, x22x0, x23x0, x24x1, x25x2}. Then
c1 = 2c3, c2 = −2c3, 6c3 = 2c4 = 2(c5 + c3) = 0.
For A1 = A0 ∪ {x0x2x4}, A1 = A0 ∪ {x24x0}, A1 = A0 ∪ {x24x2}, A1 = A0 ∪ {x20x2},
A1 = A0 ∪ {x0x3x4} we get extra conditions c4 = 4c3, 2c3 = 0, 4c3 = 0, 4c3 = 0, c4 = c3
respectively. They all imply that 2c3 = 0, i.e.
c1 = c2 = 0, 2c3 = 2c4 = 2c5 = 0.
All such cases have already appeared.
For A1 = A0 ∪ {x0x4x5} we get an extra condition c5 = 2c3 + c4, i.e.
c1 = 2c3, c2 = −2c3, c5 = 2c3 + c4, 6c3 = 2c4 = 0.
For A2 = A1 ∪ {x23x1}, A2 = A1 ∪ {x25x1}, A2 = A1 ∪ {x21x4}, A2 = A1 ∪ {x1x3x4},
A2 = A1 ∪ {x1x4x5}, A2 = A1 ∪ {x3x4x5} we get extra conditions 2c3 = 0, 2c3 = 0,
c4 = −2c3, c4 = −c3, 2c3 = 0, c3 = 0. They all imply that 2c3 = 0, i.e.
c1 = c2 = 0, c5 = c4, 2c3 = 2c4 = 0.
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All such cases have already appeared.
For A2 = A1 ∪ {x1x3x5} we get an extra condition c4 = 3c3, i.e.
c1 = 2c3, c2 = −2c3, c4 = 3c3, c5 = −c3, 6c3 = 0.
For A3 = A2 ∪ {x23x2}, A3 = A2 ∪ {x24x2}, A3 = A2 ∪ {x22x5}, A3 = A2 ∪ {x2x3x5},
A3 = A2∪{x2x4x5} we get extra conditions 2c3 = 0, 2c3 = 0, c3 = 0, 2c3 = 0, 2c3 = 0. They
all imply that 2c3 = 0, i.e.
c1 = c2 = 0, c4 = c5 = c3, 2c3 = 0.
All such cases have already appeared.
For A = A2 ∪ {x2x3x4} the extra condition is automatically satisfied, i.e.
c1 = 2c3, c2 = −2c3, c4 = 3c3, c5 = −c3, 6c3 = 0.
This means that GA ∼= Z/6Z with a generator
f = (1, ω2, ω−2, ω, ω3, ω−1), ω = 6
√
1.
Then 2i1 + i3 ≡ 2 + 2i2 + i5 + 3i4 mod 6. This means that A = A.
For A1 = A0 ∪ {x20x3} we get an extra condition c3 = 0, i.e.
c1 = c2 = c3 = 0, 2c4 = 2c5 = 0.
All such cases have already appeared.
Let A0 = {x20x1, x21x2, x22x0, x23x0, x24x0, x25x1}. Then
c1 = 2c3, c2 = −2c3, 6c3 = 2(c4 − c3) = 2c5 = 0.
For A1 = A0∪{x2x3x4}, A1 = A0∪{x23x1}, A1 = A0∪{x1x3x4} we get extra conditions
c4 = 3c3, 2c3 = 0, c4 = −c3 respectively. They all imply that 2c3 = 0, i.e.
c1 = c2 = 0, 2c3 = 2c4 = 2c5 = 0.
All such cases have already appeared.
For A1 = A0 ∪ {x3x4x5} we get an extra condition c4 = c3 + c5, i.e.
c1 = 2c3, c2 = −2c3, c4 = c3 + c5, 6c3 = 2c5 = 0.
For A2 = A1 ∪ {x1x3x4}, A2 = A1 ∪ {x1x2x3}, A2 = A1 ∪ {x1x2x4}, A2 = A1 ∪ {x22x1},
A2 = A1 ∪ {x23x2}, A2 = A1 ∪ {x24x2}, A2 = A1 ∪ {x23x1}, A2 = A1 ∪ {x24x1} we get extra
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conditions c5 = 2c3, c3 = 0, c5 = c3, 2c3 = 0, 2c3 = 0, 2c3 = 0, 2c3 = 0, 2c3 = 0 respectively.
They all imply that 2c3 = 0, i.e.
c1 = c2 = 0, c4 = c3 + c5, 2c3 = 2c5 = 0.
All such cases have already appeared.
Let A0 = {x20x1, x21x2, x22x0, x23x0, x24x0, x25x2}. Then
c1 = 2c3, c2 = −2c3, 6c3 = 2(c4 − c3) = 2(c5 + c3) = 0.
For A1 = A0∪{x2x3x4}, A1 = A0∪{x1x3x4}, A1 = A0∪{x3x4x5} we get extra conditions
c4 = 3c3, c4 = −c3, c3 = c4 + c5 respectively. They all imply that 2c3 = 0, i.e.
c1 = c2 = 0, 2c3 = 2c4 = 2c5 = 0.
All such cases have already appeared.
Let A0 = {x20x1, x21x2, x22x0, x23x0, x24x0, x25x0}. Then
c1 = 2c3, c2 = −2c3, 6c3 = 2(c4 − c3) = 2(c5 − c3) = 0.
For A1 = A0 ∪ {x3x4x5} and A1 = A0 ∪ {x1x3x4} we get extra conditions c3 = c4 + c5
and c4 = −c3 respectively. They both imply that 2c3 = 0, i.e.
c1 = c2 = 0, 2c3 = 2c4 = 2c5 = 0.
All such cases have already appeared.
This completes all the cases when a longest cycle has length at least 3 or A contains at
least one cube.
At this point we could finish, because of the following observation:
If A is smooth and contains no cycle of length at least 3, then A contains at least one cube.
Indeed, if x0, x1 form a longest cycle in A, then x20x1, x21x0 ∈ A. Hence c1 = 0 and A
consists of monomials with f -weights equal to 0 (which is the f -weight of x20x1 ∈ A ⊂ A).
In particular, x30 ∈ A.
Still, for the sake of completeness we will continue our analysis in the same fashion as
above.
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2.7.4 Case of no cubes. Length 2 longest cycle.
If a longest cycle has length 2, then A may be either
0
1
2
3 4
5
or one of the following:
0
1
2
3
4 5
,
0
1
2
3
4
5
∪(x1x3x4, x1x3x5, x1x4x5, x21x3, x23x1),
0
1
2
3
4 5
∪(x0x3x4, x0x3x5, x0x4x5, x23x0),
0
1
2
3
4 5
,
0
1
2
3
4 5
∪(x0x3x4, x0x3x5, x0x4x5, x20x3,
x20x4, x
2
0x5), 0
1
2
3
4 5
∪(x1x2x4, x1x2x5, x2x4x5, x24x2,
x21x2) ∪A ∪B0 ∪B4,
0
1
2
3
4 5
,
0
1
2
3
4 5
∪(x1x3x4, x24x3, x23x4, x1x3x5) ∪ (x24x3, x25x1,
x1x3x4, x1x3x5) ∪A ∪B0 ∪B1 ∪B4, 0
1
2
3
4 5
∪(x1x2x4, x24x2, x22x4, x22x5, x22x1,
x1x2x5, x2x4x5) ∪A ∪B0,
0
1
2
3
4
5
∪A ∪B0 ∪B4,
0
1 2
34
5
∪(x1x4x2, x24x2, x22x1, x1x2x5,
x2x4x5) ∪A ∪B0 ∪B1,
0
1
2
3
4 5
∪(x1x3x4, x1x3x5) ∪A ∪B0,
0
1
2
3
4 5
∪A ∪B0 ∪B1,
0
1
2
3
45
∪A ∪B0,
0
1
2
3
4 5
∪(x1x3x4, x1x3x5) ∪A ∪B0,
where A = (x23x0, x
2
3x1, x
2
3x4, x
2
5x1, x
2
5x0, x0x3x5, x1x3x5, x3x4x5);
B0 = (x0x3x5, x
2
3x0, x
2
0x3, x
2
0x5, x
2
5x0, x
2
3x4, x0x3x4, x0x4x5, x3x4x5, x
2
0x4);
B1 = (x1x3x5, x
2
3x1, x
2
1x3, x
2
1x5, x
2
5x1, x
2
3x4, x1x3x4, x3x4x5);
B4 = (x
2
3x4, x
2
4x3, x
2
3x1, x
2
5x1, x1x3x4, x1x3x5).
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Indeed, we may assume that x0, x1 form a cycle.
Consider the subgraph formed by the other vertices x2, x3, x4, x5. If it has cycles, then
we may assume that x2, x3 form a cycle. The remaining vertices 4, 5 may be either connected
or disconnected.
If 5 is connected to 4, then by Lemma 1 ([5], Lemma 1.3) the 4-th vertex should be
connected either to 5 or to one of the two cycles.
If 4 is connected to 5 (i.e. x4, x5 form another cycle), then there are neither singular pairs
nor singular triples.
Suppose that 4 and 5 do not form a cycle and 4 is connected to 2. Then we may get
• one singular pair (x3, x4) and
• two singular triples (x0, x3, x4), (x1, x3, x4).
We can resolve them as in the earlier examples.
Suppose that the remaining vertices 4 and 5 are disconnected. Then by Lemma 1 ([5],
Lemma 1.3) each of them should be connected to one of the cycles.
Suppose they are connected to different cycles (say, 4 is connected to 0 and 5 is connected
to 2). Then we may get
• two singular pairs (x1, x4), (x3, x5) and
• six singular triples (x1, x2, x4), (x1, x3, x4), (x1, x4, x5), (x0, x3, x5), (x1, x3, x5),
(x3, x4, x5).
We resolve them as usual and obtain the pictures shown above.
Suppose that 4 and 5 are connected to the same cycle. Then they may be connected
either to different vertices of that cycle or to the same vertex of one cycle (say, to 0).
If 4 is connected to 1 and 5 is connected to 0, then we may get
• two singular pairs (x0, x4), (x1, x5) and
• four singular triples (x0, x2, x4), (x0, x3, x4), (x1, x2, x5), (x1, x3, x5).
If both 4 and 5 are connected to 0, then we may get
• three singular pairs (x1, x4), (x1, x5), (x4, x5) and
• seven singular triples (x1, x4, x5), (x1, x2, x4), (x1, x3, x4), (x1, x2, x5), (x1, x3, x5),
(x2, x4, x5), (x3, x4, x5).
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They are resolved as usual and we obtain the following pictures of A:
0
1
2
3
4
5
,
0
1
2
3
4
5
∪(x20x2, x0x2x5, x0x4x5)∪
(x0x3x5, x
2
0x3, x
2
3x5, x
2
3x0, x
2
3x4,
x0x3x4, x0x4x5, x3x4x5),
0
1
2
3 4
5
∪(x1x4x5, x21x3, x21x2, x1x3x5, x1x2x5)
∪(x1x2x5, x21x2, x1x2x4, x1x4x5, x2x4x5)
∪(x1x3x5, x21x3, x1x3x4, x1x4x5, x3x4x5)
∪(x0x3x4, x20x3, x0x3x5, x0x4x5, x3x4x5),
0
1
2
3
4
5
,
0
1 2
3
4
5
,
0
1
2
34
5
∪(x1x4x5, x1x3x5, x1x2x5)
∪(x1x2x5, x22x1, x22x4, x22x5, x1x2x4, x1x4x5, x2x4x5)
∪(x1x3x5, x23x1, x23x4, x23x5, x1x3x4, x1x4x5, x3x4x5)
∪(x0x3x4, x23x0, x23x4, x23x5, x0x3x5, x0x4x5, x3x4x5),
0
1
2
3
4
5
∪(x21x3, x21x2, x1x2x4, x1x4x3) ∪ (x21x3, x21x2, x1x2x5, x1x3x5)
∪(x21x3, x3x4x5, x1x3x4) ∪ (x23x4, x23x5, x23x1, x1x3x4, x1x3x5, x3x4x5)
Suppose that the subgraph formed by vertices 2, 3, 4, 5 has no cycles. Then the length
of a longest path there may be either 4 or 3 or 2 or 1 (in which case the subgraph is totally
disconnected).
If the length of a longest path in the subgraph formed by vertices 2, 3, 4, 5 is equal to 4,
then we may assume that 5 is connected to 4, 4 is connected to 3, 3 is connected to 2 and 2
is connected to the length 2 cycle (say, to 0), because 2, 3, 4, 5 do not form cycles.
In this case we may get
• one singular pair (x1, x2) and
• two singular triples (x1, x2, x4), (x1, x2, x5).
We can resolve them as usual.
If the length of a longest path in the subgraph formed by vertices 2, 3, 4, 5 is equal to 3,
then we may assume that 4 is connected to 3, 3 is connected to 2 and 2 is connected to the
length 2 cycle (say, to 0), because 2, 3, 4, 5 do not form cycles.
By Lemma 1 ([5], Lemma 1.3) the 5-th vertex should be connected either to the cycle or
to the length 3 path.
If 5 is connected to 1, then we may get
• two singular pairs (x1, x2), (x0, x5) and
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• three singular triples (x1, x2, x4), (x0, x3, x5), (x0, x4, x5).
We can resolve them as usual.
This analysis gives us the following possiblities for A:
0
1
2
3 4
5 0
1
2 3 4 5
∪(x24x1, x24x2, x1x4x5, x2x4x5),
0
1
2 3 4 5 0
1
2
3
4 5
∪(x25x1, x25x2, x25x3,
x1x2x3, x2x3x5, x1x3x5),
0
1
2
3 4
5
∪A,
0
1
2 3 45 0
1
2 3 4
5
0
1
2 3 4
5
∪A,
0
1
2 3 4
5
∪A ∪B,
0
1
2 3 45
∪B,
0
1
2 3 4
5
∪A,
0
1
2
3
45
,
where A = (x25x2, x
2
5x3, x
2
0x2, x0x2x5, x0x3x5, x0x4x5) ∪ (x0x3x5, x23x5, x25x3,
x23x0, x0x4x5, x0x3x4, x3x4x5) ∪ (x0x4x5, x24x5, x24x2, x24x0, x20x2,
x25x2, x0x2x5, x0x2x4, x2x4x5);
B = (x1x2x4, x
2
4x5, x
2
4x2, x
2
4x1, x1x4x5, x1x2x5, x2x4x5).
If 5 is connected to the length 3 path, then it may be connected either to 2 or to 3 (since
2, 3, 4, 5 do not have length 4 paths).
If 5 is connected to 2, then we may get
• two singular pairs (x1, x2), (x3, x5) and
• three singular triples (x0, x3, x5), (x1, x3, x5), (x1, x2, x4).
If 5 is connected to 3, then we may get
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• two singular pairs (x1, x2), (x4, x5) and
• five singular triples (x1, x2, x4), (x1, x2, x5), (x0, x4, x5), (x1, x4, x5), (x2, x4, x5).
We resolve them as usual and obtain the following possiblities for A:
0
1
2 3 4
5
∪A,
0
1
2 3 4
5
∪B ∪B1,
0
1
2 3 4
5
0
1
2 3 4
5
∪A ∪ C,
0
1
2 3 4
5
∪B ∪B1,
0
1
2
3
4
5
∪A,
0
1
2
3 4
5
∪A,
0
1
2
3
4
5
∪B,
0
1
2 3 4
5
∪(x24x2, x1x4x5,
x2x4x5),
0
1
2
3
4
5
0
1
2 3 4
5
where A = (x25x0, x
2
3x0, x
2
3x1, x1x3x5, x0x3x5, x3x4x5) ∪ (x0x3x5, x25x0, x23x0,
x0x4x5, x0x3x4, x3x4x5) ∪ (x1x3x5, x23x1, x1x4x5, x1x3x4, x3x4x5);
B = (x25x0, x
2
4x0, x1x4x5, x0x4x5, x2x4x5) ∪ (x0x4x5, x20x2, x25x0, x24x0,
x0x2x5, x0x2x4, x2x4x5);
B1 = (x5x2x4, x1x2x4, x1x4x5);
C = (x1x2x4, x
2
4x5, x
2
4x2, x
2
4x1, x1x4x5, x1x2x5, x2x4x5).
If 5 is connected to 0, then we may get
• three singular pairs (x1, x2), (x1, x5), (x2, x5) and
• five singular triples (x1, x2, x4), (x1, x2, x5), (x2, x4, x5), (x1, x3, x5), (x1, x4, x5).
We resolve them as usual and obtain the following possiblities for A:
0
1
2 3 4
5
∪C,
0
1
2 3 4
5
∪(x1x3x5, x1x4x5),
∪(x2x3x5, x2x4x5),
∪(x1x3x5, x2x3x5), 0
1
2 3
4
5
∪(x1x3x5, x1x4x5),
∪(x2x3x5, x2x4x5),
∪(x1x2x4, x1x4x5, x2x4x5),
∪(x24x1, x24x2, x24x5, x1x2x4,
x1x2x5, x1x4x5, x2x4x5),
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where C = (x23x1, x
2
3x5, x1x3x4, x1x3x5, x1x4x5, x3x4x5).
Suppose that the length of a longest path in the subgraph formed by vertices 2, 3, 4, 5
is equal to 2. We may assume that 3 is connected to 2 and 2 is connected to the length 2
cycle (say, to 0), because 2, 3, 4, 5 do not form cycles and there are no length 3 paths.
The remaining vertices 4 and 5 may be either connected or disconnected.
If 5 is connected to 4, then by Lemma 1 ([5], Lemma 1.3) the 4-th vertex should be
connected either to the cycle or to the length 2 path formed by 2 and 3 (since 2, 3, 4, 5 do
not form cycles). The latter is not possible, because there are no length 3 paths. Hence 4 is
connected to the cycle.
If 4 is connected to 1, then we may get
• two singular pairs (x1, x2), (x0, x4) and
• two singular triples (x1, x2, x5), (x0, x3, x4).
We can resolve them as usual and obtain the following possiblities for A:
0
1
2 3
4 5
∪A,
0
1
2 3
4 5
∪A ∪B,
0
1
2 345
0
1
2
3
4
5
0
1
2 3
4
5
∪A,
0
1
2
3
4 5
∪B,
0
1
2 3
45
,
where A = (x23x0, x
2
3x4, x
2
3x5, x0x3x4, x0x3x5, x0x4x5, x3x4x5) ∪ (x0x2x4, x0x3x4,
x0x4x5);
B = (x25x1, x
2
5x2, x
2
5x3, x1x2x3, x1x2x5, x1x3x5, x2x3x5).
A may be also one of the following:
0
1
2
3
4
5
∪A∪B ∪C,
0
1
2 3
4
5
∪(x1x3x4, x1x4x5)
∪(x1x2x3, x1x2x5)
∪(x1x4x5, x2x4x5,
x1x2x5),
0
1
2
3
45
∪(x23x1, x23x4, x23x5, x1x3x4,
x1x4x5, x1x3x5, x3x4x5)
∪(x25x1, x25x2, x25x3, x1x2x3,
x1x2x5, x1x3x5, x2x3x5),
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01
2 3
4
5
∪B ∪ C,
0
1
2 3
4
5
∪A∪B ∪C,
0
1
23
4
5
∪B ∪ C,
0
1
2
3
4
5
∪A∪B ∪C,
0
1
2 3
4
5 ∪B ∪ C,
where A = (x23x0, x0x3x4, x0x3x5, x0x4x5, x3x4x5) ∪ (x24x0, x0x3x4, x0x4x5, x0x3x5,
x3x4x5) ∪ (x20x2, x25x2, x0x3x5, x0x2x5, x0x4x5);
B = (x23x0, x
2
3x1, x
2
4x0, x
2
4x1, x0x3x4, x1x3x4, x3x4x5);
C = (x23x0, x
2
4x0, x0x3x4, x0x3x5, x0x4x5, x3x4x5) ∪ (x23x1, x24x1, x1x3x4,
x1x3x5, x1x4x5, x3x4x5).
Indeed, if 4 is connected to 0, then we may get
• three singular pairs (x1, x2), (x1, x4), (x2, x4) and
• three singular triples (x1, x2, x4), (x1, x3, x4), (x1, x2, x5).
We can resolve them as usual.
If the remaining vertices 4 and 5 are disconnected, then by Lemma 1 ([5], Lemma 1.3)
each of them should be connected either to 0 or to 1 or to 2. They can not be connected to
3, because there are no length 3 paths.
If 4 is connected to 2 and 5 is connected to 1, then we may get
• three singular pairs (x1, x2), (x3, x4), (x0, x5) and
• five singular triples (x0, x3, x5), (x0, x4, x5), (x0, x3, x4), (x1, x3, x4), (x3, x4, x5).
We can resolve them as usual and obtain the pictures shown above.
If 4 is connected to 0 and 5 is connected to 1, then we may get
• four singular pairs (x1, x2), (x1, x4), (x2, x4), (x0, x5) and
• four singular triples (x1, x2, x4), (x1, x3, x4), (x2, x4, x5), (x0, x3, x5).
We can resolve them as usual and obtain the following pictures of A:
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01
2 34
5
∪A ∪B ∪ C0 ∪ E,
0
1
2 34
5
∪B∪C0∪E,
0
1
2 34
5
∪A ∪B,
0
1
2 34
5
∪A ∪B ∪ C ∪ E,
0
1
2 34
5
∪B∪C ∪E,
0
1
2 34
5
∪B,
0
1
2 34
5
∪A ∪B,
0
1
2 34
5
∪B,
where A = (x25x2, x
2
0x2, x0x2x5, x0x3x5, x0x4x5) ∪ (x0x3x5, x23x4, x23x5, x23x0,
x0x4x5, x0x3x4, x3x4x5);
B = (x24x1, x1x2x4, x1x3x4, x1x4x5) ∪ (x1x3x4, x23x4, x23x5, x23x1, x24x1,
x1x4x5, x1x3x5, x3x4x5) ∪ (x25x2, x2x3x5, x2x3x4, x2x4x5, x3x4x5);
C = (x24x1, x1x2x4, x1x2x3, x1x3x4, x2x3x4);
C0 = (x
2
4x1, x1x2x4, x1x2x5, x1x4x5, x2x4x5);
E = (x24x1, x5x2x4, x1x2x4, x2x3x4).
If 4 and 5 are connected to the same vertex of the cycle which is different from the vertex
to which 2 is connected (say, 4 and 5 are connected to 0, while 2 is connected to 1), then we
may get
• four singular pairs (x0, x2), (x1, x4), (x1, x5), (x4, x5) and
• five singular triples (x1, x3, x4), (x1, x3, x5), (x1, x4, x5), (x2, x4, x5), (x3, x4, x5).
We can resolve them as usual and obtain the following pictures of A:
1
0
2 3
4
5
∪B ∪ C,
1
0
2 3
4
5
∪A∪B∪ (x1x3x4,
x1x3x5, x3x4x5),
1
0
2 3
4 5
∪(x1x2x5, x1x3x5),
1
0
2 3
4 5
∪C,
1
0
2 3
4
5
∪A ∪ (x1x3x4,
x1x3x5, x3x4x5),
1
0
2 3
4
5
∪B ∪ (x1x2x5,
x1x3x5),
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where A = (x1x2x5, x1x3x5) ∪ (x1x2x4, x1x3x4); B = (x0x2x3, x0x2x4, x0x2x5);
C = (x2x3x4, x2x3x5, x2x4x5, x3x4x5).
Suppose that 2 is connected to 0, while 4 and 5 are connected either to 0 or to the length
2 path (i.e. to 2 since there are no length 3 paths).
Then A is one of the following:
0
1
2
34
5
∪A,
0
1
2
34
5
∪A∪C ∪ (x24x2, x1x2x5,
x1x4x5, x2x4x5)
∪(x24x2, x2x3x4, x2x4x5), 0
1
2
3
4
5
∪A0,
0
1
2
3
4
5
0
1
2
4
3
5
∪(x1x3x5, x0x3x5)
∪(x1x3x4, x0x3x4)
∪(x0x3x5, x0x3x4, x0x4x5), 0
1
2
3
5
4
∪A0,
0
1
2
3
4
5
where A = (x25x0, x
2
3x0, x0x3x5, x3x4x5, x1x3x5) ∪ (x25x0, x23x0, x20x4, x0x3x5,
x3x4x5, x0x3x4, x0x4x5) ∪ (x1x3x5, x3x4x5, x1x3x4, x1x4x5);
A0 = (x0x3x5, x1x3x5) ∪ (x0x4x5, x1x4x5) ∪ (x0x3x5, x0x3x4, x0x4x5);
C = (x24x2, x1x3x4, x1x4x5).
Indeed, if 4 is connected to 0 and 5 is connected to 2, then we may get
• four singular pairs (x1, x2), (x1, x4), (x2, x4), (x3, x5) and
• six singular triples (x1, x2, x4), (x1, x3, x4), (x1, x4, x5), (x3, x4, x5), (x0, x3, x5),
(x1, x3, x5).
If both 4 and 5 are connected to 2, then we may get
• four singular pairs (x1, x2), (x3, x4), (x3, x5), (x4, x5) and
• seven singular triples (x1, x3, x5), (x0, x3, x5), (x1, x3, x4), (x0, x3, x4), (x3, x4, x5),
(x1, x4, x5), (x0, x4, x5).
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We resolve these singular pairs and triples as usual and obtain the pictures shown above.
If both 4 and 5 (as well as 2) are connected to the same vertex of the cycle (i.e. to 0),
then we may get
• six singular pairs (x1, x2), (x1, x4), (x1, x5), (x2, x4), (x2, x5), (x4, x5) and
• seven singular triples (x1, x2, x4), (x1, x2, x5), (x1, x4, x5), (x2, x4, x5), (x1, x3, x4),
(x1, x3, x5), (x3, x4, x5).
We resolve them as usual and obtain the following pictures:
0
1
2 3
4
5
∪B,
0
1
2 34
5 ∪B ∪
(x1x4x5, x1x2x4)∪
(x1x3x5, x1x4x5,
x1x2x5),
0
1
2
34
5 ∪(x1x2x3, x1x2x4)∪
(x1x2x4, x1x3x4, x1x4x5)∪
(x1x3x4, x1x4x5, x1x3x5,
x3x4x5)∪
(x1x3x5, x1x4x5, x1x2x5)∪
(x1x2x5, x1x3x5, x1x2x3,
x2x3x5),
where B = (x2x3x4, x1x2x4) ∪ (x2x3x5, x1x2x5) ∪ (x1x2x3, x1x2x4, x1x2x5).
Suppose that the subgraph formed by vertices 2, 3, 4, 5 is totally disconnected.
By Lemma 1 ([5], Lemma 1.3) each of its vertices should be connected to the cycle formed
by 0 and 1.
If pairs of the vertices 2, 3, 4, 5 are connected to two different vertices of the cycle (say,
2, 3 are connected to 0 and 4, 5 are connected to 1), then A may be one of the following:
0
1
23
4
5
∪A,
0
1
23
4
5
∪A∪C,
0
1
23
4
5
∪A∪C∪(x22x1, x23x1, x2x3x4)∪
(x22x1, x1x2x4, x1x2x5) ∪
(x23x1, x1x3x4, x1x3x5) ∪
(x22x1, x
2
3x1, x2x3x5, x1x2x5,
x1x3x5),
where A = (x2x3x4, x2x3x5, x2x4x5, x3x4x5);
C = (x24x0, x
2
5x0, x2x4x5) ∪ (x24x0, x0x2x4, x0x3x4) ∪ (x25x0, x0x2x5, x0x3x5)∪
∪ (x24x0, x25x0, x3x4x5, x0x3x4 x0x3x5).
Indeed, we may get
• six singular pairs (x1, x2), (x1, x3), (x2, x3), (x0, x4), (x0, x5), (x4, x5) and
• six singular triples (x1, x2, x3), (x2, x3, x4), (x2, x3, x5), (x0, x4, x5), (x2, x4, x5),
(x3, x4, x5).
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Note that the configuration is symmetric with respect to vertices 2 and 3, with respect
to vertices 4 and 5 and with respect to triples of vertices (0, 2, 3) and (1, 4, 5).
We resolve these singular pairs and triples as usual and obtain the pictures shown above.
If three of the vertices 2, 3, 4, 5 are connected to the same vertex of the cycle (say, 3,
4 and 5 are connected to 0) and the other one is connected to the other vertex of the cycle
(i.e. 2 is connected to 1), then we may get
• seven singular pairs (x1, x3), (x1, x4), (x1, x5), (x3, x4), (x3, x5), (x4, x5), (x0, x2) and
• seven singular triples (x1, x3, x4), (x1, x3, x5), (x1, x4, x5), (x3, x4, x5), (x2, x3, x4),
(x2, x3, x5), (x2, x4, x5).
They can be resolved as in the earlier examples.
Finally, it may happen that all four vertices 2, 3, 4 and 5 are connected to one and the
same vertex of the cycle (say, to 0). In this case we may get
• ten singular pairs (x1, x2), (x1, x3), (x1, x4), (x1, x5), (x2, x3), (x2, x4), (x2, x5), (x3, x4),
(x3, x5), (x4, x5) and
• ten singular triples (x1, x2, x3), (x1, x2, x4), (x1, x2, x5), (x1, x3, x4), (x1, x3, x5),
(x1, x4, x5), (x2, x3, x4), (x2, x3, x5), (x2, x4, x5), (x3, x4, x5).
They can be resolved as usual.
The resulting pictures are as follows:
0
1
2
3 4
5
∪(x22x0, x0x2x3, x0x2x5, x0x2x4)∪
(x1x3x4, x1x2x3, x1x2x4, x2x3x4)∪
(x1x3x5, x1x2x3, x2x3x5, x1x2x5)∪
(x1x4x5, x1x2x4, x2x4x5, x1x2x5)∪
(x1x3x5, x1x2x3, x1x3x4) ∪
(x1x4x5, x1x2x4, x1x3x4) ∪
(x1x4x5, x1x2x5, x1x3x5),
0
1
2
3 5
4
∪(x22x0, x0x2x3, x0x2x5,
x0x2x4) ∪ (x1x2x5, x1x3x5,
x1x4x5) ∪ (x1x3x5, x2x3x5),
0
1
5
3 4
2
∪(x2x3x5, x1x2x5) ∪
(x1x3x5, x3x4x5, x2x3x5) ∪
(x1x4x5, x3x4x5, x2x4x5) ∪
(x1x4x5, x1x2x5, x1x3x5) ∪
(x1x4x5, x1x2x4, x1x3x4) ∪
(x1x3x5, x1x2x3, x1x3x4) ∪
(x1x2x5, x1x2x4, x1x2x3) ∪
(x1x2x5, x1x4x5, x1x2x4, x2x4x5)∪
(x1x3x5, x1x4x5, x1x3x4, x3x4x5),
0
1
2
3 5
4
∪(x22x0, x0x2x3, x0x2x5, x0x2x4)
Now let us do computations.
If A = {x20x1, x21x0, x22x3, x23x2, x24x5, x25x4}, then
c1 = 0, c2 = c3, c4 = c5, 3c2 = 3c4 = 0.
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This means that GA ∼= (Z/3Z)⊕2 with generators
f1 = (1, 1, ω, ω, 1, 1), f2 = (1, 1, 1, 1, ω, ω), ω =
3
√
1.
Then i2+ i3 ≡ i4+ i5 ≡ 0 mod 3. This means that A = A∪{f3(x0, x1), f3(x2, x3), f3(x4, x5)}.
Let A0 = {x20x1, x21x0, x22x3, x23x2, x24x2, x25x4}. Then
c1 = 0, c2 = c3 = 4c5, c4 = −2c5, 12c5 = 0.
For A = A0 ∪ {x3x4x5} we get an extra condition 3c5 = 0, i.e.
c1 = 0, c2 = c3 = c4 = c5, 3c5 = 0.
This means that GA ∼= Z/3Z with a generator
f = (1, 1, ω, ω, ω, ω), ω =
3
√
1.
Then i2 + i3 + i4 + i5 ≡ 0 mod 3. This means that A = A ∪ {f3(x0, x1), f3(x2, x3, x4, x5)}.
For A = A0 ∪ {x24x3} the extra condition is automatically satisfied.
This means that GA ∼= Z/12Z with a generator
f = (1, 1, ω4, ω4, ω−2, ω), ω = 12
√
1.
Then 4(i2 + i3) + i5 ≡ 2i4 mod 12. This means that A = A ∪ {f3(x0, x1), f3(x2, x3)}.
For A1 = A0 ∪ {x1x3x4}, A1 = A0 ∪ {x24x0}, A1 = A0 ∪ {x23x1} we get extra conditions
2c5 = 0, 4c5 = 0, 4c5 = 0 respectively. They all imply that 4c5 = 0, i.e.
c1 = c2 = c3 = 0, c4 = 2c5, 4c5 = 0.
All such cases have already appeared.
Let A0 = {x20x1, x21x0, x22x3, x23x2, x24x0, x25x2}. Then
c1 = 0, c2 = c3 = −2c5, 2c4 = 6c5 = 0.
For A1 = A0 ∪ {x24x1} the extra condition is automatically satisfied.
For A = A1 ∪ {x25x3} the extra condition is automatically satisfied.
This means that GA ∼= Z/6Z⊕ Z/2Z with generators
f1 = (1, 1, ω
−2, ω−2, 1, ω), f2 = (1, 1, 1, 1, η, 1), ω =
6
√
1, η =
2
√
1.
Then i5 ≡ 2(i2 + i3) mod 6 and i4 ≡ 0 mod 2. This means that A = A ∪ {f3(x0, x1),
f3(x2, x3)}.
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For A2 = A1 ∪ {x23x1}, A2 = A1 ∪ {x23x4}, A2 = A1 ∪ {x23x0}, A2 = A1 ∪ {x25x0},
A2 = A1 ∪ {x25x1}, A2 = A1 ∪ {x0x3x5}, A2 = A1 ∪ {x1x3x5}, A2 = A1 ∪ {x3x4x5} we get
extra conditions 2c5 = 0, c4 = 4c5, 2c5 = 0, 2c5 = 0, 2c5 = 0, c5 = 0, c5 = 0, c4 = c5. They
all imply that 2c5 = 0, i.e.
c1 = c2 = c3 = 0, 2c4 = 2c5 = 0.
All such cases have already appeared.
This completes the analysis also for A1 = A0 ∪ {x21x3}, A1 = A0 ∪ {x21x2}, A1 =
A0∪{x1x3x4}, A1 = A0∪{x24x3}, A1 = A0∪{x21x5}, A1 = A0∪{x24x2}, A1 = A0∪{x1x2x4}
and A1 = A0 ∪ {x1x4x5}.
Let A0 = {x20x1, x21x0, x22x3, x23x2, x24x0, x25x0}. Then
c1 = 0, c2 = c3, 3c2 = 2c4 = 2c5 = 0.
For A = A0 ∪ {x1x4x5} we get an extra condition c5 = c4, i.e.
c1 = 0, c2 = c3, c5 = c4, 3c2 = 2c4 = 0.
This case has already appeared.
For A1 = A0 ∪ {x2x4x5} we get an extra condition c2 = c4 + c5, i.e.
c1 = c2 = c3 = 0, c4 = c5, 2c5 = 0.
All such cases have already appeared.
Let A0 = {x20x1, x21x0, x22x3, x23x2, x24x1, x25x0}. Then
c1 = 0, c2 = c3, 3c2 = 2c4 = 2c5 = 0.
For A1 = A0 ∪ {x0x2x4} and A1 = A0 ∪ {x20x2} we get extra conditions c2 = c4 and
c2 = 0 respectively. They both imply that c2 = 0, i.e.
c1 = c2 = c3 = 0, 2c4 = 2c5 = 0.
All such cases have already appeared.
For A = A0 ∪ {x0x4x5, x1x4x5} we get an extra condition c5 = c4, i.e.
c1 = 0, c2 = c3, c5 = c4, 3c2 = 2c4 = 0.
This case has already appeared.
For A = A0 ∪ {x25x1, x24x0} extra conditions are automatically satisfied.
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This case has already appeared.
Let A0 = {x20x1, x21x0, x22x3, x23x2, x24x0, x24x1, x25x1}. Then
c1 = 0, c2 = c3, 3c2 = 2c4 = 2c5 = 0.
For A1 = A0 ∪ {x0x2x5} and A1 = A0 ∪ {x20x2} we get extra conditions c2 = c5 and
c2 = 0 respectively. They both imply that c2 = 0, i.e.
c1 = c2 = c3 = 0, 2c4 = 2c5 = 0.
All such cases have already appeared.
For A = A0 ∪ {x0x4x5} we get an extra condition c5 = c4, i.e.
c1 = 0, c2 = c3, c5 = c4, 3c2 = 2c4 = 0.
This case has already appeared.
Let A0 = {x20x1, x21x0, x22x0, x23x2, x24x3, x25x4}. Then
c1 = 0, c2 = −8c5, c3 = 4c5, c4 = −2c5, 16c5 = 0.
For A = A0 ∪ {x22x1} the extra condition is automatically satisfied.
This means that GA ∼= Z/16Z with a generator
f = (1, 1, ω8, ω4, ω−2, ω), ω = 16
√
1.
Then 4i3 + i5 ≡ 2i4 + 8i2 mod 16. This means that A = A ∪ {f3(x0, x1)}.
For A1 = A0∪{x1x2x3}, A1 = A0∪{x1x2x4}, A = A0∪{x1x2x5} we get extra conditions
4c5 = 0, 2c5 = 0, c5 = 0 respectively. They all imply that 4c5 = 0, i.e.
c1 = c2 = c3 = 0, c4 = 2c5, 4c5 = 0.
All such cases have already appeared.
Let A0 = {x20x1, x21x0, x22x0, x23x2, x24x3, x25x1}. Then
c1 = 0, c2 = 4c4, c3 = −2c4, 8c4 = 2c5 = 0.
For A1 = A0 ∪ {x25x0} the extra condition is automatically satisfied.
For A = A1 ∪ {x22x1} the extra condition is automatically satisfied.
This case has already appeared.
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For A1 = A0 ∪ {x1x2x5} we get an extra condition c5 = 4c4, i.e.
c1 = 0, c2 = c5 = 4c4, c3 = −2c4, 8c4 = 0.
All such cases have already appeared.
For A1 = A0 ∪ {x22x1} the extra condition is automatically satisfied.
For A2 = A1 ∪ {x25x2}, A2 = A1 ∪ {x25x3}, A2 = A1 ∪ {x20x2}, A2 = A1 ∪ {x0x3x5},
A2 = A1 ∪ {x0x4x5} we get extra conditions 4c4 = 0, 2c4 = 0, 4c4 = 0, c5 = 2c4, c5 = −c4
respectively. They all imply that 4c4 = 0, i.e.
c1 = c2 = 0, c3 = 2c4, 4c4 = 2c5 = 0.
All such cases have already appeared.
For A2 = A1 ∪ {x0x2x5} we get an extra condition c5 = 4c4, i.e.
c1 = 0, c2 = c5 = 4c4, c3 = −2c4, 8c4 = 0.
All such cases have already appeared.
For A = A0 ∪ {x1x2x3} and A = A0 ∪ {x1x2x4} we get extra conditions 2c4 = 0 and
c4 = 0 respectively. They both imply that 2c4 = 0, i.e.
c1 = c2 = c3 = 0, 2c4 = 2c5 = 0.
This case has already appeared.
Let A0 = {x20x1, x21x0, x22x0, x23x2, x24x3, x25x3}. Then
c1 = 0, c2 = 4c4, c3 = −2c4, 8c4 = 2(c5 − c4) = 0.
For A1 = A0 ∪ {x1x2x4}, A1 = A0 ∪ {x1x2x3}, A1 = A0 ∪ {x25x2}, A1 = A0 ∪ {x1x2x5}
we get extra conditions c4 = 0, 2c4 = 0, 2c4 = 0, c5 = 4c4. They all imply that 2c4 = 0, i.e.
c1 = c2 = c3 = 0, 2c4 = 2c5 = 0.
All such cases have already appeared.
Let A0 = {x20x1, x21x0, x22x0, x23x2, x24x3, x25x2}. Then
c1 = 0, c2 = 4c4, c3 = −2c4, 8c4 = 2(c5 − 2c4) = 0.
For A1 = A0∪{x1x2x3}, A1 = A0∪{x1x2x4}, A1 = A0∪{x1x2x5} we get extra conditions
2c4 = 0, c4 = 0, c5 = 4c4. They all imply that 4c4 = 0, i.e.
c1 = c2 = 0, c3 = 2c4, 4c4 = 2c5 = 0.
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All such cases have already appeared.
For A1 = A0 ∪ {x22x1} the extra condition is automatically satisfied.
For A2 = A1∪{x25x0}, A2 = A1∪{x23x0}, A2 = A1∪{x23x1}, A2 = A1∪{x3x4x5} we get
extra conditions 4c4 = 0, 4c4 = 0, 4c4 = 0, c5 = c4 respectively. They all imply that 4c4 = 0,
i.e.
c1 = c2 = 0, c3 = 2c4, 4c4 = 2c5 = 0.
All such cases have already appeared.
For A2 = A1 ∪ {x0x3x5}, A2 = A1 ∪ {x1x3x5} we get the same extra condition c5 = 2c4,
i.e.
c1 = 0, c2 = 4c4, c3 = −2c4, c5 = 2c4, 8c4 = 0.
All such cases have already appeared.
Let A0 = {x20x1, x21x0, x22x0, x22x1, x23x2, x24x3, x25x3}. Then
c1 = 0, c2 = 4c4, c3 = −2c4, 8c4 = 2(c5 − c4) = 0.
For A1 = A0 ∪ {x25x0} and A1 = A0 ∪ {x24x0} we get the same extra condition 2c4 = 0,
i.e.
c1 = c2 = c3 = 0, 2c4 = 2c5 = 0.
All such cases have already appeared.
For A1 = A0 ∪ {x0x4x5}, A1 = A0 ∪ {x1x4x5} and A = A0 ∪ {x2x4x5} we get the same
extra condition c5 = 3c4 = −c4, i.e.
c1 = c2 = 0, c3 = 2c4, c5 = −c4, 4c4 = 0.
All such cases have already appeared.
Let A0 = {x20x1, x21x0, x22x0, x23x2, x24x3, x25x0}. Then
c1 = 0, c2 = 4c4, c3 = −2c4, 8c4 = 2c5 = 0.
For A1 = A0 ∪ {x1x2x5} we get an extra condition c5 = 4c4, i.e.
c1 = 0, c2 = c5 = 4c4, c3 = −2c4, 8c4 = 0.
All such cases have already appeared.
For A1 = A0 ∪ {x1x2x3} and A1 = A0 ∪ {x1x2x4} we get extra conditions 2c4 = 0 and
c4 = 0 respectively. They both imply that 2c4 = 0, i.e.
c1 = c2 = c3 = 0, 2c4 = 2c5 = 0.
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All such cases have already appeared.
Let A0 = {x20x1, x21x0, x22x0, x23x2, x24x1, x25x4} or A0 = {x20x1, x21x0, x22x0, x23x2, x24x0, x25x4}.
Then
c1 = 0, c2 = 2c3, c4 = 2c5, 4c3 = 4c5 = 0.
All such cases have already appeared.
Let A0 = {x20x1, x21x0, x22x0, x23x2, x24x2, x25x1}. Then
c1 = 0, c2 = 2c3, 4c3 = 2(c4 − c3) = 2c5 = 0.
For A1 = A0 ∪ {x23x0}, A1 = A0 ∪ {x24x0}, A1 = A0 ∪ {x23x1}, A1 = A0 ∪ {x24x1} we get
the same extra condition 2c3 = 0, i.e.
c1 = c2 = 0, 2c3 = 2c4 = 2c5 = 0.
All such cases have already appeared.
For A1 = A0 ∪ {x0x3x4} and A1 = A0 ∪ {x1x3x4} we get the same extra condition
c4 = −c3, i.e.
c1 = 0, c2 = 2c3, c4 = −c3, 4c3 = 2c5 = 0.
All such cases have already appeared.
For A1 = A0 ∪ {x3x4x5} we get an extra condition c4 = c5 − c3, i.e.
c1 = 0, c2 = 2c3, c4 = c5 − c3, 4c3 = 2c5 = 0.
All such cases have already appeared.
Let A0 = {x20x1, x21x0, x22x0, x23x2, x24x0, x25x1}. Then
c1 = 0, c2 = 2c3, 4c3 = 2c4 = 2c5 = 0.
For A1 = A0 ∪ {x25x2}, A1 = A0 ∪ {x2x3x4}, A1 = A0 ∪ {x2x3x5}, A1 = A0 ∪ {x3x4x5}
we get extra conditions 2c3 = 0, c4 = c3, c5 = c3, c3 = c4 + c5. They all imply that 2c3 = 0,
i.e.
c1 = c2 = 0, 2c3 = 2c4 = 2c5 = 0.
All such cases have already appeared.
For A1 = A0 ∪ {x2x4x5} we get an extra condition c5 = c4 + 2c3, i.e.
c1 = 0, c2 = 2c3, c5 = 2c3 + c4, 4c3 = 2c4 = 0.
All such cases have already appeared.
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Let A0 = {x20x1, x21x0, x22x1, x23x2, x24x0, x25x0}. Then
c1 = 0, c2 = 2c3, 4c3 = 2c4 = 2c5 = 0.
For A1 = A0 ∪ {x2x4x5} we get an extra condition c5 = 2c3 + c4, i.e.
c1 = 0, c2 = 2c3, c5 = 2c3 + c4, 4c3 = 2c4 = 0.
For A2 = A1 ∪ {x1x3x4}, A2 = A1 ∪ {x1x3x5} and A2 = A1 ∪ {x3x4x5} we get extra
conditions c4 = c3, c5 = c3 and c3 = 0 respectively. They all imply that 2c3 = 0, i.e.
c1 = c2 = 0, c5 = c4, 2c3 = 2c4 = 0.
All such cases have already appeared.
For A1 = A0 ∪ {x3x4x5} we get an extra condition c5 = c4 − c3, i.e.
c1 = c2 = 0, c5 = c3 + c4, 2c3 = 2c4 = 0.
All such cases have already appeared.
For A1 = A0 ∪ {x1x4x5} we get an extra condition c5 = c4, i.e.
c1 = 0, c2 = 2c3, c5 = c4, 4c3 = 2c4 = 0.
For A2 = A1 ∪{x2x4x5}, A2 = A1 ∪{x3x4x5}, A2 = A1 ∪{x2x3x4}, A2 = A1 ∪{x2x3x5}
we get extra conditions 2c3 = 0, c3 = 0, c4 = c3, c5 = c3 respectively. They all imply that
2c3 = 0, i.e.
c1 = c2 = 0, c5 = c4, 2c3 = 2c4 = 0.
All such cases have already appeared.
Let A0 = {x20x1, x21x0, x22x0, x23x2, x24x0, x25x2}. Then
c1 = 0, c2 = 2c3, 4c3 = 2c4 = 2(c5 − c3) = 0.
For A1 = A0 ∪ {x1x2x4} we get an extra condition c4 = 2c3, i.e.
c1 = 0, c2 = c4 = 2c3, 4c3 = 2(c5 − c3) = 0.
All such cases have already appeared.
For A1 = A0 ∪ {x1x2x3} we get an extra condition c3 = 0, i.e.
c1 = c2 = c3 = 0, 2c4 = 2c5 = 0.
All such cases have already appeared.
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Let A0 = {x20x1, x21x0, x22x0, x23x2, x24x2, x25x2}. Then
c1 = 0, c2 = 2c3, 4c3 = 2(c4 − c3) = 2(c5 − c3) = 0.
For A1 = A0 ∪ {x1x3x4} we get an extra condition c4 = −c3, i.e.
c1 = 0, c2 = 2c3, c4 = −c3, 4c3 = 2(c5 − c3) = 0.
For A2 = A1 ∪ {x1x2x3} we get an extra condition c3 = 0, i.e.
c1 = c2 = c3 = c4 = 0, 2c5 = 0.
All such cases have already appeared.
For A2 = A1 ∪ {x0x3x5} and A2 = A1 ∪ {x1x3x5} we get the same extra condition
c5 = −c3, i.e.
c1 = 0, c2 = 2c3, c4 = c5 = −c3, 4c3 = 0.
For A3 = A2∪{x0x4x5} and A3 = A2∪{x1x4x5} we get the same extra condition 2c3 = 0,
i.e.
c1 = c2 = 0, c4 = c5 = c3, 2c3 = 0.
All such cases have already appeared.
For A1 = A0 ∪ {x1x2x3, x1x4x5} we get extra conditions c3 = 0 and c5 = −c4, i.e.
c1 = c2 = c3 = 0, c4 = c5, 2c5 = 0.
All such cases have already appeared.
For A1 = A0 ∪ {x3x4x5} we get an extra condition c5 = −c3 − c4, i.e.
c1 = c2 = 0, c5 = c3 + c4, 2c3 = 2c4 = 0.
All such cases have already appeared.
Let A0 = {x20x1, x21x0, x22x0, x23x2, x24x0, x25x0}. Then
c1 = 0, c2 = 2c3, 4c3 = 2c4 = 2c5 = 0.
For A1 = A0 ∪ {x2x4x5} we get an extra condition c5 = 2c3 + c4, i.e.
c1 = 0, c2 = 2c3, c5 = 2c3 + c4, 4c3 = 2c4 = 0.
For A2 = A1 ∪ {x1x4x5} and A2 = A1 ∪ {x1x3x4} we get extra conditions 2c3 = 0 and
c4 = c3 respectively. They both imply that 2c3 = 0, i.e.
c1 = c2 = 0, c5 = c4, 2c3 = 2c4 = 0.
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All such cases have already appeared.
For A2 = A1 ∪ {x1x2x4} we get an extra condition c4 = 2c3, i.e.
c1 = c5 = 0, c2 = c4 = 2c3, 4c3 = 0.
All such cases have already appeared.
For A1 = A0 ∪ {x3x4x5} we get an extra condition c3 = c4 + c5, i.e.
c1 = c2 = 0, c3 = c4 + c5, 2c4 = 2c5 = 0.
All such cases have already appeared.
For A1 = A0 ∪ {x1x4x5, x2x3x5} we get extra conditions c3 = c4 = c5, i.e.
c1 = c2 = 0, c3 = c4 = c5, 2c3 = 0.
All such cases have already appeared.
Let A0 = {x20x1, x21x0, x22x0, x23x0, x24x1, x25x1}. Then
c1 = 0, 2c2 = 2c3 = 2c4 = 2c5 = 0.
For A1 = A0 ∪{x2x3x4}, A1 = A0 ∪{x2x3x5}, A1 = A0 ∪{x2x4x5}, A1 = A0 ∪{x3x4x5}
we get the same (upto a permutation of xi) extra condition c2 = c3 + c4, i.e.
c1 = 0, c2 = c3 + c4, 2c3 = 2c4 = 2c5 = 0.
All such cases have already appeared.
Let A0 = {x20x1, x21x0, x22x1, x23x0, x24x0, x25x0}. Then
c1 = 0, 2c2 = 2c3 = 2c4 = 2c5 = 0.
For A1 = A0 ∪ {x3x4x5} we get an extra condition c5 = c3 + c4, i.e.
c1 = 0, c5 = c3 + c4, 2c2 = 2c3 = 2c4 = 0.
All such cases have already appeared.
For A1 = A0 ∪ {x1x3x4, x2x4x5} we get extra conditions c4 = c3 = c2 + c5, i.e.
c1 = 0, c3 = c4 = c2 + c5, 2c2 = 2c5 = 0.
All such cases have already appeared.
For A1 = A0 ∪ {x1x3x4, x2x3x4} we get extra conditions c3 = c4 and c2 = 0, i.e.
c1 = c2 = 0, c3 = c4, 2c4 = 2c5 = 0.
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All such cases have already appeared.
Let A0 = {x20x1, x21x0, x22x0, x23x0, x24x0, x25x0, x2x3x4}. Then
c1 = 0, c2 = c3 + c4, 2c3 = 2c4 = 2c5 = 0.
All such cases have already appeared.
As we explained in the beginning of this section, the fact that all sets A we obtained are
smooth can be checked by a Macaulay 2 computation. We provide a Macaulay 2 code which
verifies this in the Appendix, while the proof of Corollary 1 shows more specifically that all
sets A we found are smooth. This is sufficient for the proof of Theorem 1. QED
Corollary 1. Diagonalizable abelian automorphism groups of smooth cubic fourfolds are
exactly the subgroups of the following groups (see Table 2 below).
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diagonal forms of generators     and 
signatures of arbitrary elements      
  
         
(1,  1,1,1,1), (1,1, ,1,1,1), (1,1,1,  1,1), (1,1,1,1, ,1), 
(1,1,1,1,1, ); 
Signatures: 
                      
{  
 ,   
    
    
    
    
 } 
              
(1,  1,1,1,1), (1,1, ,1,1,1), (1,1,1,  1,1), (1,1,1,1, ,1), 
(1,1,1,1,1,  ); 
Signatures: 
                      
{  
 ,   
    
    
    
    
   } 
              
(1,  1,1,1,1), (1,1, ,1,1,1), (1,1,1,  1,1), (1,1,1,1,  ,  ); 
Signatures: 
        
                  
{  
 ,   
    
    
    
      
   } 
 
 
  
 
  
 
 
  
 
 
  
 
(1,    1,1,1, ), (1,1,  ,1,1,1), (1,1,1,   1,1), 
(1,1,1,1,  ,1); 
Signatures: 
         
                  
{  
 ,   
    
    
    
      
   } 
              
(1,  ,1,1,1,1), (1,1,   1,1,1), (1,1,1, ,   ,  ); 
Signatures: 
                
              
{  
      
      
      
    
    
 } 
              
(1,  ,1,1,1,1), (1,1,   1,1,1), (1,1,1,  ,   ,   ); 
Signatures: 
                  
              
{  
      
      
      
    
    
 } 
 
  
 
 
  
 
 
  
 
(1,   ,1,1,1,  ), (1,1,   1,1,1), (1,1,1,  ,  ,1); 
Signatures: 
                  
              
{  
      
      
      
    
    
 } 
              
(1,  ,1,1,1,1), (1,1,   1,1,1), (1,1,1,  ,  ,   ); 
Signatures: 
                 
              
{  
      
      
             
    
    
 } 
              
(1,   ,1,1, ,1), (1,1,   ,1,1, ), (1,1,1,  ,1,1); 
Signatures: 
                   
              
{  
      
      
      
    
    
 } 
 
 
  
 
  
  
 
  
 
  
 
(1,  ,1,1,1,1), (1,1,   1,1,1), (1,1,1,  ,1,  ), 
(1,1,1,1,  ,  ); 
Signatures: 
          
                  
{  
      
      
             
    
    
 } 
           
(1,  ,1,1,1,1), (1,1, ,   ,  ,   ); 
Signatures: 
                        
           
{  
      
      
      
      
    
 } 
 
  
 
 
  
 
 
  
 
(1,  ,1,1,1,1), (1,1,      ,  ,1), (1,1,1,1,1,  ); 
Signatures: 
                  
              
{  
      
      
      
      
    
 } 
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diagonal forms of generators     and 
signatures of arbitrary elements      
  
           
(1, ,1,1,1,1), (1,1, ,   ,   ,    ); 
Signatures: 
                          
           
{  
      
      
      
      
    
 } 
          
(1,1, ,   ,  ,1), (1,   ,1,1,1,  ); 
Signatures: 
                          
          
{  
      
      
      
      
    
 } 
           
(1,1, ,   ,1,1), (1,  ,1,1,  ,    ); 
Signatures: 
                          
           
{  
      
      
      
      
    
 } 
          
(1, ,1,1,1,1), (1,1, ,   ,   ,   ); 
Signatures: 
                        
          
{  
      
      
      
             
    
 } 
          
(1,1, ,  ,1,   ), (1,   ,1,1, ,1); 
Signatures: 
                        
          
{  
      
      
      
             
    
 } 
          
(1,1, ,  ,1,   ), (1,1,1,1, ,  ); 
Signatures: 
                       
          
{                   
             
  
             
      
   } 
          
(1,1, ,  ,1,  ), (1,1,1,1, , ); 
Signatures: 
                        
          
{            
             
            
  
                    
   } 
              
(1,1, , ,1,1), (1,1,1, , ,1), (1,    ,1,1,1, ); 
Signatures: 
                    
              
{  
      
      
      
             
    
 } 
      
(1, ,   ,  ,   ,   ); 
Signatures: 
                                 
       
{  
      
      
      
      
      
 } 
           
(1,1,1,1,1, ), (1, ,   ,   ,    ,1); 
Signatures: 
                          
           
{  
      
      
      
      
      
 } 
          
(1,1,1,1, ,  ), (1, ,   ,   ,1,1); 
Signatures: 
                         
          
{  
      
      
      
      
      
 } 
      
(1, ,   ,  ,   ,   ); 
Signatures: 
                                 
       
{  
      
      
      
      
      
 } 
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diagonal forms of generators     and 
signatures of arbitrary elements      
  
      
(1, ,   ,  ,  ,   ); 
Signatures: 
                                
       
{         
      
      
      
      
      
 } 
          
(1, ,   ,  ,   ,  ), (1,1,1,1, ,1); 
Signatures: 
                        
               
{         
      
      
      
      
      
 } 
     
(1, ,   ,  ,  ,  ); 
Signatures: 
                                
      
{                
      
      
      
      
     
  
 } 
          
(1,    ,    1,  ), (1,1,1,  , , ); 
Signatures: 
                            
          
{                
      
      
      
     
  
      
 } 
      
(1, ,   ,          ); 
Signatures: 
                                
       
{  
      
      
      
      
      
   } 
          
(1, ,    1, ,   ), (1,1,1  ,    ,   ); 
Signatures: 
                             
          
{  
      
      
      
      
      
   } 
     
(1,  ,   ,    ,   ); 
Signatures: 
                             
      
{                       
      
      
     
  
      
      
   } 
{  
    
    
    
      
      
                   
             } 
 
Table 2. Diagonalizable abelian automorphism groups of smooth cubic fourfolds. The
first column lists abelian groups G which act effectively on a smooth cubic fourfold. The
second column describes generators of G (diagonalized after possibly conjugating by an ele-
ment of GL(6)) as diagonal matrices in GL(6) as well as the conditions on the signatures
of arbitrary elements of G. The third column gives maximal sets of cubic monomials, which
lie in the same eigenspace of each of these generators acting correspondingly on Sym3(C6)
(the cubic fourfolds with automorphism group GA are exactly the ones which in suitable co-
ordinates can be represented as vanishing loci of linear combinations of monomials in one5
of the sets B.)
Proof: Table 1 apparently contains some redundancy, because we were not checking
strictly minimality of our sets A. Neither were we checking various possible representations
of the same group action. One can reduce this redundancy significantly by noticing that the
number of cubes in A has to decrease along the list in Table 1. Whenever it increases, this
implies that the corresponding group (action) has already appeared earlier in the list (as a
subgroup). Let us eliminate such groups GA from Table 1.
5In each row of Table 2 one of the sets B is the set A from Table 1. There is one more set B in the last
row. The reason it appears is that the group GA in the last row is a proper subgroup of the group GA in
the 9-th row (upto a permutation of xi).
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Moreover, let us notice that each of the following groups is a subgroup of another group
in Table 1 (upto a permutation of xi) such that the corresponding sets A are included one
into another:
• GA ∼= (Z/3Z)⊕2 ⊕ Z/2Z generated by
(1, 1, ω2, 1, 1, 1), (1, 1, 1, ω2, 1, 1), (1, 1, 1, 1, ω3, ω3), ω =
6
√
1
is a subgroup of the group GA ∼= (Z/3Z)⊕2 ⊕ Z/2Z⊕ Z/6Z generated by
(1, ω−2, 1, 1, 1, ω), (1, 1, ω2, 1, 1, 1), (1, 1, 1, ω2, 1, 1), (1, 1, 1, 1, ω3, 1), ω = 6
√
1;
• GA ∼= Z/3Z⊕ Z/4Z generated by
(1, 1, ω4, 1, 1, 1), (1, 1, 1, ω3, ω6, ω6), ω =
12
√
1
is a subgroup of the group GA ∼= Z/3Z⊕ Z/4Z⊕ Z/6Z generated by
(1, ω−4, 1, 1, 1, ω2), (1, 1, ω4, 1, 1, 1), (1, 1, 1, ω3, ω6, 1), ω = 12
√
1;
• GA ∼= Z/3Z⊕ Z/4Z generated by
(1, 1, ω4, 1, 1, 1), (1, 1, 1, ω3, ω6, ω−3), ω = 12
√
1
is a subgroup of the group GA ∼= (Z/3Z)⊕2 ⊕ Z/4Z generated by
(1, ω4, 1, 1, 1, 1), (1, 1, ω4, 1, 1, 1), (1, 1, 1, ω3, ω6, ω−3), ω = 12
√
1;
• GA ∼= Z/2Z⊕ Z/6Z generated by
(1, ω−2, 1, 1, 1, ω), (1, 1, 1, ω3, ω3, 1), ω = 6
√
1,
GA ∼= (Z/2Z)⊕2 generated by
(1, 1, 1, ω3, 1, ω3), (1, 1, 1, 1, ω3, 1), ω =
6
√
1,
and GA ∼= Z/2Z generated by (1, 1, 1, ω3, ω3, ω3), ω = 6
√
1 are subgroups (upto a
permutation of xi) of the group GA ∼= (Z/6Z)⊕2 ⊕ Z/2Z generated by
(1, ω−2, 1, 1, ω, 1), (1, 1, ω−2, 1, 1, ω), (1, 1, 1, ω3, 1, 1), ω = 6
√
1;
• GA ∼= (Z/2Z)⊕2 ⊕ Z/3Z generated by
(1, 1, ω2, 1, 1, 1), (1, 1, 1, ω3, 1, ω3), (1, 1, 1, 1, ω3, ω3), ω =
6
√
1
is a subgroup of the group GA ∼= (Z/3Z)⊕2 ⊕ (Z/2Z)⊕2 generated by
(1, ω2, 1, 1, 1, 1), (1, 1, ω2, 1, 1, 1), (1, 1, 1, ω3, 1, ω3), (1, 1, 1, 1, ω3, ω3), ω =
6
√
1;
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• GA ∼= Z/8Z generated by (1, 1, ω, ω−2, ω4, ω2), ω = 8
√
1 is a subgroup of the group
GA ∼= Z/3Z⊕ Z/8Z generated by
(1, η, 1, 1, 1, 1), (1, 1, ω, ω−2, ω4, ω2), ω = 8
√
1, η =
3
√
1;
• GA ∼= Z/2Z⊕ Z/4Z generated by
(1, 1, ω, ω2, ω, ω2), (1, 1, 1, 1, η, 1), ω =
4
√
1, η =
2
√
1
and GA ∼= Z/4Z generated by (1, 1, ω, ω2, ω−1, ω2), ω = 4
√
1 are subgroups (upto a
permutation of xi) of the group GA ∼= Z/8Z⊕ Z/2Z generated by
(1, ω, ω−2, ω4, ω−1, ω2), (1, 1, 1, 1, η, 1), ω = 8
√
1, η =
2
√
1;
• GA ∼= (Z/2Z)⊕2 generated by
(1, 1, ω, ω, ω, 1), (1, 1, ω, ω, 1, ω), ω =
2
√
1
and GA ∼= (Z/2Z)⊕3 generated by
(1, 1, ω, 1, 1, 1), (1, 1, 1, ω, 1, ω), (1, 1, 1, ω, ω, 1), ω =
2
√
1
are subgroups (upto a permutation of xi) of the groupGA ∼= (Z/2Z)⊕2⊕Z/6Z generated
by
(1, 1, ω, ω, 1, 1), (1, 1, 1, ω, ω, 1), (1, η−2, 1, 1, 1, η), ω = 2
√
1, η =
6
√
1;
• GA ∼= Z/8Z generated by (1, 1, ω, ω−2, ω4, ω4), ω = 8
√
1 is a subgroup of the group
GA ∼= Z/6Z⊕ Z/8Z generated by
(1, 1, ω, ω−2, ω4, 1), (1, η−2, 1, 1, 1, η), ω = 8
√
1, η =
6
√
1;
• GA ∼= Z/4Z⊕ Z/2Z generated by
(1, 1, ω, ω2, 1, ω−1), (1, 1, 1, 1, η, 1), ω = 4
√
1, η =
2
√
1
is a subgroup of the group GA ∼= Z/4Z⊕ Z/6Z generated by
(1, 1, ω, ω2, 1, ω−1), (1, η−2, 1, 1, η, 1), ω = 4
√
1, η =
6
√
1;
• GA ∼= Z/3Z generated by (1, ω2, ω, 1, ω2, ω), ω = 3
√
1 is a subgroup of the group
GA ∼= Z/9Z⊕ Z/3Z generated by
(1, ω, ω−1, 1, ω, ω−1), (1, 1, 1, η, η−2, η4), ω = 3
√
1, η =
9
√
1.
After eliminating these groups from Table 1 we obtain Table 2.
One can apply a Macaulay 2 computation described in the beginning of this section and
check that all sets A listed6 in Table 2 are smooth (which implies that all sets A listed in
Table 1 are smooth as well). Indeed, one can take the sum of all monomials with coefficient
1 and check that the resulting cubic form gives a smooth cubic fourfold in all cases except
for the following ones:
6In the third column of Table 2 one of the sets B is A.
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• for the entry number 18 one can use F = x30 +x31 +x22x3 +x23x0 +x24x1 +x25x3 +x2x4x5,
• for the entry number 19 one can use F = x30 +x31 +x22x3 +x23x1 +x24x0−x24x1 +x25x0 +
x3x4x5.
Finally, let us compute the third column of Table 2, i.e. describe all smooth cubic four-
folds which admit each of the group actions listed in Table 2.
Let GA be one of the groups listed in the table. We have to find all smooth sets B ⊂M,
whose elements lie in the same eigenspace of each of the generators of GA. By Lemma 1 we
know that any such set B for any p contains x2pxq for some q. In particular, x20xj ∈ B for
some j ∈ {0, 1, 2, 3, 4, 5}. Let us fix such j.
We start with the last three rows of Table 2. In each of these cases x20x1 ∈ A. Hence if
x20x1 ∈ B, then B = A. So, we may assume that j ∈ {0, 2, 3, 4, 5}.
Let GA ∼= Z/21Z be generated by
f = (1, ω, ω−1, ω3, ω−5, ω11), ω = 21
√
1.
Note that
• wtf (x30) = 0 6= wtf (x21xk) for any k,
• wtf (x20x2) = −1 6= wtf (x21xk) for any k,
• wtf (x20x3) = 3 6= wtf (x22xk) for any k,
• wtf (x20x4) = −5 6= wtf (x21xk) for any k,
• wtf (x20x5) = 11 6= wtf (x21xk) for any k.
This means that either x21xk /∈ B for any k or x22xk /∈ B for any k, i.e. B is not smooth
by Lemma 1.
Hence B = A is the only possibility for this group GA.
Let GA ∼= Z/9Z⊕ Z/3Z be generated by
f1 = (1, ω, ω
−1, 1, ω, ω−1), f2 = (1, 1, 1, η, η−2, η4), ω =
3
√
1, η =
9
√
1.
Note that
• wtf1(x30) = 0 6= wtf1(x23xk) for any k 6= 0, 3,
• wtf2(x30) = 0 6= wtf2(x23x0) = 2,
• wtf2(x30) = 0 6= wtf2(x33) = 3,
• wtf1(x20x2) = −1 6= wtf1(x23xk) for any k 6= 2, 5,
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• wtf2(x20x2) = 0 6= wtf2(x23x2) = 2,
• wtf2(x20x2) = 0 6= wtf2(x23x5) = 6,
• wtf1(x20x3) = 0 6= wtf1(x23xk) for any k 6= 0, 3,
• wtf2(x20x3) = 1 6= wtf2(x23x0) = 2,
• wtf2(x20x3) = 1 6= wtf2(x33) = 3,
• wtf1(x20x4) = 1 6= wtf1(x23xk) for any k 6= 1, 4,
• wtf2(x20x4) = −2 6= wtf2(x23x1) = 2,
• wtf2(x20x4) = −2 6= wtf2(x23x4) = 0,
• wtf1(x20x5) = −1 6= wtf1(x23xk) for any k 6= 2, 5,
• wtf2(x20x5) = 4 6= wtf2(x23x2) = 2,
• wtf2(x20x5) = 4 6= wtf2(x23x5) = 6.
This means that x23xk /∈ B for any k, i.e. B is not smooth by Lemma 1.
Hence B = A is the only possibility for this group GA.
Let GA ∼= Z/6Z be generated by
f = (1, ω2, ω−2, ω, ω3, ω−1), ω = 6
√
1.
If x30 ∈ B, then B consists of monomials m = xi00 xi11 xi22 xi33 xi44 xi55 such that wtf (m) =
wtf (x
3
0) = 0, i.e.
2i1 − 2i2 + i3 + 3i4 − i5 ≡ 0 mod 6.
This means that B = {x30, x31, x32, x24x0, x23x2, x25x1, x0x1x2, x0x3x5, x1x3x4, x2x4x5}.
This set is smooth.
If x20x2 ∈ B, then B consists of monomials m = xi00 xi11 xi22 xi33 xi44 xi55 such that wtf (m) =
wtf (x
2
0x2) = −2, i.e.
2i1 − 2i2 + i3 + 3i4 − i5 ≡ −2 mod 6.
This means that B = {x24x2, x20x2, x25x0, x21x0, x22x1, x23x1, x1x4x5, x0x3x4, x2x3x5}. This set
coincides with A upto a permutation of xi (x1 ↔ x2, x3 ↔ x5) and using f−1 as a generator
of GA.
If x20x3 ∈ B, then B consists of monomials m = xi00 xi11 xi22 xi33 xi44 xi55 such that wtf (m) =
wtf (x
2
0x3) = 1, i.e.
2i1 − 2i2 + i3 + 3i4 − i5 ≡ 1 mod 6.
This means that B = {x24x3, x20x3, x25x4, x21x4, x22x5, x23x5, x1x2x3, x0x1x5, x0x2x4}. This set
coincides with A upto a permutation of xi (x0 ↔ x3, x1 ↔ x5, x2 ↔ x4) and using (ω−1f)−1
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as a generator of GA.
If x20x4 ∈ B, then B consists of monomials m = xi00 xi11 xi22 xi33 xi44 xi55 such that wtf (m) =
wtf (x
2
0x4) = 3, i.e.
2i1 − 2i2 + i3 + 3i4 − i5 ≡ 3 mod 6.
This means that B = {x33, x34, x35, x20x4, x22x3, x21x5, x0x1x3, x0x2x5, x1x2x4, x3x4x5}. This
set coincides with an earlier found set B upto a permutation of xi (x0 ↔ x4, x2 ↔ x3,
x1 ↔ x5) and using ω3f as a generator of GA.
If x20x5 ∈ B, then B consists of monomials m = xi00 xi11 xi22 xi33 xi44 xi55 such that wtf (m) =
wtf (x
2
0x5) = −1, i.e.
2i1 − 2i2 + i3 + 3i4 − i5 ≡ −1 mod 6.
This means that B = {x25x3, x20x5, x24x5, x23x4, x22x4, x21x3, x1x2x5, x0x1x4, x0x2x3}. This set
coincides with A upto a permutation of xi (x0 ↔ x4, x2 ↔ x3, x1 ↔ x5) and using ω3f as a
generator of GA.
We conclude that apart from A only the following smooth set B is possible (upto a
permutation of xi) for this group GA:
• B = {x30, x31, x32, x24x0, x23x2, x25x1, x0x1x2, x0x3x5, x1x3x4, x2x4x5}.
Now let us consider the other rows of Table 2. Since x30 ∈ A in each case, we may assume
without loss of generality that x20xj ∈ B for some j ∈ {1, 2, 3, 4, 5}.
Let GA ∼= (Z/3Z)⊕5 be generated by
f1 = (1, ω, 1, 1, 1, 1), f2 = (1, 1, ω, 1, 1, 1), f3 = (1, 1, 1, ω, 1, 1),
f4 = (1, 1, 1, 1, ω, 1), f5 = (1, 1, 1, 1, 1, ω), ω =
3
√
1.
Note that wtfj(x
2
0xj) = 1 6= wtfj(x2jxk) for any k. This means that x2jxk /∈ B for any k,
i.e. B is not smooth.
Hence B = A is the only possibility for this group GA.
Let GA ∼= (Z/3Z)⊕4 ⊕ Z/2Z be generated by
f1 = (1, ω, 1, 1, 1, 1), f2 = (1, 1, ω, 1, 1, 1), f3 = (1, 1, 1, ω, 1, 1),
f4 = (1, 1, 1, 1, ω, 1), f5 = (1, 1, 1, 1, 1, η), ω =
3
√
1, η =
2
√
1.
Note that
• wtfj(x20xj) = 1 6= wtfj(x2jxk) for any j ∈ {1, 2, 3, 4} for any k,
• wtf1(x20x5) = 0 6= wtf1(x21xk) for any k 6= 1,
• wtf5(x20x5) = 1 6= wtf5(x31) = 0.
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This means that either x21xk /∈ B for any k or x2jxk /∈ B for any k, i.e. B is not smooth
by Lemma 1.
Hence B = A is the only possibility for this group GA.
Let GA ∼= (Z/3Z)⊕3 ⊕ Z/4Z be generated by
f1 = (1, ω, 1, 1, 1, 1), f2 = (1, 1, ω, 1, 1, 1), f3 = (1, 1, 1, ω, 1, 1),
f4 = (1, 1, 1, 1, η, η
2), ω =
3
√
1, η =
4
√
1.
Note that
• wtfj(x20xj) = 1 6= wtfj(x2jxk) for any j ∈ {1, 2, 3, 4} for any k,
• wtf4(x20x5) = 2 6= wtf4(x21xk) for any k 6= 5,
• wtf1(x20x5) = 0 6= wtf1(x21x5) = 2.
This means that either x21xk /∈ B for any k or x2jxk /∈ B for any k, i.e. B is not smooth
by Lemma 1.
Hence B = A is the only possibility for this group GA.
Let GA ∼= (Z/3Z)⊕2 ⊕ Z/2Z⊕ Z/6Z be generated by
f1 = (1, ω
−2, 1, 1, 1, ω), f2 = (1, 1, ω2, 1, 1, 1), f3 = (1, 1, 1, ω2, 1, 1),
f4 = (1, 1, 1, 1, ω
3, 1), ω =
6
√
1.
Note that (we compute weights as elements of Z/6Z here)
• wtfj(x20xj) = 2 6= wtfj(x2jxk) for any j ∈ {2, 3} for any k,
• wtf2(x20xj) = 0 6= wtf2(x22xk) for any j ∈ {1, 4, 5} for any k 6= 2,
• wtf1(x20x1) = −2 6= wtf1(x32) = 0,
• wtf4(x20x4) = 3 6= wtf4(x32) = 0,
• wtf1(x20x5) = 1 6= wtf1(x32) = 0.
This means that either x22xk /∈ B for any k or x2jxk /∈ B for any k, i.e. B is not smooth
by Lemma 1.
Hence B = A is the only possibility for this group GA.
Let GA ∼= (Z/3Z)⊕2 ⊕ Z/9Z be generated by
f1 = (1, ω
3, 1, 1, 1, 1), f2 = (1, 1, ω
3, 1, 1, 1), f3 = (1, 1, 1, ω, ω
−2, ω4), ω = 9
√
1.
Note that (we compute weights as elements of Z/9Z here)
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• wtfj(x20xj) = 3 6= wtfj(x2jxk) for any j ∈ {1, 2} for any k,
• wtf3(x20x3) = 1 6= wtf3(x23xk) for any k,
• wtf3(x20x4) = −2 6= wtf3(x24xk) for any k,
• wtf3(x20x5) = 4 6= wtf3(x25xk) for any k.
This means that x2jxk /∈ B for any k, i.e. B is not smooth by Lemma 1.
Hence B = A is the only possibility for this group GA.
Let GA ∼= (Z/3Z)⊕2 ⊕ Z/8Z be generated by
f1 = (1, ω
8, 1, 1, 1, 1), f2 = (1, 1, ω
8, 1, 1, 1), f3 = (1, 1, 1, ω
3, ω−6, ω12), ω = 24
√
1.
Note that (we compute weights as elements of Z/24Z here)
• wtfj(x20xj) = 8 6= wtfj(x2jxk) for any j ∈ {1, 2} for any k,
• wtf3(x20x3) = 3 6= wtf3(x23xk) for any k,
• wtf3(x20x4) = −6 6= wtf3(x24xk) for any k,
• wtf1(x20x5) = 0 6= wtf1(x21xk) for any k 6= 1,
• wtf3(x20x5) = 12 6= wtf3(x31) = 0.
This means that either x2jxk /∈ B for any k or x21xk /∈ B for any k, i.e. B is not smooth
by Lemma 1.
Hence B = A is the only possibility for this group GA.
Let GA ∼= Z/3Z⊕ Z/4Z⊕ Z/6Z be generated by
f1 = (1, ω
−4, 1, 1, 1, ω2), f2 = (1, 1, ω4, 1, 1, 1), f3 = (1, 1, 1, ω3, ω6, 1), ω =
12
√
1.
Note that (we compute weights as elements of Z/12Z here)
• wtf1(x20x1) = −4 6= wtf1(x21xk) for any k,
• wtf2(x20x2) = 4 6= wtf2(x22xk) for any k,
• wtf3(x20x3) = 3 6= wtf3(x23xk) for any k,
• wtf1(x20x5) = 2 6= wtf1(x25xk) for any k,
• wtf2(x20x4) = 0 6= wtf2(x22xk) for any k 6= 2,
• wtf3(x20x4) = 6 6= wtf3(x32) = 0.
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This means that either x2jxk /∈ B for any k or x22xk /∈ B for any k, i.e. B is not smooth
by Lemma 1.
Hence B = A is the only possibility for this group GA.
Let GA ∼= (Z/3Z)⊕2 ⊕ Z/4Z be generated by
f1 = (1, ω
4, 1, 1, 1, 1), f2 = (1, 1, ω
4, 1, 1, 1), f3 = (1, 1, 1, ω
3, ω6, ω−3), ω = 12
√
1.
Note that (we compute weights as elements of Z/12Z here)
• wtf1(x20x1) = 4 6= wtf1(x21xk) for any k,
• wtf2(x20x2) = 4 6= wtf2(x22xk) for any k,
• wtf1(x20xj) = 0 6= wtf1(x21xk) for any k 6= 1 for any j ∈ {3, 4, 5},
• wtf3(x20xj) 6= wtf3(x31) = 0 for any j ∈ {3, 4, 5}.
This means that either x2jxk /∈ B for any k or x21xk /∈ B for any k, i.e. B is not smooth
by Lemma 1.
Hence B = A is the only possibility for this group GA.
Let GA ∼= (Z/6Z)⊕2 ⊕ Z/2Z be generated by
f1 = (1, ω
−2, 1, 1, ω, 1), f2 = (1, 1, ω−2, 1, 1, ω), f3 = (1, 1, 1, ω3, 1, 1), ω =
6
√
1.
Note that (we compute weights as elements of Z/6Z here)
• wtf1(x20x4) = 1 6= wtf1(x24xk) for any k,
• wtf2(x20x5) = 1 6= wtf2(x25xk) for any k,
• wtf1(x20x1) = −2 6= wtf1(x21xk) for any k,
• wtf2(x20x2) = −2 6= wtf2(x22xk) for any k,
• wtf1(x20x3) = 0 6= wtf1(x21xk) for any k 6= 1,
• wtf3(x20x3) = 3 6= wtf3(x31) = 0.
This means that either x2jxk /∈ B for any k or x21xk /∈ B for any k, i.e. B is not smooth
by Lemma 1.
Hence B = A is the only possibility for this group GA.
Let GA ∼= (Z/3Z)⊕2 ⊕ (Z/2Z)⊕2 be generated by
f1 = (1, ω
2, 1, 1, 1, 1), f2 = (1, 1, ω
2, 1, 1, 1), f3 = (1, 1, 1, ω
3, 1, ω3),
f4 = (1, 1, 1, 1, ω
3, ω3), ω =
6
√
1.
Note that (we compute weights as elements of Z/6Z here)
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• wtf1(x20x1) = 2 6= wtf1(x21xk) for any k,
• wtf2(x20x2) = 2 6= wtf2(x22xk) for any k,
• wtf1(x20xj) = 0 6= wtf1(x21xk) for any k 6= 1 for any j ∈ {3, 4},
• wtfj(x20xj) = 3 6= wtfj(x31) for any j ∈ {3, 4},
• wtf1(x20x5) = 0 6= wtf1(x21xk) for any k 6= 1,
• wtf3(x20x5) = 3 6= wtf3(x31) = 0.
This means that either x2jxk /∈ B for any k or x21xk /∈ B for any k, i.e. B is not smooth
by Lemma 1.
Hence B = A is the only possibility for this group GA.
Let GA ∼= Z/3Z⊕ Z/15Z be generated by
f1 = (1, ω
5, 1, 1, 1, 1), f2 = (1, 1, ω, ω
−2, ω4, ω−8), ω = 15
√
1.
Note that (we compute weights as elements of Z/15Z here)
• wtf1(x20x1) = 5 6= wtf1(x21xk) for any k,
• wtf2(x20x2) = 1 6= wtf2(x22xk) for any k,
• wtf2(x20x3) = −2 6= wtf2(x23xk) for any k,
• wtf2(x20x4) = 4 6= wtf2(x24xk) for any k,
• wtf2(x20x5) = −8 6= wtf2(x25xk) for any k.
This means that x2jxk /∈ B for any k, i.e. B is not smooth by Lemma 1.
Hence B = A is the only possibility for this group GA.
Let GA ∼= Z/2Z⊕ Z/3Z⊕ Z/9Z be generated by
f1 = (1, ω
6, 1, 1, 1, 1), f2 = (1, 1, ω
2, ω−4, ω8, 1), f3 = (1, 1, 1, 1, 1, ω9), ω =
18
√
1.
Note that (we compute weights as elements of Z/18Z here)
• wtf1(x20x1) = 6 6= wtf1(x21xk) for any k,
• wtf2(x20x2) = 2 6= wtf2(x22xk) for any k,
• wtf2(x20x3) = −4 6= wtf2(x23xk) for any k,
• wtf2(x20x4) = 8 6= wtf2(x24xk) for any k,
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• wtf1(x20x5) = 0 6= wtf1(x21xk) for any k 6= 1,
• wtf3(x20x5) = 9 6= wtf3(x31) = 0.
This means that either x2jxk /∈ B for any k or x21xk /∈ B for any k, i.e. B is not smooth
by Lemma 1.
Hence B = A is the only possibility for this group GA.
Let GA ∼= Z/3Z⊕ Z/16Z be generated by
f1 = (1, ω, 1, 1, 1, 1), f2 = (1, 1, η, η
−2, η4, η−8), ω = 3
√
1, η =
16
√
1.
Note that
• wtf1(x20x1) = 1 6= wtf1(x21xk) for any k,
• wtf1(x20xj) = 0 6= wtf1(x21xk) for any k 6= 1 for any j ∈ {2, 3, 4, 5},
• wtf2(x20xj) 6= wtf2(x31) = 0 for any j ∈ {2, 3, 4, 5}.
This means that x21xk /∈ B for any k, i.e. B is not smooth by Lemma 1.
Hence B = A is the only possibility for this group GA.
Let GA ∼= Z/6Z⊕ Z/8Z be generated by
f1 = (1, 1, ω, ω
−2, ω4, 1), f2 = (1, η−2, 1, 1, 1, η), ω =
8
√
1, η =
6
√
1.
Note that
• wtf2(x20x1) = −2 6= wtf2(x21xk) for any k,
• wtf2(x20x5) = 1 6= wtf2(x25xk) for any k,
• wtf1(x20x2) = 1 6= wtf1(x22xk) for any k,
• wtf1(x20x3) = −2 6= wtf1(x23xk) for any k,
• wtf2(x20x4) = 0 6= wtf2(x21xk) for any k 6= 1,
• wtf1(x20x4) = 4 6= wtf1(x31) = 0.
This means that either x2jxk /∈ B for any k or x21xk /∈ B for any k, i.e. B is not smooth
by Lemma 1.
Hence B = A is the only possibility for this group GA.
Let GA ∼= Z/4Z⊕ Z/12Z be generated by
f1 = (1, 1, ω, ω
−2, 1, 1), f2 = (1, η4, 1, 1, η, η−2), ω =
4
√
1, η =
12
√
1.
Note that
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• wtf2(x20x1) = 4 6= wtf2(x21xk) for any k,
• wtf2(x20x4) = 1 6= wtf2(x24xk) for any k,
• wtf2(x20x5) = −2 6= wtf2(x25xk) for any k,
• wtf1(x20x2) = 1 6= wtf1(x22xk) for any k,
• wtf2(x20x3) = 0 6= wtf2(x21xk) for any k 6= 1,
• wtf1(x20x3) = −2 6= wtf1(x31) = 0.
This means that either x2jxk /∈ B for any k or x21xk /∈ B for any k, i.e. B is not smooth
by Lemma 1.
Hence B = A is the only possibility for this group GA.
Let GA ∼= Z/3Z⊕ Z/8Z be generated by
f1 = (1, ω, 1, 1, 1, 1), f2 = (1, 1, η, η
−2, η4, η2), ω = 3
√
1, η =
8
√
1.
Note that
• wtf1(x20x1) = 1 6= wtf1(x21xk) for any k,
• wtf2(x20x2) = 1 6= wtf2(x22xk) for any k,
• wtf1(x20xj) = 0 6= wtf1(x21xk) for any k 6= 1 for any j ∈ {3, 4, 5},
• wtf2(x20xj) 6= wtf2(x31) = 0 for any j ∈ {3, 4, 5}.
This means that either x2jxk /∈ B for any k or x21xk /∈ B for any k, i.e. B is not smooth
by Lemma 1.
Hence B = A is the only possibility for this group GA.
Let GA ∼= Z/4Z⊕ Z/6Z be generated by
f1 = (1, 1, ω, ω
2, 1, ω−1), f2 = (1, η−2, 1, 1, η, 1), ω =
4
√
1, η =
6
√
1.
Note that
• wtf2(x20x1) = −2 6= wtf2(x21xk) for any k,
• wtf2(x20x4) = 1 6= wtf2(x24xk) for any k,
• wtf2(x20xj) = 0 6= wtf2(x21xk) for any k 6= 1 for any j ∈ {2, 3, 5},
• wtf1(x20xj) 6= wtf1(x31) = 0 for any j ∈ {2, 3, 5}.
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This means that either x2jxk /∈ B for any k or x21xk /∈ B for any k, i.e. B is not smooth
by Lemma 1.
Hence B = A is the only possibility for this group GA.
Let GA ∼= Z/4Z⊕ Z/2Z be generated by
f1 = (1, 1, ω, ω
2, 1, ω−1), f2 = (1, 1, 1, 1, η, η), ω =
4
√
1, η =
2
√
1.
If j = 1, then B = A. Hence we may assume that j ∈ {2, 3, 4, 5}.
Note that
• wtf1(x20x2) = 1 6= wtf1(x22xk) for any k 6= 5,
• wtf2(x20x2) = 0 6= wtf2(x22x5) = 1,
• wtf1(x20x5) = −1 6= wtf1(x25xk) for any k 6= 2,
• wtf2(x20x5) = 1 6= wtf2(x25x2) = 0
• wtf2(x20x4) = 1 6= wtf2(x25xk) for any k 6= 4, 5,
• wtf1(x20x4) = 0 6= wtf1(x25x4) = −2,
• wtf1(x20x4) = 0 6= wtf1(x35) = −3.
This means that if j ∈ {2, 4, 5}, then either x2jxk /∈ B for any k or x25xk /∈ B for any k,
i.e. B is not smooth by Lemma 1.
If j = 3 and m ∈ {x20xk, x21xk, x0x1xk} for some k ∈ {0, 1, 2, 3, 4, 5}, then m ∈ B only if
wtf1(m) = wtf1(x
2
0x3) = 2, i.e. k = 3. This means that (x0, x1) is a singular pair, i.e. B is
not smooth.
Hence B = A is the only possibility for this group GA.
Let GA ∼= Z/4Z⊕ Z/2Z be generated by
f1 = (1, 1, ω, ω
2, 1, ω2), f2 = (1, 1, 1, 1, η, η), ω =
4
√
1, η =
2
√
1.
If j = 1, then B = A. Hence we may assume that j ∈ {2, 3, 4, 5}.
Note that
• wtf1(x20x2) = 1 6= wtf1(x22xk) for any k.
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This means that if j = 2, then x22xk /∈ B for any k, i.e. B is not smooth by Lemma 1.
If j ∈ {3, 5} and m ∈ {x20xk, x21xk, x24xk, x0x1xk, x0x4xk, x1x4xk} for some k ∈ {0, 1, 2,
3, 4, 5}, then m ∈ B only if wtf1(m) = wtf1(x20xj) = 2, i.e. k ∈ {3, 5}. This means that
(x0, x1, x4) is a singular triple, i.e. B is not smooth.
If j = 4 and m ∈ {x20xk, x21xk, x22xk, x0x1xk, x0x2xk, x1x2xk} for some k ∈ {0, 1, 2, 3, 4, 5},
then m ∈ B only if wtf2(m) = wtf2(x20xj) = 1, i.e. k ∈ {4, 5}. This means that (x0, x1, x2)
is a singular triple, i.e. B is not smooth.
Hence B = A is the only possibility for this group GA.
Let GA ∼= (Z/2Z)⊕2 ⊕ Z/6Z be generated by
f1 = (1, 1, ω, ω, 1, 1), f2 = (1, 1, 1, ω, ω, 1), f3 = (1, η
−2, 1, 1, 1, η), ω = 2
√
1, η =
6
√
1.
Note that
• wtf3(x20x1) = −2 6= wtf3(x21xk) for any k,
• wtf3(x20x5) = 1 6= wtf3(x25xk) for any k,
• wtf3(x20xj) = 0 6= wtf3(x21xk) for any k 6= 1 for any j ∈ {2, 3},
• wtf1(x20xj) = 1 6= wtf1(x31) = 0 for any j ∈ {2, 3},
• wtf3(x20x4) = 0 6= wtf3(x21xk) for any k 6= 1,
• wtf2(x20x4) = 1 6= wtf2(x31) = 0.
This means that either x2jxk /∈ B for any k or x21xk /∈ B for any k, i.e. B is not smooth
by Lemma 1.
Hence B = A is the only possibility for this group GA.
Let GA ∼= Z/33Z be generated by
f = (1, ω, ω−2, ω4, ω−8, ω16), ω = 33
√
1.
Note that
• wtf (x20x1) = 1 6= wtf (x21xk) for any k,
• wtf (x20x2) = −2 6= wtf (x22xk) for any k,
• wtf (x20x3) = 4 6= wtf (x23xk) for any k,
• wtf (x20x4) = −8 6= wtf (x24xk) for any k,
• wtf (x20x5) = 16 6= wtf (x25xk) for any k.
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This means that x2jxk /∈ B for any k, i.e. B is not smooth by Lemma 1.
Hence B = A is the only possibility for this group GA.
Let GA ∼= Z/2Z⊕ Z/15Z be generated by
f1 = (1, 1, 1, 1, 1, ω), f2 = (1, η, η
−2, η4, η−8, 1), ω = 2
√
1, η =
15
√
1.
Note that
• wtf2(x20x1) = 1 6= wtf2(x21xk) for any k,
• wtf2(x20x2) = −2 6= wtf2(x22xk) for any k,
• wtf2(x20x3) = 4 6= wtf2(x23xk) for any k,
• wtf2(x20x4) = −8 6= wtf2(x24xk) for any k,
• wtf2(x20x5) = 0 6= wtf2(x21xk) for any k 6= 2,
• wtf1(x20x5) = 1 6= wtf1(x21x2).
This means that either x2jxk /∈ B for any k or x21xk /∈ B for any k, i.e. B is not smooth
by Lemma 1.
Hence B = A is the only possibility for this group GA.
Let GA ∼= Z/4Z⊕ Z/9Z be generated by
f1 = (1, 1, 1, 1, ω, ω
2), f2 = (1, η, η
−2, η4, 1, 1), ω = 4
√
1, η =
9
√
1.
Note that
• wtf2(x20x1) = 1 6= wtf2(x21xk) for any k,
• wtf2(x20x2) = −2 6= wtf2(x22xk) for any k,
• wtf2(x20x3) = 4 6= wtf2(x23xk) for any k,
• wtf1(x20x4) = 1 6= wtf1(x24xk) for any k,
• wtf1(x20x5) = 2 6= wtf1(x21xk) for any k 6= 5,
• wtf2(x20x5) = 0 6= wtf2(x21x5) = 2.
This means that either x2jxk /∈ B for any k or x21xk /∈ B for any k, i.e. B is not smooth
by Lemma 1.
Hence B = A is the only possibility for this group GA.
Let GA ∼= Z/32Z be generated by
f = (1, ω, ω−2, ω4, ω−8, ω16), ω = 32
√
1.
Note that
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• wtf (x20xj) 6= wtf (x2jxk) for any k for any j ∈ {1, 2, 3, 4},
• wtf (x20x5) = 16 6= wtf (x21xk) for any k.
This means that either x2jxk /∈ B for any k or x21xk /∈ B for any k, i.e. B is not smooth
by Lemma 1.
Hence B = A is the only possibility for this group GA.
Let GA ∼= Z/16Z be generated by
f = (1, ω, ω−2, ω4, ω8, ω−4), ω = 16
√
1.
Note that
• wtf (x20xj) 6= wtf (x2jxk) for any k for any j ∈ {1, 2},
• wtf (x20x4) = 8 6= wtf (x21xk) for any k,
• wtf (x20x3) = 4 6= wtf (x21xk) for any k,
• wtf (x20x5) = −4 6= wtf (x21xk) for any k.
This means that either x2jxk /∈ B for any k or x21xk /∈ B for any k, i.e. B is not smooth
by Lemma 1.
Hence B = A is the only possibility for this group GA.
Let GA ∼= Z/8Z⊕ Z/2Z be generated by
f1 = (1, ω, ω
−2, ω4, ω−1, ω2), f2 = (1, 1, 1, 1, η, 1), ω =
8
√
1, η =
2
√
1.
Note that
• wtf2(x20x4) = 1 6= wtf2(x24xk) for any k 6= 4,
• wtf1(x20x4) = −1 6= wtf1(x34) = −3,
• wtf1(x20x1) = 1 6= wtf1(x21xk) for any k 6= 4,
• wtf2(x20x1) = 0 6= wtf2(x21x4) = 1.
This means that if j ∈ {1, 4}, then x2jxk /∈ B for any k, i.e. B is not smooth by Lemma 1.
If j = 2, then B consists of monomials m = xi00 xi11 xi22 xi33 xi44 xi55 such that wtf1(m) =
wtf1(x
2
0x2) = −2 and wtf2(m) = wtf2(x20x2) = 0, i.e.
i1 − 2i2 + 4i3 − i4 + 2i5 ≡ −2 mod 8, i4 ≡ 0 mod 2.
This means that B = {x35, x24x0, x21x3, x23x2, x20x2, x22x5, x0x3x5}. This set coincides with A
upto a permutation of xi (x0 ↔ x5, x2 ↔ x3) and using (ω−2f1)−1 · f2 and f2 as generators
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of GA.
If j = 3, then B consists of monomials m = xi00 xi11 xi22 xi33 xi44 xi55 such that wtf1(m) =
wtf1(x
2
0x3) = 4 and wtf2(m) = wtf2(x
2
0x3) = 0, i.e.
i1 − 2i2 + 4i3 − i4 + 2i5 ≡ 4 mod 8, i4 ≡ 0 mod 2.
This means that B = {x33, x24x2, x21x5, x22x0, x25x0, x20x3, x2x3x5}. This set coincides with
A upto a permutation of xi (x0 ↔ x3, x2 ↔ x5) and using (ω4f1)5 and f2 as generators of GA.
If j = 5, then B consists of monomials m = xi00 xi11 xi22 xi33 xi44 xi55 such that wtf1(m) =
wtf1(x
2
0x5) = 2 and wtf2(m) = wtf2(x
2
0x5) = 0, i.e.
i1 − 2i2 + 4i3 − i4 + 2i5 ≡ 2 mod 8, i4 ≡ 0 mod 2.
This means that B = {x32, x24x3, x21x0, x23x5, x25x2, x20x5, x0x2x3}. This set coincides with A
upto a permutation of xi (x0 ↔ x2, x3 ↔ x5) and using (ω2f1)3·f2 and f2 as generators of GA.
Hence B = A is the only possibility for this group GA (upto a permutation of xi).
Let GA ∼= Z/8Z be generated by
f = (1, ω, ω−2, ω4, ω5, ω2), ω = 8
√
1.
Note that
• wtf (x20x1) = 1 6= wtf (x21xk) for any k,
• wtf (x20x4) = 5 6= wtf (x24xk) for any k.
This means that if j ∈ {1, 4}, then x2jxk /∈ B for any k, i.e. B is not smooth by Lemma 1.
If j = 2, then B consists of monomials m = xi00 xi11 xi22 xi33 xi44 xi55 such that wtf (m) =
wtf (x
2
0x2) = −2, i.e.
i1 − 2i2 + 4i3 − 3i4 + 2i5 ≡ −2 mod 8.
This means that B = {x35, x22x5, x24x3, x23x2, x21x3, x20x2, x0x3x5, x0x1x4}. This set coincides
withA upto a permutation of xi (x0 ↔ x5, x2 ↔ x3) and using (ω−2f)−1 as a generator ofGA.
If j = 3, then B consists of monomials m = xi00 xi11 xi22 xi33 xi44 xi55 such that wtf (m) =
wtf (x
2
0x3) = 4, i.e.
i1 − 2i2 + 4i3 − 3i4 + 2i5 ≡ 4 mod 8.
This means that B = {x33, x25x0, x21x5, x24x5, x20x3, x22x0, x2x3x5, x1x2x4}. This set coincides
with A upto a permutation of xi (x0 ↔ x3, x2 ↔ x5) and using (ω4f)5 as a generator of GA.
If j = 5, then B consists of monomials m = xi00 xi11 xi22 xi33 xi44 xi55 such that wtf (m) =
wtf (x
2
0x5) = 2, i.e.
i1 − 2i2 + 4i3 − 3i4 + 2i5 ≡ 2 mod 8.
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This means that B = {x32, x25x2, x23x5, x20x5, x21x0, x24x0, x0x2x3, x1x3x4}. This set coincides
with A upto a permutation of xi (x0 ↔ x2, x3 ↔ x5) and using (ω2f)3 as a generator of GA.
Hence B = A is the only possibility for this group GA (upto a permutation of xi).
Let GA ∼= Z/4Z⊕ Z/2Z be generated by
f1 = (1, ω, ω
2, ω−1, 1, ω2), f2 = (1, 1, 1, η, η, η), ω =
4
√
1, η =
2
√
1.
Note that
• wtf1(x20x1) = 1 6= wtf1(x21xk) for any k 6= 3,
• wtf2(x20x1) = 0 6= wtf2(x21x3) = 1,
• wtf1(x20x3) = −1 6= wtf1(x23xk) for any k 6= 1,
• wtf2(x20x3) = 1 6= wtf2(x23x1) = 0.
This means that if j ∈ {1, 3}, then x2jxk /∈ B for any k, i.e. B is not smooth by Lemma 1.
If j = 2, then B consists of monomials m = xi00 xi11 xi22 xi33 xi44 xi55 such that wtf1(m) =
wtf1(x
2
0x2) = 2 and wtf2(m) = wtf2(x
2
0x2) = 0, i.e.
i1 + 2i2 − i3 + 2i5 ≡ 2 mod 4, i3 + i4 + i5 ≡ 0 mod 2.
This means that B = {x32, x23x0, x21x0, x25x2, x24x2, x20x2, x1x3x5, x0x4x5}. This set coincides
with A upto a permutation of xi (x0 ↔ x2, x4 ↔ x5) and using (ω2f1)−1 and f2 as generators
of GA.
If j = 4, then B consists of monomials m = xi00 xi11 xi22 xi33 xi44 xi55 such that wtf1(m) =
wtf1(x
2
0x4) = 0 and wtf2(m) = wtf2(x
2
0x4) = 1, i.e.
i1 + 2i2 − i3 + 2i5 ≡ 0 mod 4, i3 + i4 + i5 ≡ 1 mod 2.
This means that B = {x34, x23x5, x21x5, x22x4, x25x4, x20x4, x0x2x5, x0x1x3}. This set coincides
with A upto a permutation of xi (x0 ↔ x4, x2 ↔ x5) and using f1 and ηf2 · f 21 as generators
of GA.
If j = 5, then B consists of monomials m = xi00 xi11 xi22 xi33 xi44 xi55 such that wtf1(m) =
wtf1(x
2
0x5) = 2 and wtf2(m) = wtf2(x
2
0x5) = 1, i.e.
i1 + 2i2 − i3 + 2i5 ≡ 2 mod 4, i3 + i4 + i5 ≡ 1 mod 2.
This means that B = {x35, x20x5, x24x5, x22x5, x23x4, x21x4, x0x2x4, x1x2x3}. This set coincides
with A upto a permutation of xi (x0 ↔ x5, x2 ↔ x4) and using (ω2f1)−1 and ηf2 · f 21 as
generators of GA.
Hence B = A is the only possibility for this group GA (upto a permutation of xi).
QED
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3 Arbitrary abelian automorphism groups.
We will use a classification of finite abelian subgroups of PGL(6) = Aut(P5). Let n ≥ 2 be
an integer. The notion of an Ad-subgroup of GL(n) is defined in [8].
Definition 1. ([8]) A subgroup of semisimple matrices K ⊂ GL(n) is an Ad-subgroup,
if
(i) the commutator of K lies in the center of GL(n): (K,K) ⊂ C∗ · Id ⊂ GL(n),
(ii) K is maximal with this property.
Every finite abelian subgroup G ⊂ PGL(n) is contained in the image of an Ad-subgroup
of GL(n) under the projection GL(n)→ PGL(n). Indeed, the preimage of G will consist of
semisimple elements of GL(n) and will satisfy condition (i) of Definition 1.
Ad-subgroups of GL(n) are classified in [8]. Let us recall this classification. We will
modify the notation slightly to make it more convenient for us. See also [7] and [6].
Definition 2. ([8], section 2.7)7 The Pauli subgroup Pn ⊂ PGL(n) is the subgroup of
PGL(n) generated by the following two n× n matrices:
Pn =

0 1 0 . . . 0
0 0 1 . . . 0
. . . . . .
0 0 0 . . . 1
1 0 0 . . . 0
 and Wn =

1 0 0 . . . 0
0 ωn 0 . . . 0
0 0 ω2n . . . 0
...
...
...
. . .
...
0 0 0 . . . ωn−1n
 ,
where ωn =
n
√
1.
Note that Pn ∼= Z/nZ⊕ Z/nZ with generators Pn and Wn ([6], section 5).
Denote by Dn ⊂ PGL(n) the subgroup generated by diagonal n × n matrices. We also
set P1 = D1 = Id.
The classification we need is given by the following theorem of Havl´ıcek, Patera, Pelan-
tova ([7], [8]).
Theorem 2. (Havl´ıcek-Patera-Pelantova, [8], Theorem 3.2)8 Any Ad-subgroup of
GL(n) is conjugate to the preimage under the projection GL(n)→ PGL(n) of a subgroup
Dk0 ⊗ Pk1 ⊗ · · · ⊗ Pks ⊂ PGL(n),
7In [8] the authors define Pauli groups to be subgroups of GL(n). The Pauli subgroup as we define it
here is the image of the Pauli subgroup defined in [8] under the projection GL(n)→ PGL(n).
8Theorem 3.2 of [8] is more precise than what we state here.
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where n = k0 · k1 · · · · · ks.
It implies immediately a classification of finite abelian subgroups of PGL(n).
Corollary 2. Every finite abelian subgroup of PGL(n) is (upto a conjugation) contained
in a subgroup
Dk0 ⊗ Pk1 ⊗ · · · ⊗ Pks ⊂ PGL(n)
for some decomposition n = k0 · k1 · · · · · ks.
In the case n = 6 we obtain the following possibilities for a finite abelian subgroup
G ⊂ PGL(6) = Aut(P5) (upto a conjugation):
(1) G ⊂ D6,
(2) G ⊂ D3 ⊗ P2,
(3) G ⊂ D2 ⊗ P3,
(4) G ⊂ P6.
The first possibility was considered in Theorem 1. Let us consider the remaining three.
3.1 Case of G ⊂ D3 ⊗ P2.
In this case
P2 = {σ0 =
(
1 0
0 1
)
, σ1 =
(
0 1
1 0
)
, σ2 =
(
1 0
0 −1
)
, σ3 =
(
0 −1
1 0
)
} ⊂ PGL(2).
We will also denote by σi its natural preimage in GL(2).
Recall that P2 ∼= Z/2Z⊕ Z/2Z ([6]).
Let us denote by x0, x1, x2 the coordinates corresponding to the factor D3 and by y1, y2
the coordinates corresponding to the factor P2 of the product D3⊗P2 ⊂ PGL(6) = Aut(P5).
Then we can take
z0 = x0y1, z1 = x1y1, z2 = x2y1, z3 = x0y2, z4 = x1y2, z5 = x2y2
as the homogeneous coordinates on P5.
Let pi : G ⊂ D3 ⊗ P2 → P2 be the projection onto the second factor9.
9Notice that the homomorphism GL(3)×GL(2)→ PGL(6), (A,B) 7→ A⊗B factors through the embed-
ding PGL(3)× PGL(2) ⊂ PGL(6).
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Lemma 3. If pi is not surjective, then G is conjugate to a subgroup of D6 ⊂ PGL(6).
Proof: It is enough to show that pi(G) ⊂ P2 ⊂ PGL(2) is conjugate to a subgroup of
D2 ⊂ PGL(2).
Since σ1 · σ2 = σ3 and pi(G) = Id or pi(G) ∼= Z/2Z by the assumption, pi(G) contains at
most one of the elements σ1, σ2, σ3 ∈ P2.
This means that pi(G) is generated by a single semisimple matrix σi for some i ∈
{0, 1, 2, 3}. Hence pi(G) is indeed conjugate to a subgroup of D2 ⊂ PGL(2). QED
Lemma 4. pi is never surjective in the case of G ⊂ D3 ⊗ P2.
Proof:
Let X ⊂ P5 be a smooth cubic fourfold given by a cubic form F = F (z0, z1, z2, z3, z4, z5).
Let us assume that pi(G) = P2. This implies that G contains elements f1 = (1, ωc1 , ωc2)×
σ1 and f2 = (1, ω
d1 , ωd2)× σ2, where ω = d
√
1, ci, di ∈ Z/dZ for some d ≥ 2.
Suppose that F contains a monomial z30 = (x0y1)
3 or z20z3 = (x0y1)
2(x0y2).
Since f1(F ) ∈ C∗ ·F we conclude that F should also contain a monomial z33 = (x0y2)3 or
z23z0 = (x0y2)
2(x0y1) respectively. In other words, we can write
F = a1(x0y1)
3 + a2(x0y2)
3 + F ′ or
F = a1(x0y1)
2(x0y2) + a2(x0y2)
2(x0y1) + F
′
for some a1, a2 ∈ C∗ and for some cubic form F ′ which does not contain the singled out
monomials.
Since f2(F ) = λF for some λ ∈ C∗ we conclude that in particular
f2(a1(x0y1)
3 + a2(x0y2)
3) = λ(a1(x0y1)
3 + a2(x0y2)
3), or
f2(a1(x0y1)
2(x0y2) + a2(x0y2)
2(x0y1)) = λ(a1(x0y1)
2(x0y2) + a2(x0y2)
2(x0y1))
respectively.
Since σ2(y1) = y1 and σ2(y2) = −y2 by the definition, one arrives at a contradiction.
Since X ⊂ P5 is smooth, Lemma 1 from the beginning of this note (Lemma 1.3 in [5])
implies that (upto a permutation of xi) F should contain either a monomial (x0y1)
2(x1y1)
or a monomial (x0y1)
2(x1y2). This allows us to decompose F in the same way as above as
follows:
F = a1(x0y1)
2(x1y1) + a2(x0y2)
2(x1y2) + F
′ or
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F = a1(x0y1)
2(x1y2) + a2(x0y2)
2(x1y1) + F
′
for some a1, a2 ∈ C∗ and for some cubic form F ′ which does not contain the singled out
monomials.
Then again we should have that either
f2(a1(x0y1)
2(x1y1) + a2(x0y2)
2(x1y2)) = λ(a1(x0y1)
2(x1y1) + a2(x0y2)
2(x1y2)), or
f2(a1(x0y1)
2(x1y2) + a2(x0y2)
2(x1y1)) = λ(a1(x0y1)
2(x1y2) + a2(x0y2)
2(x1y1))
respectively for some λ ∈ C∗.
Since
f2((x0y1)
2(x1y1)) = ω
d1 · (x0y1)2(x1y1), f2((x0y2)2(x1y2)) = −ωd1 · (x0y2)2(x1y2),
f2((x0y1)
2(x1y2)) = −ωd1 · (x0y1)2(x1y2), f2((x0y2)2(x1y1)) = ωd1 · (x0y2)2(x1y1),
we arrive at a contradiction again. QED
Hence the second possibility (the case of G ⊂ D3 ⊗ P2) does not give us new automor-
phism groups.
3.2 Case of G ⊂ D2 ⊗ P3.
In this case P3 = {P i3 ·W j3 | i, j = 0, 1, 2} ⊂ PGL(3), where
P3 =
0 1 00 0 1
1 0 0
 , W3 =
1 0 00 ω3 0
0 0 ω23

and ω3 =
3
√
1.
Recall that P3 ∼= Z/3Z⊕ Z/3Z ([6]).
Let us denote by x0, x1 the coordinates corresponding to the factor D2 and by y1, y2, y3
the coordinates corresponding to the factor P3 of the product D2⊗P3 ⊂ PGL(6) = Aut(P5).
Then we can take
z0 = x0y1, z1 = x1y1, z2 = x0y2, z3 = x1y2, z4 = x0y3, z5 = x1y3
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as the homogeneous coordinates on P5.
Let pi : G ⊂ D2 ⊗ P3 → P3 be the projection onto the second factor. Let G0 = ker(pi).
Lemma 5. If pi is not surjective, then G is conjugate to a subgroup of D6 ⊂ PGL(6).
Proof: Without loss of generality we may assume that pi(G) ⊂ P3 ⊂ PGL(3) is gener-
ated by P i3W
j
3 for some i, j. Hence pi(G) lifts to a subgroup of GL(3) generated by a single
semisimple matrix. Hence it is conjugate to a subgroup of D3 ⊂ PGL(3). QED
Hence we can restrict our attention to the situations, where pi is surjective.
Let X ⊂ P5 be a smooth cubic fourfold given by a cubic form F = F (z0, z1, z2, z3, z4, z5).
Let Fx be the set of cubic monomials xixjxk (in variables x0, x1) such that a monomial
(xiyi′)(xjyj′)(xkyk′) appears in F with a nonzero coefficient for some i
′, j′, k′.
By Lemma 1 ([5], Lemma 1.3) the cubic form F should contain for any i either (x0yi)
2 ·
(x0yj) or (x0yi)
2 · (x1yj) for some j.
We have two cases (upto a permutation of xi):
(A) F contains (x0yi)
2(x0yj) for some i, j,
(B) F does not contain (x0yi)
2(x0yj), (x1yi)
2(x1yj) for any i, j.
In the first case Fx contains x
3
0. In the second case F for any i contains (x0yi)
2(x1yj) and
(x1yi)
2(x0yj′) for some j, j
′. In particular, in the second case Fx contains both x20x1 and x
2
1x0.
3.2.1 Case A. F contains (x0yi)
2(x0yj) for some i, j.
Let F0 = F (z0, 0, z2, 0, z4, 0). In other words, we remove from F all monomials containing
x1. The resulting cubic form F0 is nonzero by the assumption.
Let Fy be the set of cubic monomials yiyjyk (in variables y1, y2, y3) such that a monomial
(xi′yi)(xj′yj)(xk′yk) appears in F0 with a nonzero coefficient for some i
′, j′, k′.
Lemma 6A. Suppose that G acts effectively on X, Fx contains x
3
0 and pi is surjective.
Then Fy contains monomials only from exactly one of the following sets:
• y31, y32, y33, y1y2y3,
• y21y2, y22y3, y23y1,
• y21y3, y23y2, y22y1.
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Proof: Let yi11 y
i2
2 y
i3
3 be a monomial in Fy.
Let f = (1, ωc1) ×W3 ∈ G. Then the condition f(F ) ∈ C∗ · F implies that the residue
class i2 + 2i3 mod 3 is the same for all monomials in Fy.
If this residue class is 0 mod 3, then i2 ≡ i3 mod 3, which means exactly that (i1, i2, i3) ∈
{(3, 0, 0), (0, 3, 0), (0, 0, 3), (1, 1, 1)}.
If this residue class is 1 mod 3, then i2 ≡ 1 + i3 mod 3, which means exactly that
(i1, i2, i3) ∈ {(1, 0, 2), (0, 2, 1), (2, 1, 0)}.
If this residue class is −1 mod 3, then i3 ≡ 1 + i2 mod 3, which means exactly that
(i1, i2, i3) ∈ {(1, 2, 0), (0, 1, 2), (2, 0, 1)}. QED
This Lemma implies that we need to consider three subcases in Case A:
(A1) Fy is contained in the set of monomials y
3
1, y
3
2, y
3
3, y1y2y3,
(A2) Fy consists of monomials y
2
1y2, y
2
2y3, y
2
3y1,
(A3) Fy consists of monomials y
2
1y3, y
2
3y2, y
2
2y1.
Case A1. F contains (x0yi)
2(x0yj) for some i, j, Fy is contained in the set of
monomials y31, y
3
2, y
3
3, y1y2y3. Let us assume that either
F = a1 · (x0y1)3 + a2 · (x0y2)3 + a3 · (x0y3)3+
+ b1 · (x1y1)3 + b2 · (x1y2)3 + b3 · (x1y3)3 + F ′,
or
F = a1 · (x0y1)3 + a2 · (x0y2)3 + a3 · (x0y3)3+
+ b1 · (x1y1)2(x0y1) + b2 · (x1y2)2(x0y2) + b3 · (x1y3)2(x0y3) + F ′,
or
F = a1 · (x0y1)3 + a2 · (x0y2)3 + a3 · (x0y3)3+
+ b1 · (x1y1)2(x0y2) + b2 · (x1y2)2(x0y3) + b3 · (x1y3)2(x0y1) + F ′,
or
F = a1 · (x0y1)3 + a2 · (x0y2)3 + a3 · (x0y3)3+
+ b1 · (x1y1)2(x0y3) + b2 · (x1y2)2(x0y1) + b3 · (x1y3)2(x0y2) + F ′,
where F ′ does not contain the singled out monomials and ai, bi ∈ C∗.
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Let us find G0 = ker(pi). If f0 = (1, ω
c1
0 ) × 1 ∈ G0, then 3c1 = 0 in the first case and
2c1 = 0 in the other three cases.
Hence in the first case G0 ∼= Z/3Z with a generator f0 = (1, ω0)× 1, where ω0 = 3
√
1.
In the other three cases G0 ∼= Z/2Z with a generator f0 = (1, ω0)× 1, where ω0 = 2
√
1.
Let f1 = (1, ω
c1)× P3 and f2 = (1, ωd1)×W3 be elements of G.
Then
f1(F ) = a1 · (x0y2)3 + a2 · (x0y3)3 + a3 · (x0y1)3+
+ ω3c1 · (b1 · (x1y2)3 + b2 · (x1y3)3 + b3 · (x1y1)3) + f1(F ′),
or
f1(F ) = a1 · (x0y2)3 + a2 · (x0y3)3 + a3 · (x0y1)3+
+ ω2c1 · (b1 · (x1y2)2(x0y2) + b2 · (x1y3)2(x0y3) + b3 · (x1y1)2(x0y1)) + f1(F ′),
or
f1(F ) = a1 · (x0y2)3 + a2 · (x0y3)3 + a3 · (x0y1)3+
+ ω2c1 · (b1 · (x1y2)2(x0y3) + b2 · (x1y3)2(x0y1) + b3 · (x1y1)2(x0y2)) + f1(F ′),
or
f1(F ) = a1 · (x0y2)3 + a2 · (x0y3)3 + a3 · (x0y1)3+
+ ω2c1 · (b1 · (x1y2)2(x0y1) + b2 · (x1y3)2(x0y2) + b3 · (x1y1)2(x0y3)) + f1(F ′),
respectively and
f2(F ) = a1 · (x0y1)3 + a2 · (x0y2)3 + a3 · (x0y3)3+
+ ω3d1 · (b1 · (x1y1)3 + b2 · (x1y2)3 + b3 · (x1y3)3) + f2(F ′),
or
f2(F ) = a1 · (x0y1)3 + a2 · (x0y2)3 + a3 · (x0y3)3+
+ ω2d1 · (b1 · (x1y1)2(x0y1) + b2 · (x1y2)2(x0y2) + b3 · (x1y3)2(x0y3)) + f2(F ′),
or
f2(F ) = a1 · (x0y1)3 + a2 · (x0y2)3 + a3 · (x0y3)3+
+ ω2d1 · ω3 · (b1 · (x1y1)2(x0y2) + b2 · (x1y2)2(x0y3) + b3 · (x1y3)2(x0y1)) + f2(F ′),
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or
f2(F ) = a1 · (x0y1)3 + a2 · (x0y2)3 + a3 · (x0y3)3+
+ ω2d1 · ω23 · (b1 · (x1y1)2(x0y3) + b2 · (x1y2)2(x0y1) + b3 · (x1y3)2(x0y2)) + f2(F ′),
respectively.
Since f1(F ) ∈ C∗ · F , this implies that
• a3 = λa1, a2 = (λ)2a1, b3 = λ · ω−3c1 · b1, b2 = (λ)2 · ω−6c1 · b1, ω9c1 = 1 for some λ ∈ C
such that λ3 = 1 in the first case, and
• a3 = λa1, a2 = (λ)2a1, b3 = λ · ω−2c1 · b1, b2 = (λ)2 · ω−4c1 · b1, ω6c1 = 1 for some λ ∈ C
such that λ3 = 1 in the other three cases.
Since f2(F ) ∈ C∗ · F , this implies that f2(F ) = F and so
• ω3d1 = 1,
• ω2d1 = 1,
• ω2d1 = ω23,
• ω2d1 = ω3,
respectively in our four cases.
Since we are interested in f1, f2 ∈ G only modulo G0 we can take
• f1 = (1, ωi)× P3, f2 = (1, 1)×W3 with some i ∈ {0, 1, 2} and ω = 9
√
1,
• f1 = (1, ωi)× P3, f2 = (1, 1)×W3 with some i ∈ {0, 1, 2} and ω = 6
√
1,
• f1 = (1, ωi)×P3, f2 = (1, ωj)×W3 with some i, j ∈ {0, 1, 2}, j ≡ 2 mod 3 and ω = 6
√
1,
• f1 = (1, ωi)×P3, f2 = (1, ωj)×W3 with some i, j ∈ {0, 1, 2}, j ≡ 1 mod 3 and ω = 6
√
1
respectively in our four cases.
Note that in the fourth case f 32 = f0. If i = 1, then f
3
1 = f0 in all four cases. If i = 2,
then f 61 = f0 in the first case.
We conclude that if i = 0, then
• G ∼= (Z/3Z)⊕3 with generators f0 = (1, ω0) × 1, f1 = (1, 1) × P3, f2 = (1, 1) ×W3,
where ω0 =
3
√
1, ω = 9
√
1,
• G ∼= Z/2Z⊕(Z/3Z)⊕2 with generators f0 = (1, ω0)×1, f1 = (1, 1)×P3, f2 = (1, 1)×W3,
where ω0 =
2
√
1, ω = 6
√
1,
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• G ∼= Z/2Z ⊕ (Z/3Z)⊕2 with generators f0 = (1, ω0) × 1, f1 = (1, 1) × P3, f2 =
(1, ω2)×W3, where ω0 = 2
√
1, ω = 6
√
1,
• G ∼= Z/3Z ⊕ Z/6Z with generators f1 = (1, 1) × P3, f2 = (1, ω) ×W3, where ω0 =
2
√
1, ω = 6
√
1
respectively in our four cases.
If i = 1, then
• G ∼= Z/9Z⊕ Z/3Z with generators f1 = (1, ω)× P3, f2 = (1, 1)×W3, where ω = 9
√
1,
• G ∼= Z/6Z⊕ Z/3Z with generators f1 = (1, ω)× P3, f2 = (1, 1)×W3, where ω = 6
√
1,
• G ∼= Z/6Z⊕Z/3Z with generators f1 = (1, ω)×P3, f2 = (1, ω2)×W3, where ω = 6
√
1,
• G ∼= Z/6Z ⊕ Z/3Z with generators f1 = (1, ω) × P3, f2f1 = (1, ω2) ×W3P3, where
ω = 6
√
1
respectively in our four cases.
If i = 2, then
• G ∼= Z/9Z ⊕ Z/3Z with generators f1 = (1, ω2) × P3, f2 = (1, 1) ×W3, where ω0 =
3
√
1, ω = 9
√
1,
• G ∼= Z/2Z ⊕ (Z/3Z)⊕2 with generators f0 = (1, ω0) × 1, f1 = (1, ω2) × P3, f2 =
(1, 1)×W3, where ω0 = 2
√
1, ω = 6
√
1,
• G ∼= Z/2Z ⊕ (Z/3Z)⊕2 with generators f0 = (1, ω0) × 1, f1 = (1, ω2) × P3, f2 =
(1, ω2)×W3, where ω0 = 2
√
1, ω = 6
√
1,
• G ∼= Z/6Z ⊕ Z/3Z with generators f1 = (1, ω2) × P3, f2 = (1, ω) ×W3, where ω0 =
2
√
1, ω = 6
√
1
respectively in our four cases.
In order to describe all smooth cubic fourfolds which admit these group actions, we need
to determine which cubic forms F ′ can appear.
Since Fx contains the monomial x
3
0 by our assumption, the invariance under f0 requires
that Fx contains only monomials x
3
0, x
3
1 in the first case and only monomials x
3
0, x
2
1x0 in the
other three cases.
The invariance under f2 requires that in the first two cases only monomials y
3
1, y
3
2, y
3
3,
y1y2y3 appear in F .
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Let F ′0 = F
′
0(z0, z1, z2, z3, z4, z5) be a cubic form which is obtained from F
′ by removing
all cubic monomials in z0, z2, z4.
Let us denote by F ′y the set of cubic monomials yiyjyk (in variables y1, y2, y3) such that
a monomial (xi′yi)(xj′yj)(xk′yk) appears in F
′
0 with a nonzero coefficient for some i
′, j′, k′.
The invariance under f2 requires that y
i1
1 y
i2
2 y
i3
3 is contained in F
′
y only if i2 ≡ 1+ i3 mod 3
(in the third case) or i3 ≡ 1 + i2 mod 3 (in the fourth case).
Hence F ′ may contain only monomials
• (x0y1)(x0y2)(x0y3), (x1y1)(x1y2)(x1y3) in the first case,
• (x0y1)(x0y2)(x0y3), (x1y1)(x1y2)(x0y3), (x1y1)(x0y2)(x1y3), (x0y1)(x1y2)(x1y3) in the
second case,
• (x0y1)(x0y2)(x0y3), (x1y1)(x1y2)(x0y1), (x1y2)(x1y3)(x0y2), (x1y3)(x1y1)(x0y3) in the
third case,
• (x0y1)(x0y2)(x0y3), (x1y1)(x1y3)(x0y1), (x1y2)(x1y1)(x0y2), (x1y3)(x1y2)(x0y3) in the
fourth case.
We conclude that either
F = a1 · (x0y1)3 + a2 · (x0y2)3 + a3 · (x0y3)3+
+ b1 · (x1y1)3 + b2 · (x1y2)3 + b3 · (x1y3)3+
+ c0 · (x0y1)(x0y2)(x0y3) + c1 · (x1y1)(x1y2)(x1y3),
or
F = a1 · (x0y1)3 + a2 · (x0y2)3 + a3 · (x0y3)3+
+ b1 · (x1y1)2(x0y1) + b2 · (x1y2)2(x0y2) + b3 · (x1y3)2(x0y3)+
+ c0 · (x0y1)(x0y2)(x0y3)+
+ c1 · (x1y1)(x1y2)(x0y3) + c2 · (x1y1)(x0y2)(x1y3) + c3 · (x0y1)(x1y2)(x1y3),
or
F = a1 · (x0y1)3 + a2 · (x0y2)3 + a3 · (x0y3)3+
+ b1 · (x1y1)2(x0y2) + b2 · (x1y2)2(x0y3) + b3 · (x1y3)2(x0y1)+
+ c0 · (x0y1)(x0y2)(x0y3)+
+ c1 · (x1y1)(x1y2)(x0y1) + c2 · (x1y2)(x1y3)(x0y2) + c3 · (x1y3)(x1y1)(x0y3),
or
F = a1 · (x0y1)3 + a2 · (x0y2)3 + a3 · (x0y3)3+
+ b1 · (x1y1)2(x0y3) + b2 · (x1y2)2(x0y1) + b3 · (x1y3)2(x0y2)+
+ c0 · (x0y1)(x0y2)(x0y3)+
+ c1 · (x1y1)(x1y3)(x0y1) + c2 · (x1y2)(x1y1)(x0y2) + c3 · (x1y3)(x1y2)(x0y3),
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respectively in our four cases, where ai, bi ∈ C∗, (a3/a1)3 = 1, a2 = a23/a1 and
• b3 = ω−3i · a3b1/a1, b2 = ω3i · a1b1/a3 in the first case,
• b3 = ω−2i · a3b1/a1, b2 = ω2i · a1b1/a3, c3 = ω2i · a1c1/a3, c2 = ω−2i · a3c1/a1 in the
second case,
• b3 = ω−2i · a3b1/a1, b2 = ω2i · a1b1/a3, c2 = ω2i · a1c1/a3, c3 = ω−2i · a3c1/a1 in the third
and the fourth cases.
Moreover, in any of the cases if c0 6= 0, then a1 = a3. Also, in the first case a3 = ω3i · a1
whenever c1 6= 0.
It is immediate that cubic fourfolds given by the generic equations above are smooth (for
all four cases).
The remaining possibilities in Case A1 are the following two:
F = a1 · (x0y1)3 + a2 · (x0y2)3 + a3 · (x0y3)3+
+ b1 · (x1y1)2(x1y2) + b2 · (x1y2)2(x1y3) + b3 · (x1y3)2(x1y1) + F ′,
or
F = a1 · (x0y1)3 + a2 · (x0y2)3 + a3 · (x0y3)3+
+ b1 · (x1y1)2(x1y3) + b2 · (x1y2)2(x1y1) + b3 · (x1y3)2(x1y2) + F ′,
where F ′ does not contain the singled out monomials and ai, bi ∈ C∗.
Let us find G0 = ker(pi). If f0 = (1, ω
c1
0 ) × 1 ∈ G0, then 3c1 = 0. This means that
G0 ∼= Z/3Z with a generator f0 = (1, ω0)× 1, where ω0 = 3
√
1.
Let f1 = (1, ω
c1)× P3 and f2 = (1, ωd1)×W3 be elements of G.
Then
f1(F ) = a1 · (x0y2)3 + a2 · (x0y3)3 + a3 · (x0y1)3+
+ ω3c1 · (b1 · (x1y2)2(x1y3) + b2 · (x1y3)2(x1y1) + b3 · (x1y1)2(x1y2)) + f1(F ′),
or
f1(F ) = a1 · (x0y2)3 + a2 · (x0y3)3 + a3 · (x0y1)3+
+ ω3c1 · (b1 · (x1y2)2(x1y1) + b2 · (x1y3)2(x1y2) + b3 · (x1y1)2(x1y3)) + f1(F ′)
respectively and
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f2(F ) = a1 · (x0y1)3 + a2 · (x0y2)3 + a3 · (x0y3)3+
+ ω3d1 · ω3 · (b1 · (x1y1)2(x1y2) + b2 · (x1y2)2(x1y3) + b3 · (x1y3)2(x1y1)) + f2(F ′),
or
f2(F ) = a1 · (x0y1)3 + a2 · (x0y2)3 + a3 · (x0y3)3+
+ ω3d1 · ω23 · (b1 · (x1y1)2(x1y3) + b2 · (x1y2)2(x1y1) + b3 · (x1y3)2(x1y2)) + f2(F ′)
respectively.
Since f1(F ) ∈ C∗·F , this implies that in both cases a3 = λa1, a2 = (λ)2a1, b3 = λ·ω−3c1 ·b1,
b2 = (λ)
2 · ω−6c1 · b1, ω9c1 = 1 for some λ ∈ C such that λ3 = 1.
Since f2(F ) ∈ C∗ · F , this implies that f2(F ) = F and so
• ω3d1 = ω23,
• ω3d1 = ω3
respectively in our two cases.
Since we are interested in f1, f2 ∈ G only modulo G0 we can take
• f1 = (1, ωi)×P3, f2 = (1, ωj)×W3 with some i, j ∈ {0, 1, 2}, j ≡ 2 mod 3 and ω = 9
√
1,
• f1 = (1, ωi)×P3, f2 = (1, ωj)×W3 with some i, j ∈ {0, 1, 2}, j ≡ 1 mod 3 and ω = 9
√
1
respectively in our two cases.
Note that in the first case f 62 = f0 and in the second case f
3
2 = f0.
We conclude that if i = 0, then
• G ∼= Z/3Z⊕Z/9Z with generators f1 = (1, 1)× P3, f2 = (1, ω2)×W3, where ω = 9
√
1,
• G ∼= Z/3Z⊕ Z/9Z with generators f1 = (1, 1)× P3, f2 = (1, ω)×W3, where ω = 9
√
1
respectively in our two cases.
If i = 1, then
• G ∼= Z/3Z ⊕ Z/9Z with generators f1 = (1, ω) × P3, f1f2 = (1, ω3) × P3W3, where
ω = 9
√
1,
• G ∼= Z/3Z⊕Z/9Z with generators f1 = (1, ω)×P3, f 21 f2 = (1, ω3)× (P3)2(W3), where
ω = 9
√
1
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respectively in our two cases.
If i = 2, then
• G ∼= Z/3Z⊕Z/9Z with generators f1 = (1, ω2)×P3, f 21 f2 = (1, ω6)× (P3)2(W3), where
ω = 9
√
1,
• G ∼= Z/3Z ⊕ Z/9Z with generators f1 = (1, ω2) × P3, f1f2 = (1, ω3) × P3W3, where
ω = 9
√
1
respectively in our two cases.
In order to describe all smooth cubic fourfolds which admit these group actions, we need
to determine which cubic forms F ′ can appear.
Since Fx contains the monomial x
3
0 by our assumption, the invariance under f0 requires
that Fx contains only monomials x
3
0, x
3
1.
Let F ′0 = F
′
0(z0, z1, z2, z3, z4, z5) be a cubic form which is obtained from F
′ by removing
all cubic monomials in z0, z2, z4.
Let us denote by F ′y the set of cubic monomials yiyjyk (in variables y1, y2, y3) such that
a monomial (xi′yi)(xj′yj)(xk′yk) appears in F
′
0 with a nonzero coefficient for some i
′, j′, k′.
The invariance under f2 requires that y
i1
1 y
i2
2 y
i3
3 is contained in F
′
y only if i2 ≡ 1+ i3 mod 3
(in the first case) or i3 ≡ 1 + i2 mod 3 (in the second case).
Hence F ′ may contain only the monomial (x0y1)(x0y2)(x0y3).
We conclude that either
F = a1 · (x0y1)3 + a2 · (x0y2)3 + a3 · (x0y3)3+
+ b1 · (x1y1)2(x1y2) + b2 · (x1y2)2(x1y3) + b3 · (x1y3)2(x1y1)+
+ c0 · (x0y1)(x0y2)(x0y3),
or
F = a1 · (x0y1)3 + a2 · (x0y2)3 + a3 · (x0y3)3+
+ b1 · (x1y1)2(x1y3) + b2 · (x1y2)2(x1y1) + b3 · (x1y3)2(x1y2)+
+ c0 · (x0y1)(x0y2)(x0y3)
respectively in our two cases, where ai, bi ∈ C∗, (a3/a1)3 = 1, a2 = a23/a1, b3 =
ω−3i · a3b1/a1, b2 = ω3i · a1b1/a3.
Moreover, in any of the cases if c0 6= 0, then a1 = a3.
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It is immediate that cubic fourfolds given by the generic equations above are smooth (for
both cases).
Case A2. F contains (x0yi)
2(x0yj) for some i, j, Fy consists of monomials y
2
1y2, y
2
2y3,
y23y1. Our assumptions imply that either
F = a1 · (x0y1)2(x0y2) + a2 · (x0y2)2(x0y3) + a3 · (x0y3)2(x0y1)+
+ b1 · (x1y1)2(x1y2) + b2 · (x1y2)2(x1y3) + b3 · (x1y3)2(x1y1) + F ′,
or
F = a1 · (x0y1)2(x0y2) + a2 · (x0y2)2(x0y3) + a3 · (x0y3)2(x0y1)+
+ b1 · (x1y1)2(x1y3) + b2 · (x1y2)2(x1y1) + b3 · (x1y3)2(x1y2) + F ′,
or
F = a1 · (x0y1)2(x0y2) + a2 · (x0y2)2(x0y3) + a3 · (x0y3)2(x0y1)+
+ b1 · (x1y1)2(x0y1) + b2 · (x1y2)2(x0y2) + b3 · (x1y3)2(x0y3) + F ′,
or
F = a1 · (x0y1)2(x0y2) + a2 · (x0y2)2(x0y3) + a3 · (x0y3)2(x0y1)+
+ b1 · (x1y1)2(x0y2) + b2 · (x1y2)2(x0y3) + b3 · (x1y3)2(x0y1) + F ′,
or
F = a1 · (x0y1)2(x0y2) + a2 · (x0y2)2(x0y3) + a3 · (x0y3)2(x0y1)+
+ b1 · (x1y1)2(x0y3) + b2 · (x1y2)2(x0y1) + b3 · (x1y3)2(x0y2) + F ′,
where F ′ does not contain the singled out monomials and ai, bi ∈ C∗.
Let us find G0 = ker(pi). If f0 = (1, ω
c1
0 ) × 1 ∈ G0, then 3c1 = 0 in the first and the
second cases and 2c1 = 0 in the other three cases.
Hence in the first and the second cases G0 ∼= Z/3Z with a generator f0 = (1, ω0) × 1,
where ω0 =
3
√
1.
In the other three cases G0 ∼= Z/2Z with a generator f0 = (1, ω0)× 1, where ω0 = 2
√
1.
Let f1 = (1, ω
c1)× P3 and f2 = (1, ωd1)×W3 be elements of G.
Then
f1(F ) = a1 · (x0y2)2(x0y3) + a2 · (x0y3)2(x0y1) + a3 · (x0y1)2(x0y2)+
+ ω3c1 · (b1 · (x1y2)2(x1y3) + b2 · (x1y3)2(x1y1) + b3 · (x1y1)2(x1y2)) + f1(F ′),
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or
f1(F ) = a1 · (x0y2)2(x0y3) + a2 · (x0y3)2(x0y1) + a3 · (x0y1)2(x0y2)+
+ ω3c1 · (b1 · (x1y2)2(x1y1) + b2 · (x1y3)2(x1y2) + b3 · (x1y1)2(x1y3)) + f1(F ′),
or
f1(F ) = a1 · (x0y2)2(x0y3) + a2 · (x0y3)2(x0y1) + a3 · (x0y1)2(x0y2)+
+ ω2c1 · (b1 · (x1y2)2(x0y2) + b2 · (x1y3)2(x0y3) + b3 · (x1y1)2(x0y1)) + f1(F ′),
or
f1(F ) = a1 · (x0y2)2(x0y3) + a2 · (x0y3)2(x0y1) + a3 · (x0y1)2(x0y2)+
+ ω2c1 · (b1 · (x1y2)2(x0y3) + b2 · (x1y3)2(x0y1) + b3 · (x1y1)2(x0y2)) + f1(F ′),
or
f1(F ) = a1 · (x0y2)2(x0y3) + a2 · (x0y3)2(x0y1) + a3 · (x0y1)2(x0y2)+
+ ω2c1 · (b1 · (x1y2)2(x0y1) + b2 · (x1y3)2(x0y2) + b3 · (x1y1)2(x0y3)) + f1(F ′)
respectively and
f2(F ) = ω3 · (a1 · (x0y1)2(x0y2) + a2 · (x0y2)2(x0y3) + a3 · (x0y3)2(x0y1))+
+ ω3 · ω3d1 · (b1 · (x1y1)2(x1y2) + b2 · (x1y2)2(x1y3) + b3 · (x1y3)2(x1y1)) + f2(F ′),
or
f2(F ) = ω3 · (a1 · (x0y1)2(x0y2) + a2 · (x0y2)2(x0y3) + a3 · (x0y3)2(x0y1))+
+ ω23 · ω3d1 · (b1 · (x1y1)2(x1y3) + b2 · (x1y2)2(x1y1) + b3 · (x1y3)2(x1y2)) + f2(F ′),
or
f2(F ) = ω3 · (a1 · (x0y1)2(x0y2) + a2 · (x0y2)2(x0y3) + a3 · (x0y3)2(x0y1))+
+ ω2d1 · (b1 · (x1y1)2(x0y1) + b2 · (x1y2)2(x0y2) + b3 · (x1y3)2(x0y3)) + f2(F ′),
or
f2(F ) = ω3 · (a1 · (x0y1)2(x0y2) + a2 · (x0y2)2(x0y3) + a3 · (x0y3)2(x0y1))+
+ ω3 · ω2d1 · (b1 · (x1y1)2(x0y2) + b2 · (x1y2)2(x0y3) + b3 · (x1y3)2(x0y1)) + f2(F ′),
or
f2(F ) = ω3 · (a1 · (x0y1)2(x0y2) + a2 · (x0y2)2(x0y3) + a3 · (x0y3)2(x0y1))+
+ ω23 · ω2d1 · (b1 · (x1y1)2(x0y3) + b2 · (x1y2)2(x0y1) + b3 · (x1y3)2(x0y2)) + f2(F ′)
respectively.
Since f1(F ) ∈ C∗ · F , this implies that a3 = λa1, a2 = (λ)2a1 and
190
• b3 = λ · ω−3c1 · b1, b2 = (λ)2 · ω−6c1 · b1, ω9c1 = 1 in the first and the second cases,
• b3 = λ · ω−2c1 · b1, b2 = (λ)2 · ω−4c1 · b1, ω6c1 = 1 in the other three cases
for some λ ∈ C such that λ3 = 1.
Since f2(F ) ∈ C∗ · F , this implies that f2(F ) = ω3 · F and so
• ω3d1 = 1,
• ω3d1 = ω23,
• ω2d1 = ω3,
• ω2d1 = 1,
• ω2d1 = ω23
respectively in our five cases.
Since we are interested in f1, f2 ∈ G only modulo G0 we can take
• f1 = (1, ωi)× P3, f2 = (1, 1)×W3 with some i ∈ {0, 1, 2} and ω = 9
√
1,
• f1 = (1, ωi)×P3, f2 = (1, ωj)×W3 with some i, j ∈ {0, 1, 2}, j ≡ 2 mod 3 and ω = 9
√
1,
• f1 = (1, ωi)×P3, f2 = (1, ωj)×W3 with some i, j ∈ {0, 1, 2}, j ≡ 1 mod 3 and ω = 6
√
1,
• f1 = (1, ωi)× P3, f2 = (1, 1)×W3 with some i ∈ {0, 1, 2} and ω = 6
√
1,
• f1 = (1, ωi)×P3, f2 = (1, ωj)×W3 with some i, j ∈ {0, 1, 2}, j ≡ 2 mod 3 and ω = 6
√
1
respectively in our five cases.
Note that in the second case f 62 = f0, in the third case f
3
2 = f0. If i = 1, then in all cases
f 31 = f0. If i = 2, then in the first and the second cases f
6
1 = f0.
We conclude that if i = 0, then
• G ∼= (Z/3Z)⊕3 with generators f0 = (1, ω0) × 1, f1 = (1, 1) × P3, f2 = (1, 1) ×W3,
where ω0 =
3
√
1, ω = 9
√
1,
• G ∼= Z/9Z ⊕ Z/3Z with generators f1 = (1, 1) × P3, f2 = (1, ω2) ×W3, where ω0 =
3
√
1, ω = 9
√
1,
• G ∼= Z/6Z ⊕ Z/3Z with generators f1 = (1, 1) × P3, f2 = (1, ω) ×W3, where ω0 =
2
√
1, ω = 6
√
1,
• G ∼= Z/2Z⊕(Z/3Z)⊕2 with generators f0 = (1, ω0)×1, f1 = (1, 1)×P3, f2 = (1, 1)×W3,
where ω0 =
2
√
1, ω = 6
√
1,
191
• G ∼= Z/2Z ⊕ (Z/3Z)⊕2 with generators f0 = (1, ω0) × 1, f1 = (1, 1) × P3, f2 =
(1, ω2)×W3, where ω0 = 2
√
1, ω = 6
√
1
respectively in our five cases.
If i = 1, then
• G ∼= Z/9Z⊕ Z/3Z with generators f1 = (1, ω)× P3, f2 = (1, 1)×W3, where ω = 9
√
1,
• G ∼= Z/9Z ⊕ Z/3Z with generators f1 = (1, ω) × P3, f1f2 = (1, ω3) × P3W3, where
ω = 9
√
1,
• G ∼= Z/6Z ⊕ Z/3Z with generators f1 = (1, ω) × P3, f1f2 = (1, ω2) × P3W3, where
ω = 6
√
1,
• G ∼= Z/6Z⊕ Z/3Z with generators f1 = (1, ω)× P3, f2 = (1, 1)×W3, where ω = 6
√
1,
• G ∼= Z/6Z⊕ Z/3Z with generators f1 = (1, ω)× P3, f2 = (1, ω2)×W3, where ω = 6
√
1
respectively in our five cases.
If i = 2, then
• G ∼= Z/9Z ⊕ Z/3Z with generators f1 = (1, ω2) × P3, f2 = (1, 1) ×W3, where ω0 =
3
√
1, ω = 9
√
1,
• G ∼= Z/9Z⊕ Z/3Z with generators f1 = (1, ω2)× P3, f−11 f2 = (1, 1)× (P3)2W3, where
ω0 =
3
√
1, ω = 9
√
1,
• G ∼= Z/6Z ⊕ Z/3Z with generators f1 = (1, ω2) × P3, f2 = (1, ω) ×W3, where ω0 =
2
√
1, ω = 6
√
1,
• G ∼= Z/2Z ⊕ (Z/3Z)⊕2 with generators f0 = (1, ω0) × 1, f1 = (1, ω2) × P3, f2 =
(1, 1)×W3, where ω0 = 2
√
1, ω = 6
√
1,
• G ∼= Z/2Z ⊕ (Z/3Z)⊕2 with generators f0 = (1, ω0) × 1, f1 = (1, ω2) × P3, f2 =
(1, ω2)×W3, where ω0 = 2
√
1, ω = 6
√
1
respectively in our five cases.
In order to describe all smooth cubic fourfolds which admit these group actions, we need
to determine which cubic forms F ′ can appear.
Since Fx contains the monomial x
3
0 by our assumption, the invariance under f0 requires
that Fx contains only monomials x
3
0, x
3
1 in the first and the second cases and only monomials
x30, x
2
1x0 in the other three cases.
Let F ′0 = F
′
0(z0, z1, z2, z3, z4, z5) be a cubic form which is obtained from F
′ by removing
all cubic monomials in z0, z2, z4.
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Let us denote by F ′y the set of cubic monomials yiyjyk (in variables y1, y2, y3) such that
a monomial (xi′yi)(xj′yj)(xk′yk) appears in F
′
0 with a nonzero coefficient for some i
′, j′, k′.
The invariance under f2 requires that a monomial y
i1
1 y
i2
2 y
i3
3 is contained in F
′
y only if
• i2 ≡ 1 + i3 mod 3 in the first and the fourth cases,
• i3 ≡ 1 + i2 mod 3 in the second and the fifth cases,
• i3 ≡ i2 mod 3 in the third case.
Hence F ′ may contain only monomials
• (x1y1)(x1y2)(x0y3), (x1y1)(x0y2)(x1y3), (x0y1)(x1y2)(x1y3) in the third case,
• (x1y1)(x1y2)(x0y1), (x1y2)(x1y3)(x0y2), (x1y3)(x1y1)(x0y3) in the fourth case,
• (x1y1)(x1y3)(x0y1), (x1y2)(x1y1)(x0y2), (x1y3)(x1y2)(x0y3) in the fifth case.
In the first and the second cases F ′ = 0.
We conclude that either
F = a1 · (x0y1)2(x0y2) + a2 · (x0y2)2(x0y3) + a3 · (x0y3)2(x0y1)+
+ b1 · (x1y1)2(x1y2) + b2 · (x1y2)2(x1y3) + b3 · (x1y3)2(x1y1),
or
F = a1 · (x0y1)2(x0y2) + a2 · (x0y2)2(x0y3) + a3 · (x0y3)2(x0y1)+
+ b1 · (x1y1)2(x1y3) + b2 · (x1y2)2(x1y1) + b3 · (x1y3)2(x1y2),
or
F = a1 · (x0y1)2(x0y2) + a2 · (x0y2)2(x0y3) + a3 · (x0y3)2(x0y1)+
+ b1 · (x1y1)2(x0y1) + b2 · (x1y2)2(x0y2) + b3 · (x1y3)2(x0y3)+
+ c1 · (x1y1)(x1y2)(x0y3) + c2 · (x1y1)(x0y2)(x1y3) + c3 · (x0y1)(x1y2)(x1y3),
or
F = a1 · (x0y1)2(x0y2) + a2 · (x0y2)2(x0y3) + a3 · (x0y3)2(x0y1)+
+ b1 · (x1y1)2(x0y2) + b2 · (x1y2)2(x0y3) + b3 · (x1y3)2(x0y1)+
+ c1 · (x1y1)(x1y2)(x0y1) + c2 · (x1y2)(x1y3)(x0y2) + c3 · (x1y3)(x1y1)(x0y3),
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or
F = a1 · (x0y1)2(x0y2) + a2 · (x0y2)2(x0y3) + a3 · (x0y3)2(x0y1)+
+ b1 · (x1y1)2(x0y3) + b2 · (x1y2)2(x0y1) + b3 · (x1y3)2(x0y2)+
+ c1 · (x1y1)(x1y3)(x0y1) + c2 · (x1y2)(x1y1)(x0y2) + c3 · (x1y3)(x1y2)(x0y3)
respectively in our five cases, where ai, bi ∈ C∗, (a3/a1)3 = 1, a2 = a23/a1 and
• b3 = ω−3i · a3b1/a1, b2 = ω3i · a1b1/a3 in the first and the second cases,
• b3 = ω−2i · a3b1/a1, b2 = ω2i · a1b1/a3, c3 = ω2i · a1c1/a3, c2 = ω−2i · a3c1/a1 in the third
case,
• b3 = ω−2i ·a3b1/a1, b2 = ω2i ·a1b1/a3, c2 = ω2i ·a1c1/a3, c3 = ω−2i ·a3c1/a1 in the fourth
and the fifth cases.
It is immediate in the first and in the second cases that cubic fourfolds given by the
generic equations above are smooth. In order to check smoothness in the other cases let us
take a1 = 1. Then (a3)
3 = 1, a2 = (a3)
2 and
• b3 = ω−2i · a3b1, b2 = ω2i · a23b1, c3 = ω2i · a23c1, c2 = ω−2i · a3c1 in the third case,
• b3 = ω−2i · a3b1, b2 = ω2i · a23b1, c2 = ω2i · a23c1, c3 = ω−2i · a3c1 in the fourth and the
fifth cases.
This means that in the third case
F = z20z2 + a
2
3 · z22z4 + a3 · z24z0+
+ b1 · (z21z0 + ωi3 · a23 · z23z2 + ω−i3 · a3 · z25z4)+
+ c1 · (z1z3z4 + ω−i3 · a3 · z1z2z5 + ωi3 · a23 · z0z3z5),
in the fourth case
F = z20z2 + a
2
3 · z22z4 + a3 · z24z0+
+ b1 · (z21z2 + ωi3 · a23 · z23z4 + ω−i3 · a3 · z25z0)+
+ c1 · (z0z1z3 + ωi3 · a23 · z2z3z5 + ω−i3 · a3 · z1z4z5),
in the fifth case
F = z20z2 + a
2
3 · z22z4 + a3 · z24z0+
+ b1 · (z21z4 + ωi3 · a23 · z23z0 + ω−i3 · a3 · z25z2)+
+ c1 · (z0z1z5 + ωi3 · a23 · z1z2z3 + ω−i3 · a3 · z3z4z5).
194
Let us notice that these three cubic forms are the same upto a permutation of z1, z3, z5
(and rescaling of b1, c1). Hence it is enough to consider only the third case.
By rescaling variables z1, z3, z4 and z5 and parameters b1, c1 we can rewrite the cubic
form from the third case as follows:
F = z20z2 + z
2
2z4 + z
2
4z0+
+ b1 · (z21z0 + z23z2 + z25z4) + c1 · (z1z3z4 + z1z2z5 + (−1)i · z0z3z5),
Now one can check using Macaulay 2 that the corresponding cubic fourfold is smooth, if
one takes b1 = 1, c1 = 2 for both values of (−1)i.
We conclude that cubic fourfolds given by the generic equations above are smooth (in all
five cases).
Case A3. F contains (x0yi)
2(x0yj) for some i, j, Fy consists of monomials y
2
1y3, y
2
3y2,
y22y1. Our assumptions imply that either
F = a1 · (x0y1)2(x0y3) + a2 · (x0y2)2(x0y1) + a3 · (x0y3)2(x0y2)+
+ b1 · (x1y1)2(x1y2) + b2 · (x1y2)2(x1y3) + b3 · (x1y3)2(x1y1) + F ′,
or
F = a1 · (x0y1)2(x0y3) + a2 · (x0y2)2(x0y1) + a3 · (x0y3)2(x0y2)+
+ b1 · (x1y1)2(x1y3) + b2 · (x1y2)2(x1y1) + b3 · (x1y3)2(x1y2) + F ′,
or
F = a1 · (x0y1)2(x0y3) + a2 · (x0y2)2(x0y1) + a3 · (x0y3)2(x0y2)+
+ b1 · (x1y1)2(x0y1) + b2 · (x1y2)2(x0y2) + b3 · (x1y3)2(x0y3) + F ′,
or
F = a1 · (x0y1)2(x0y3) + a2 · (x0y2)2(x0y1) + a3 · (x0y3)2(x0y2)+
+ b1 · (x1y1)2(x0y2) + b2 · (x1y2)2(x0y3) + b3 · (x1y3)2(x0y1) + F ′,
or
F = a1 · (x0y1)2(x0y3) + a2 · (x0y2)2(x0y1) + a3 · (x0y3)2(x0y2)+
+ b1 · (x1y1)2(x0y3) + b2 · (x1y2)2(x0y1) + b3 · (x1y3)2(x0y2) + F ′,
where F ′ does not contain the singled out monomials and ai, bi ∈ C∗.
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Let us find G0 = ker(pi). If f0 = (1, ω
c1
0 ) × 1 ∈ G0, then 3c1 = 0 in the first and the
second cases and 2c1 = 0 in the other three cases.
Hence in the first and the second cases G0 ∼= Z/3Z with a generator f0 = (1, ω0) × 1,
where ω0 =
3
√
1.
In the other three cases G0 ∼= Z/2Z with a generator f0 = (1, ω0)× 1, where ω0 = 2
√
1.
Let f1 = (1, ω
c1)× P3 and f2 = (1, ωd1)×W3 be elements of G.
Then
f1(F ) = a1 · (x0y2)2(x0y1) + a2 · (x0y3)2(x0y2) + a3 · (x0y1)2(x0y3)+
+ ω3c1 · (b1 · (x1y2)2(x1y3) + b2 · (x1y3)2(x1y1) + b3 · (x1y1)2(x1y2)) + f1(F ′),
or
f1(F ) = a1 · (x0y2)2(x0y1) + a2 · (x0y3)2(x0y2) + a3 · (x0y1)2(x0y3)+
+ ω3c1 · (b1 · (x1y2)2(x1y1) + b2 · (x1y3)2(x1y2) + b3 · (x1y1)2(x1y3)) + f1(F ′),
or
f1(F ) = a1 · (x0y2)2(x0y1) + a2 · (x0y3)2(x0y2) + a3 · (x0y1)2(x0y3)+
+ ω2c1 · (b1 · (x1y2)2(x0y2) + b2 · (x1y3)2(x0y3) + b3 · (x1y1)2(x0y1)) + f1(F ′),
or
f1(F ) = a1 · (x0y2)2(x0y1) + a2 · (x0y3)2(x0y2) + a3 · (x0y1)2(x0y3)+
+ ω2c1 · (b1 · (x1y2)2(x0y3) + b2 · (x1y3)2(x0y1) + b3 · (x1y1)2(x0y2)) + f1(F ′),
or
f1(F ) = a1 · (x0y2)2(x0y1) + a2 · (x0y3)2(x0y2) + a3 · (x0y1)2(x0y3)+
+ ω2c1 · (b1 · (x1y2)2(x0y1) + b2 · (x1y3)2(x0y2) + b3 · (x1y1)2(x0y3)) + f1(F ′)
respectively and
f2(F ) = ω
2
3 · (a1 · (x0y1)2(x0y3) + a2 · (x0y2)2(x0y1) + a3 · (x0y3)2(x0y2))+
+ ω3 · ω3d1 · (b1 · (x1y1)2(x1y2) + b2 · (x1y2)2(x1y3) + b3 · (x1y3)2(x1y1)) + f2(F ′),
or
f2(F ) = ω
2
3 · (a1 · (x0y1)2(x0y3) + a2 · (x0y2)2(x0y1) + a3 · (x0y3)2(x0y2))+
+ ω23 · ω3d1 · (b1 · (x1y1)2(x1y3) + b2 · (x1y2)2(x1y1) + b3 · (x1y3)2(x1y2)) + f2(F ′),
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or
f2(F ) = ω
2
3 · (a1 · (x0y1)2(x0y3) + a2 · (x0y2)2(x0y1) + a3 · (x0y3)2(x0y2))+
+ ω2d1 · (b1 · (x1y1)2(x0y1) + b2 · (x1y2)2(x0y2) + b3 · (x1y3)2(x0y3)) + f2(F ′),
or
f2(F ) = ω
2
3 · (a1 · (x0y1)2(x0y3) + a2 · (x0y2)2(x0y1) + a3 · (x0y3)2(x0y2))+
+ ω3 · ω2d1 · (b1 · (x1y1)2(x0y2) + b2 · (x1y2)2(x0y3) + b3 · (x1y3)2(x0y1)) + f2(F ′),
or
f2(F ) = ω
2
3 · (a1 · (x0y1)2(x0y3) + a2 · (x0y2)2(x0y1) + a3 · (x0y3)2(x0y2))+
+ ω23 · ω2d1 · (b1 · (x1y1)2(x0y3) + b2 · (x1y2)2(x0y1) + b3 · (x1y3)2(x0y2)) + f2(F ′)
respectively.
Since f1(F ) ∈ C∗ · F , this implies that a3 = λa1, a2 = (λ)2a1 and
• b3 = λ · ω−3c1 · b1, b2 = (λ)2 · ω−6c1 · b1, ω9c1 = 1 in the first and the second cases,
• b3 = λ · ω−2c1 · b1, b2 = (λ)2 · ω−4c1 · b1, ω6c1 = 1 in the other three cases
for some λ ∈ C such that λ3 = 1.
Since f2(F ) ∈ C∗ · F , this implies that f2(F ) = ω23 · F and so
• ω3d1 = ω3,
• ω3d1 = 1,
• ω2d1 = ω23,
• ω2d1 = ω3,
• ω2d1 = 1
respectively in our five cases.
Since we are interested in f1, f2 ∈ G only modulo G0 we can take
• f1 = (1, ωi)×P3, f2 = (1, ωj)×W3 with some i, j ∈ {0, 1, 2}, j ≡ 1 mod 3 and ω = 9
√
1,
• f1 = (1, ωi)× P3, f2 = (1, 1)×W3 with some i ∈ {0, 1, 2} and ω = 9
√
1,
• f1 = (1, ωi)×P3, f2 = (1, ωj)×W3 with some i, j ∈ {0, 1, 2}, j ≡ 2 mod 3 and ω = 6
√
1,
• f1 = (1, ωi)×P3, f2 = (1, ωj)×W3 with some i, j ∈ {0, 1, 2}, j ≡ 1 mod 3 and ω = 6
√
1,
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• f1 = (1, ωi)× P3, f2 = (1, 1)×W3 with some i ∈ {0, 1, 2} and ω = 6
√
1
respectively in our five cases.
Note that in the first and the fourth cases f 32 = f0. If i = 1, then in all cases f
3
1 = f0. If
i = 2, then in the first and the second cases f 61 = f0.
We conclude that if i = 0, then
• G ∼= Z/9Z ⊕ Z/3Z with generators f1 = (1, 1) × P3, f2 = (1, ω) ×W3, where ω0 =
3
√
1, ω = 9
√
1,
• G ∼= (Z/3Z)⊕3 with generators f0 = (1, ω0) × 1, f1 = (1, 1) × P3, f2 = (1, 1) ×W3,
where ω0 =
3
√
1, ω = 9
√
1,
• G ∼= Z/2Z ⊕ (Z/3Z)⊕2 with generators f0 = (1, ω0) × 1, f1 = (1, 1) × P3, f2 =
(1, ω2)×W3, where ω0 = 2
√
1, ω = 6
√
1,
• G ∼= Z/6Z ⊕ Z/3Z with generators f1 = (1, 1) × P3, f2 = (1, ω) ×W3, where ω0 =
2
√
1, ω = 6
√
1,
• G ∼= Z/2Z⊕(Z/3Z)⊕2 with generators f0 = (1, ω0)×1, f1 = (1, 1)×P3, f2 = (1, 1)×W3,
where ω0 =
2
√
1, ω = 6
√
1
respectively in our five cases.
If i = 1, then
• G ∼= Z/9Z ⊕ Z/3Z with generators f1 = (1, ω) × P3, f 21 f2 = (1, ω3) × (P3)2W3, where
ω = 9
√
1,
• G ∼= Z/9Z⊕ Z/3Z with generators f1 = (1, ω)× P3, f2 = (1, 1)×W3, where ω = 9
√
1,
• G ∼= Z/6Z⊕Z/3Z with generators f1 = (1, ω)×P3, f2 = (1, ω2)×W3, where ω = 6
√
1,
• G ∼= Z/6Z ⊕ Z/3Z with generators f1 = (1, ω) × P3, f1f2 = (1, ω2) × P3W3, where
ω = 6
√
1,
• G ∼= Z/6Z⊕ Z/3Z with generators f1 = (1, ω)× P3, f2 = (1, 1)×W3, where ω = 6
√
1
respectively in our five cases.
If i = 2, then
• G ∼= Z/9Z ⊕ Z/3Z with generators f1 = (1, ω2) × P3, f1f2 = (1, ω3) × P3W3, where
ω0 =
3
√
1, ω = 9
√
1,
• G ∼= Z/9Z ⊕ Z/3Z with generators f1 = (1, ω2) × P3, f2 = (1, 1) ×W3, where ω0 =
3
√
1, ω = 9
√
1,
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• G ∼= Z/2Z ⊕ (Z/3Z)⊕2 with generators f0 = (1, ω0) × 1, f1 = (1, ω2) × P3, f2 =
(1, ω2)×W3, where ω0 = 2
√
1, ω = 6
√
1,
• G ∼= Z/6Z ⊕ Z/3Z with generators f1 = (1, ω2) × P3, f2 = (1, ω) ×W3, where ω0 =
2
√
1, ω = 6
√
1,
• G ∼= Z/2Z ⊕ (Z/3Z)⊕2 with generators f0 = (1, ω0) × 1, f1 = (1, ω2) × P3, f2 =
(1, 1)×W3, where ω0 = 2
√
1, ω = 6
√
1
respectively in our five cases.
In order to describe all smooth cubic fourfolds which admit these group actions, we need
to determine which cubic forms F ′ can appear.
Since Fx contains the monomial x
3
0 by our assumption, the invariance under f0 requires
that Fx contains only monomials x
3
0, x
3
1 in the first and the second cases and only monomials
x30, x
2
1x0 in the other three cases.
Let F ′0 = F
′
0(z0, z1, z2, z3, z4, z5) be a cubic form which is obtained from F
′ by removing
all cubic monomials in z0, z2, z4.
Let us denote by F ′y the set of cubic monomials yiyjyk (in variables y1, y2, y3) such that
a monomial (xi′yi)(xj′yj)(xk′yk) appears in F
′
0 with a nonzero coefficient for some i
′, j′, k′.
The invariance under f2 requires that a monomial y
i1
1 y
i2
2 y
i3
3 is contained in F
′
y only if
j + i2 + 2i3 ≡ 2 mod 3, i.e.
• i2 ≡ 1 + i3 mod 3 in the first and the fourth cases,
• i3 ≡ 1 + i2 mod 3 in the second and the fifth cases (j = 0),
• i3 ≡ i2 mod 3 in the third case.
Hence F ′ may contain only monomials
• (x1y1)(x1y2)(x0y3), (x1y1)(x0y2)(x1y3), (x0y1)(x1y2)(x1y3) in the third case,
• (x1y1)(x1y2)(x0y1), (x1y2)(x1y3)(x0y2), (x1y3)(x1y1)(x0y3) in the fourth case,
• (x1y1)(x1y3)(x0y1), (x1y2)(x1y1)(x0y2), (x1y3)(x1y2)(x0y3) in the fifth case.
In the first and the second cases F ′ = 0.
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We conclude that either
F = a1 · (x0y1)2(x0y3) + a2 · (x0y2)2(x0y1) + a3 · (x0y3)2(x0y2)+
+ b1 · (x1y1)2(x1y2) + b2 · (x1y2)2(x1y3) + b3 · (x1y3)2(x1y1),
or
F = a1 · (x0y1)2(x0y3) + a2 · (x0y2)2(x0y1) + a3 · (x0y3)2(x0y2)+
+ b1 · (x1y1)2(x1y3) + b2 · (x1y2)2(x1y1) + b3 · (x1y3)2(x1y2),
or
F = a1 · (x0y1)2(x0y3) + a2 · (x0y2)2(x0y1) + a3 · (x0y3)2(x0y2)+
+ b1 · (x1y1)2(x0y1) + b2 · (x1y2)2(x0y2) + b3 · (x1y3)2(x0y3)+
+ c1 · (x1y1)(x1y2)(x0y3) + c2 · (x1y1)(x0y2)(x1y3) + c3 · (x0y1)(x1y2)(x1y3),
or
F = a1 · (x0y1)2(x0y3) + a2 · (x0y2)2(x0y1) + a3 · (x0y3)2(x0y2)+
+ b1 · (x1y1)2(x0y2) + b2 · (x1y2)2(x0y3) + b3 · (x1y3)2(x0y1)+
+ c1 · (x1y1)(x1y2)(x0y1) + c2 · (x1y2)(x1y3)(x0y2) + c3 · (x1y3)(x1y1)(x0y3),
or
F = a1 · (x0y1)2(x0y3) + a2 · (x0y2)2(x0y1) + a3 · (x0y3)2(x0y2)+
+ b1 · (x1y1)2(x0y3) + b2 · (x1y2)2(x0y1) + b3 · (x1y3)2(x0y2)+
+ c1 · (x1y1)(x1y3)(x0y1) + c2 · (x1y2)(x1y1)(x0y2) + c3 · (x1y3)(x1y2)(x0y3),
respectively in our five cases, where ai, bi ∈ C∗, (a3/a1)3 = 1, a2 = a23/a1 and
• b3 = ω−3i · a3b1/a1, b2 = ω3i · a1b1/a3 in the first and the second cases,
• b3 = ω−2i · a3b1/a1, b2 = ω2i · a1b1/a3, c3 = ω2i · a1c1/a3, c2 = ω−2i · a3c1/a1 in the third
case,
• b3 = ω−2i ·a3b1/a1, b2 = ω2i ·a1b1/a3, c2 = ω2i ·a1c1/a3, c3 = ω−2i ·a3c1/a1 in the fourth
and the fifth cases.
It is immediate in the first and in the second cases that cubic fourfolds given by the
generic equations above are smooth. In order to check smoothness in the other cases let us
take a1 = 1. Then (a3)
3 = 1, a2 = (a3)
2 and
• b3 = ω−2i · a3b1, b2 = ω2i · a23b1, c3 = ω2i · a23c1, c2 = ω−2i · a3c1 in the third case,
• b3 = ω−2i · a3b1, b2 = ω2i · a23b1, c2 = ω2i · a23c1, c3 = ω−2i · a3c1 in the fourth and the
fifth cases.
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This means that in the third case
F = z20z4 + a
2
3 · z22z0 + a3 · z24z2+
+ b1 · (z21z0 + ωi3 · a23 · z23z2 + ω−i3 · a3 · z25z4)+
+ c1 · (z1z3z4 + ω−i3 · a3 · z1z2z5 + ωi3 · a23 · z0z3z5),
in the fourth case
F = z20z4 + a
2
3 · z22z0 + a3 · z24z2+
+ b1 · (z21z2 + ωi3 · a23 · z23z4 + ω−i3 · a3 · z25z0)+
+ c1 · (z0z1z3 + ωi3 · a23 · z2z3z5 + ω−i3 · a3 · z1z4z5),
in the fifth case
F = z20z4 + a
2
3 · z22z0 + a3 · z24z2+
+ b1 · (z21z4 + ωi3 · a23 · z23z0 + ω−i3 · a3 · z25z2)+
+ c1 · (z0z1z5 + ωi3 · a23 · z1z2z3 + ω−i3 · a3 · z3z4z5).
Let us notice that these three cubic forms are the same upto a permutation of z1, z3, z5
(and rescaling of b1, c1). Hence it is enough to consider only the third case.
By rescaling variables z1, z3, z4 and z5 and parameters b1, c1 we can rewrite the cubic
form from the third case as follows:
F = z20z4 + z
2
2z0 + z
2
4z2+
+ b1 · (z21z0 + z23z2 + z25z4) + c1 · (z1z3z4 + z1z2z5 + (−1)i · z0z3z5),
Now one can check using Macaulay 2 that the corresponding cubic fourfold is smooth, if
one takes b1 = 1, c1 = 2 for both values of (−1)i. In fact, essentially the same computation
was already done in Case 2A.
We conclude that cubic fourfolds given by the generic equations above are smooth (in all
five cases).
3.2.2 Case B. F does not contain (x0yi)
2(x0yj), (x1yi)
2(x1yj) for any i, j.
Let F0 be a cubic form obtained from F by omitting all monomials containing x
2
1x0, x
3
0 and
x31. It is nonzero by our assumption.
Let Fy be the set of cubic monomials yiyjyk (in variables y1, y2, y3) such that a monomial
(xi′yi)(xj′yj)(xk′yk) appears in F0 with a nonzero coefficient for some i
′, j′, k′.
Lemma 6B. Suppose that G acts effectively on X, Fx contains x
2
0x1 and pi is surjective.
Then Fy contains monomials only from exactly one of the following sets:
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• y31, y32, y33, y1y2y3,
• y21y2, y22y3, y23y1,
• y21y3, y23y2, y22y1.
Proof: Let yi11 y
i2
2 y
i3
3 be a monomial in Fy.
Let f = (1, ωc1) ×W3 ∈ G. Then the condition f(F ) ∈ C∗ · F implies that the residue
class i2 + 2i3 mod 3 is the same for all monomials in Fy.
If this residue class is 0 mod 3, then i2 ≡ i3 mod 3, which means exactly that (i1, i2, i3) ∈
{(3, 0, 0), (0, 3, 0), (0, 0, 3), (1, 1, 1)}.
If this residue class is 1 mod 3, then i2 ≡ 1 + i3 mod 3, which means exactly that
(i1, i2, i3) ∈ {(1, 0, 2), (0, 2, 1), (2, 1, 0)}.
If this residue class is −1 mod 3, then i3 ≡ 1 + i2 mod 3, which means exactly that
(i1, i2, i3) ∈ {(1, 2, 0), (0, 1, 2), (2, 0, 1)}. QED
This Lemma implies that we need to consider three cases:
(B1) Fy is contained in the set of monomials y
3
1, y
3
2, y
3
3, y1y2y3,
(B2) Fy consists of monomials y
2
1y2, y
2
2y3, y
2
3y1,
(B3) Fy consists of monomials y
2
1y3, y
2
3y2, y
2
2y1.
Case B1. F does not contain (x0yi)
2(x0yj), (x1yi)
2(x1yj) for any i, j, Fy is contained
in the set of monomials y31, y
3
2, y
3
3, y1y2y3. Our assumptions imply that either
F = a1 · (x0y1)2(x1y1) + a2 · (x0y2)2(x1y2) + a3 · (x0y3)2(x1y3)+
+ b1 · (x1y1)2(x0y1) + b2 · (x1y2)2(x0y2) + b3 · (x1y3)2(x0y3) + F ′,
or
F = a1 · (x0y1)2(x1y1) + a2 · (x0y2)2(x1y2) + a3 · (x0y3)2(x1y3)+
+ b1 · (x1y1)2(x0y2) + b2 · (x1y2)2(x0y3) + b3 · (x1y3)2(x0y1) + F ′,
or
F = a1 · (x0y1)2(x1y1) + a2 · (x0y2)2(x1y2) + a3 · (x0y3)2(x1y3)+
+ b1 · (x1y1)2(x0y3) + b2 · (x1y2)2(x0y1) + b3 · (x1y3)2(x0y2) + F ′,
where F ′ does not contain the singled out monomials and ai, bi ∈ C∗.
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Let us find G0 = ker(pi). If f0 = (1, ω
c1
0 )× 1 ∈ G0, then c1 = 0. This means that G0 = 0.
Hence pi : G→ P3 ∼= Z/3Z⊕ Z/3Z is isomorphism (since we assume that it is surjective).
Let f1 = (1, ω
c1)× P3 and f2 = (1, ωd1)×W3 be generators of G.
Then
f1(F ) = ω
c1 · (a1 · (x0y2)2(x1y2) + a2 · (x0y3)2(x1y3) + a3 · (x0y1)2(x1y1))+
+ ω2c1 · (b1 · (x1y2)2(x0y2) + b2 · (x1y3)2(x0y3) + b3 · (x1y1)2(x0y1)) + f1(F ′),
or
f1(F ) = ω
c1 · (a1 · (x0y2)2(x1y2) + a2 · (x0y3)2(x1y3) + a3 · (x0y1)2(x1y1))+
+ ω2c1 · (b1 · (x1y2)2(x0y3) + b2 · (x1y3)2(x0y1) + b3 · (x1y1)2(x0y2)) + f1(F ′),
or
f1(F ) = ω
c1 · (a1 · (x0y2)2(x1y2) + a2 · (x0y3)2(x1y3) + a3 · (x0y1)2(x1y1))+
+ ω2c1 · (b1 · (x1y2)2(x0y1) + b2 · (x1y3)2(x0y2) + b3 · (x1y1)2(x0y3)) + f1(F ′)
respectively and
f2(F ) = ω
d1 · (a1 · (x0y1)2(x1y1) + a2 · (x0y2)2(x1y2) + a3 · (x0y3)2(x1y3))+
+ ω2d1 · (b1 · (x1y1)2(x0y1) + b2 · (x1y2)2(x0y2) + b3 · (x1y3)2(x0y3)) + f2(F ′),
or
f2(F ) = ω
d1 · (a1 · (x0y1)2(x1y1) + a2 · (x0y2)2(x1y2) + a3 · (x0y3)2(x1y3))+
+ ω2d1 · ω3 · (b1 · (x1y1)2(x0y2) + b2 · (x1y2)2(x0y3) + b3 · (x1y3)2(x0y1)) + f2(F ′),
or
f2(F ) = ω
d1 · (a1 · (x0y1)2(x1y1) + a2 · (x0y2)2(x1y2) + a3 · (x0y3)2(x1y3))+
+ ω2d1 · ω23 · (b1 · (x1y1)2(x0y3) + b2 · (x1y2)2(x0y1) + b3 · (x1y3)2(x0y2)) + f2(F ′)
respectively.
Since f1(F ) ∈ C∗ · F , this implies that
a3 = ω
−c1 · λa1, a2 = ω−2c1 · (λ)2a1, b3 = ω−2c1 · λb1, b2 = ω−4c1 · (λ)2b1, ω3c1 = 1
for some λ ∈ C such that λ3 = 1.
Since f2(F ) ∈ C∗ · F , this implies that
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• ωd1 = 1,
• ωd1 = ω23,
• ωd1 = ω3
respectively in our three cases.
This means that we can take ω = ω3 and
• f1 = (1, ωi)× P3, f2 = (1, 1)×W3 with some i ∈ {0, 1, 2} and ω = 3
√
1,
• f1 = (1, ωi)× P3, f2 = (1, ω2)×W3 with some i ∈ {0, 1, 2} and ω = 3
√
1,
• f1 = (1, ωi)× P3, f2 = (1, ω)×W3 with some i ∈ {0, 1, 2} and ω = 3
√
1
respectively in our three cases.
We conclude that G ∼= (Z/3Z)⊕2 with generators f1 = (1, ωi) × P3, f2 = (1, ωj) ×W3
with some i, j ∈ {0, 1, 2}, where ω = 3√1. Here j = 0 corresponds to the first case, j = 2
corresponds to the second case and j = 1 corresponds to the third case.
In order to describe all smooth cubic fourfolds which admit these group actions, we need
to determine which cubic forms F ′ can appear.
By our assumption x30 and x
3
1 may appear in F only in monomials (x0y1)(x0y2)(x0y3),
(x1y1)(x1y2)(x1y3). The invariance under f2 requires that they are possible only in the first
case. Moreover, if any of them appears in F ′ with a nonzero coefficient, then f1(F ) = F .
Let F ′0 = F
′
0(z0, z1, z2, z3, z4, z5) be a cubic form which is obtained from F
′ by removing
all monomials containing x30, x
2
0x1, x
3
1.
Let us denote by F ′y the set of cubic monomials yiyjyk (in variables y1, y2, y3) such that
a monomial (xi′yi)(xj′yj)(xk′yk) appears in F
′
0 with a nonzero coefficient for some i
′, j′, k′.
The invariance under f2 requires that y
i1
1 y
i2
2 y
i3
3 is contained in F
′
y only if i2 ≡ i3 mod 3 (in
the first case) or i2 ≡ 1+i3 mod 3 (in the second case) or i3 ≡ 1+i2 mod 3 (in the third case).
Hence F ′ may contain only monomials
• (x1y1)(x0y2)(x0y3), (x0y1)(x1y2)(x0y3), (x0y1)(x0y2)(x1y3), (x0y1)(x1y2)(x1y3),
(x1y1)(x0y2)(x1y3), (x1y1)(x1y2)(x0y3), (x0y1)(x0y2)(x0y3), (x1y1)(x1y2)(x1y3) in the
first case,
• (x1y1)(x0y2)(x0y3), (x0y1)(x1y2)(x0y3), (x0y1)(x0y2)(x1y3), (x1y1)(x1y2)(x0y1),
(x1y2)(x1y3)(x0y2), (x1y3)(x1y1)(x0y3) in the second case,
• (x1y1)(x0y2)(x0y3), (x0y1)(x1y2)(x0y3), (x0y1)(x0y2)(x1y3), (x1y1)(x1y3)(x0y1),
(x1y2)(x1y1)(x0y2), (x1y3)(x1y2)(x0y3) in the third case.
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We conclude that either
F = a1 · (x0y1)2(x1y1) + a2 · (x0y2)2(x1y2) + a3 · (x0y3)2(x1y3)+
+ b1 · (x1y1)2(x0y1) + b2 · (x1y2)2(x0y2) + b3 · (x1y3)2(x0y3)+
+ c1 · (x1y1)(x0y2)(x0y3) + c2 · (x0y1)(x1y2)(x0y3) + c3 · (x0y1)(x0y2)(x1y3)+
+ d1 · (x0y1)(x1y2)(x1y3) + d2 · (x1y1)(x0y2)(x1y3) + d3 · (x1y1)(x1y2)(x0y3)+
e0 · (x0y1)(x0y2)(x0y3) + e1 · (x1y1)(x1y2)(x1y3),
or
F = a1 · (x0y1)2(x1y1) + a2 · (x0y2)2(x1y2) + a3 · (x0y3)2(x1y3)+
+ b1 · (x1y1)2(x0y2) + b2 · (x1y2)2(x0y3) + b3 · (x1y3)2(x0y1)+
+ c1 · (x1y1)(x0y2)(x0y3) + c2 · (x0y1)(x1y2)(x0y3) + c3 · (x0y1)(x0y2)(x1y3)+
+ d1 · (x1y1)(x1y2)(x0y1) + d2 · (x1y2)(x1y3)(x0y2) + d3 · (x1y3)(x1y1)(x0y3),
or
F = a1 · (x0y1)2(x1y1) + a2 · (x0y2)2(x1y2) + a3 · (x0y3)2(x1y3)+
+ b1 · (x1y1)2(x0y3) + b2 · (x1y2)2(x0y1) + b3 · (x1y3)2(x0y2)+
+ c1 · (x1y1)(x0y2)(x0y3) + c2 · (x0y1)(x1y2)(x0y3) + c3 · (x0y1)(x0y2)(x1y3)+
+ d1 · (x1y1)(x1y3)(x0y1) + d2 · (x1y2)(x1y1)(x0y2) + d3 · (x1y3)(x1y2)(x0y3)
respectively in our three cases, where ai, bi ∈ C∗, (a3/a1)3 = 1, a2 = a23/a1 and
b3 = ω
−i · a3b1/a1, b2 = ωi · a1b1/a3, c3 = a3c1/a1, c2 = a1c1/a3,
d3 = ω
−i · a3d1/a1, d2 = ωi · a1d1/a3.
Moreover, if e0 6= 0 or e1 6= 0, then a1 = ωi · a3 in the first case.
It is immediate that cubic fourfolds given by the generic equations above are smooth (for
all three cases).
In the first case this follows from the observation that the cubic fourfold given by the
form
F (z0, z1, z2, z3, z4, z5) = e0z
2
0z1 + e1z
2
1z0 + e2z
2
2z3 + e3z
2
3z2 + e4z
2
4z5 + e5z
2
5z4
is smooth for any ei ∈ C∗.
In the second and the third cases this follows from the observation that the cubic fourfold
given by the form
F (z0, z1, z2, z3, z4, z5) = e0z
2
0z1 + e1z
2
1z2 + e2z
2
2z3 + e3z
2
3z4 + e4z
2
4z5 + e5z
2
5z0
is smooth for any ei ∈ C∗.
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Case B2. F does not contain (x0yi)
2(x0yj), (x1yi)
2(x1yj) for any i, j, Fy consists of
monomials y21y2, y
2
2y3, y
2
3y1. Our assumptions imply that either
F = a1 · (x0y1)2(x1y2) + a2 · (x0y2)2(x1y3) + a3 · (x0y3)2(x1y1)+
+ b1 · (x1y1)2(x0y2) + b2 · (x1y2)2(x0y3) + b3 · (x1y3)2(x0y1) + F ′,
or
F = a1 · (x0y1)2(x1y2) + a2 · (x0y2)2(x1y3) + a3 · (x0y3)2(x1y1)+
+ b1 · (x1y1)2(x0y3) + b2 · (x1y2)2(x0y1) + b3 · (x1y3)2(x0y2) + F ′,
where F ′ does not contain the singled out monomials and ai, bi ∈ C∗.
Let us find G0 = ker(pi). If f0 = (1, ω
c1
0 )× 1 ∈ G0, then c1 = 0. This means that G0 = 0.
Hence pi : G→ P3 ∼= Z/3Z⊕ Z/3Z is isomorphism (since we assume that it is surjective).
Let f1 = (1, ω
c1)× P3 and f2 = (1, ωd1)×W3 be generators of G.
Then
f1(F ) = ω
c1 · (a1 · (x0y2)2(x1y3) + a2 · (x0y3)2(x1y1) + a3 · (x0y1)2(x1y2))+
+ ω2c1 · (b1 · (x1y2)2(x0y3) + b2 · (x1y3)2(x0y1) + b3 · (x1y1)2(x0y2)) + f1(F ′),
or
f1(F ) = ω
c1 · (a1 · (x0y2)2(x1y3) + a2 · (x0y3)2(x1y1) + a3 · (x0y1)2(x1y2))+
+ ω2c1 · (b1 · (x1y2)2(x0y1) + b2 · (x1y3)2(x0y2) + b3 · (x1y1)2(x0y3)) + f1(F ′)
respectively and
f2(F ) = ω
d1 · ω3 · (a1 · (x0y1)2(x1y2) + a2 · (x0y2)2(x1y3) + a3 · (x0y3)2(x1y1))+
+ ω2d1 · ω3 · (b1 · (x1y1)2(x0y2) + b2 · (x1y2)2(x0y3) + b3 · (x1y3)2(x0y1)) + f2(F ′),
or
f2(F ) = ω
d1 · ω3 · (a1 · (x0y1)2(x1y2) + a2 · (x0y2)2(x1y3) + a3 · (x0y3)2(x1y1))+
+ ω2d1 · ω23 · (b1 · (x1y1)2(x0y3) + b2 · (x1y2)2(x0y1) + b3 · (x1y3)2(x0y2)) + f2(F ′)
respectively.
Since f1(F ) ∈ C∗ · F , this implies that
a3 = ω
−c1 · λa1, a2 = ω−2c1 · (λ)2a1, b3 = ω−2c1 · λb1, b2 = ω−4c1 · (λ)2b1, ω3c1 = 1
for some λ ∈ C such that λ3 = 1.
Since f2(F ) ∈ C∗ · F , this implies that
206
• ωd1 = 1,
• ωd1 = ω23
respectively in our two cases.
This means that we can take ω = ω3 and
• f1 = (1, ωi)× P3, f2 = (1, 1)×W3 with some i ∈ {0, 1, 2} and ω = 3
√
1,
• f1 = (1, ωi)× P3, f2 = (1, ω2)×W3 with some i ∈ {0, 1, 2} and ω = 3
√
1
respectively in our two cases.
We conclude that G ∼= (Z/3Z)⊕2 with generators f1 = (1, ωi) × P3, f2 = (1, ωj) ×W3
with some i ∈ {0, 1, 2} and some j ∈ {0, 2}, where ω = 3√1. Here j = 0 corresponds to the
first case and j = 2 corresponds to the second case.
In order to describe all smooth cubic fourfolds which admit these group actions, we need
to determine which cubic forms F ′ can appear.
By our assumption x30 and x
3
1 may appear in F only in monomials (x0y1)(x0y2)(x0y3),
(x1y1)(x1y2)(x1y3). The invariance under f2 requires that they are possible only in the sec-
ond case. Moreover, if any of them appears in F ′ with a nonzero coefficient, then f1(F ) = F .
Let F ′0 = F
′
0(z0, z1, z2, z3, z4, z5) be a cubic form which is obtained from F
′ by removing
all monomials containing x30, x
2
0x1, x
3
1.
Let us denote by F ′y the set of cubic monomials yiyjyk (in variables y1, y2, y3) such that
a monomial (xi′yi)(xj′yj)(xk′yk) appears in F
′
0 with a nonzero coefficient for some i
′, j′, k′.
The invariance under f2 requires that y
i1
1 y
i2
2 y
i3
3 is contained in F
′
y only if i2 ≡ 1+ i3 mod 3
(in the first case) or i3 ≡ 1 + i2 mod 3 (in the second case).
Hence F ′ may contain only monomials
• (x0y1)(x0y2)(x1y1), (x0y2)(x0y3)(x1y2), (x0y3)(x0y1)(x1y3), (x0y1)(x1y2)(x1y1),
(x0y2)(x1y3)(x1y2), (x0y3)(x1y1)(x1y3) in the first case,
• (x0y1)(x0y2)(x1y1), (x0y2)(x0y3)(x1y2), (x0y3)(x0y1)(x1y3), (x0y1)(x1y3)(x1y1),
(x0y2)(x1y1)(x1y2), (x0y3)(x1y2)(x1y3), (x0y1)(x0y2)(x0y3), (x1y1)(x1y2)(x1y3) in the
second case.
We conclude that either
F = a1 · (x0y1)2(x1y2) + a2 · (x0y2)2(x1y3) + a3 · (x0y3)2(x1y1)+
+ b1 · (x1y1)2(x0y2) + b2 · (x1y2)2(x0y3) + b3 · (x1y3)2(x0y1)+
+ c1 · (x0y1)(x0y2)(x1y1) + c2 · (x0y2)(x0y3)(x1y2) + c3 · (x0y3)(x0y1)(x1y3)+
+ d1 · (x0y1)(x1y2)(x1y1) + d2 · (x0y2)(x1y3)(x1y2) + d3 · (x0y3)(x1y1)(x1y3),
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or
F = a1 · (x0y1)2(x1y2) + a2 · (x0y2)2(x1y3) + a3 · (x0y3)2(x1y1)+
+ b1 · (x1y1)2(x0y3) + b2 · (x1y2)2(x0y1) + b3 · (x1y3)2(x0y2)+
+ c1 · (x0y1)(x0y2)(x1y1) + c2 · (x0y2)(x0y3)(x1y2) + c3 · (x0y3)(x0y1)(x1y3)+
+ d1 · (x0y1)(x1y3)(x1y1) + d2 · (x0y2)(x1y1)(x1y2) + d3 · (x0y3)(x1y2)(x1y3)+
+ e0 · (x0y1)(x0y2)(x0y3) + e1 · (x1y1)(x1y2)(x1y3)
respectively in our two cases, where ai, bi ∈ C∗, (a3/a1)3 = 1, a2 = a23/a1 and
b3 = ω
−i · a3b1/a1, b2 = ωi · a1b1/a3, c3 = a3c1/a1, c2 = a1c1/a3,
d3 = ω
−i · a3d1/a1, d2 = ωi · a1d1/a3.
Moreover, if e0 6= 0 or e1 6= 0, then a1 = ωi · a3 in the second case.
As it was in Case B1, it is immediate that cubic fourfolds given by the generic equations
above are smooth (for both cases).
Case B3. F does not contain (x0yi)
2(x0yj), (x1yi)
2(x1yj) for any i, j, Fy consists of
monomials y21y3, y
2
3y2, y
2
2y1. Our assumptions imply that either
F = a1 · (x0y1)2(x1y3) + a2 · (x0y3)2(x1y2) + a3 · (x0y2)2(x1y1)+
+ b1 · (x1y1)2(x0y2) + b2 · (x1y2)2(x0y3) + b3 · (x1y3)2(x0y1) + F ′,
or
F = a1 · (x0y1)2(x1y3) + a2 · (x0y3)2(x1y2) + a3 · (x0y2)2(x1y1)+
+ b1 · (x1y1)2(x0y3) + b2 · (x1y2)2(x0y1) + b3 · (x1y3)2(x0y2) + F ′,
where F ′ does not contain the singled out monomials and ai, bi ∈ C∗.
Let us find G0 = ker(pi). If f0 = (1, ω
c1
0 )× 1 ∈ G0, then c1 = 0. This means that G0 = 0.
Hence pi : G→ P3 ∼= Z/3Z⊕ Z/3Z is isomorphism (since we assume that it is surjective).
Let f1 = (1, ω
c1)× P3 and f2 = (1, ωd1)×W3 be generators of G.
Then
f1(F ) = ω
c1 · (a1 · (x0y2)2(x1y1) + a2 · (x0y1)2(x1y3) + a3 · (x0y3)2(x1y2))+
+ ω2c1 · (b1 · (x1y2)2(x0y3) + b2 · (x1y3)2(x0y1) + b3 · (x1y1)2(x0y2)) + f1(F ′),
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or
f1(F ) = ω
c1 · (a1 · (x0y2)2(x1y1) + a2 · (x0y1)2(x1y3) + a3 · (x0y3)2(x1y2))+
+ ω2c1 · (b1 · (x1y2)2(x0y1) + b2 · (x1y3)2(x0y2) + b3 · (x1y1)2(x0y3)) + f1(F ′)
respectively and
f2(F ) = ω
d1 · ω23 · (a1 · (x0y1)2(x1y3) + a2 · (x0y3)2(x1y2) + a3 · (x0y2)2(x1y1))+
+ ω2d1 · ω3 · (b1 · (x1y1)2(x0y2) + b2 · (x1y2)2(x0y3) + b3 · (x1y3)2(x0y1)) + f2(F ′),
or
f2(F ) = ω
d1 · ω23 · (a1 · (x0y1)2(x1y3) + a2 · (x0y3)2(x1y2) + a3 · (x0y2)2(x1y1))+
+ ω2d1 · ω23 · (b1 · (x1y1)2(x0y3) + b2 · (x1y2)2(x0y1) + b3 · (x1y3)2(x0y2)) + f2(F ′)
respectively.
Since f1(F ) ∈ C∗ · F , this implies that
a2 = ω
−c1 · λa1, a3 = ω−2c1 · (λ)2a1, b3 = ω−2c1 · λb1, b2 = ω−4c1 · (λ)2b1, ω3c1 = 1
for some λ ∈ C such that λ3 = 1.
Since f2(F ) ∈ C∗ · F , this implies that
• ωd1 = ω3,
• ωd1 = 1
respectively in our two cases.
This means that we can take ω = ω3 and
• f1 = (1, ωi)× P3, f2 = (1, ω)×W3 with some i ∈ {0, 1, 2} and ω = 3
√
1,
• f1 = (1, ωi)× P3, f2 = (1, 1)×W3 with some i ∈ {0, 1, 2} and ω = 3
√
1
respectively in our two cases.
We conclude that G ∼= (Z/3Z)⊕2 with generators f1 = (1, ωi) × P3, f2 = (1, ωj) ×W3
with some i ∈ {0, 1, 2} and some j ∈ {0, 1}, where ω = 3√1. Here j = 1 corresponds to the
first case and j = 0 corresponds to the second case.
In order to describe all smooth cubic fourfolds which admit these group actions, we need
to determine which cubic forms F ′ can appear.
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By our assumption x30 and x
3
1 may appear in F only in monomials (x0y1)(x0y2)(x0y3),
(x1y1)(x1y2)(x1y3). The invariance under f2 requires that they are possible only in the first
case. Moreover, if any of them appears in F ′ with a nonzero coefficient, then f1(F ) = F .
Let F ′0 = F
′
0(z0, z1, z2, z3, z4, z5) be a cubic form which is obtained from F
′ by removing
all monomials containing x30, x
2
0x1, x
3
1.
Let us denote by F ′y the set of cubic monomials yiyjyk (in variables y1, y2, y3) such that
a monomial (xi′yi)(xj′yj)(xk′yk) appears in F
′
0 with a nonzero coefficient for some i
′, j′, k′.
The invariance under f2 requires that y
i1
1 y
i2
2 y
i3
3 is contained in F
′
y only if 2j + i2 + 2i3 ≡
j + 2 mod 3, i.e. i2 ≡ 1 + i3 mod 3 (in the first case) or i3 ≡ 1 + i2 mod 3 (in the second
case).
Hence F ′ may contain only monomials
• (x0y1)(x0y3)(x1y1), (x0y2)(x0y1)(x1y2), (x0y3)(x0y2)(x1y3), (x0y1)(x1y2)(x1y1),
(x0y2)(x1y3)(x1y2), (x0y3)(x1y1)(x1y3), (x0y1)(x0y2)(x0y3), (x1y1)(x1y2)(x1y3) in the
first case,
• (x0y1)(x0y3)(x1y1), (x0y2)(x0y1)(x1y2), (x0y3)(x0y2)(x1y3), (x0y1)(x1y3)(x1y1),
(x0y2)(x1y1)(x1y2), (x0y3)(x1y2)(x1y3) in the second case.
We conclude that either
F = a1 · (x0y1)2(x1y3) + a2 · (x0y3)2(x1y2) + a3 · (x0y2)2(x1y1)+
+ b1 · (x1y1)2(x0y2) + b2 · (x1y2)2(x0y3) + b3 · (x1y3)2(x0y1)+
+ c1 · (x0y1)(x0y3)(x1y1) + c2 · (x0y2)(x0y1)(x1y2) + c3 · (x0y3)(x0y2)(x1y3)+
+ d1 · (x0y1)(x1y2)(x1y1) + d2 · (x0y2)(x1y3)(x1y2) + d3 · (x0y3)(x1y1)(x1y3)+
+ e0 · (x0y1)(x0y2)(x0y3) + e1 · (x1y1)(x1y2)(x1y3),
or
F = a1 · (x0y1)2(x1y3) + a2 · (x0y3)2(x1y2) + a3 · (x0y2)2(x1y1)+
+ b1 · (x1y1)2(x0y3) + b2 · (x1y2)2(x0y1) + b3 · (x1y3)2(x0y2)+
+ c1 · (x0y1)(x0y3)(x1y1) + c2 · (x0y2)(x0y1)(x1y2) + c3 · (x0y3)(x0y2)(x1y3)+
+ d1 · (x0y1)(x1y3)(x1y1) + d2 · (x0y2)(x1y1)(x1y2) + d3 · (x0y3)(x1y2)(x1y3)
respectively in our two cases, where ai, bi ∈ C∗, (a2/a1)3 = 1, a3 = a22/a1 and
b3 = ω
−i · a2b1/a1, b2 = ωi · a1b1/a2, c3 = a2c1/a1, c2 = a1c1/a2,
d3 = ω
−i · a2d1/a1, d2 = ωi · a1d1/a2.
Moreover, if e0 6= 0 or e1 6= 0, then a1 = ωi · a2 in the first case.
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As it was in Case B1, it is immediate that cubic fourfolds given by the generic equations
above are smooth (for both cases).
We can summarize our findings in this subsection in the following theorem.
Theorem 3. Abelian automorphism groups of smooth cubic fourfolds which are conjugate
to subgroups of D2 ⊗ P3 ⊂ PGL(6) = Aut(P5) are either diagonalizable or the subgroups of
the following groups (see Table 3 below).
        
        
generators of   
cases where this action appeared in the 
analysis 
                 ,               ,                A1, case 1; A2, case 1; A3, case 2 
                      ,               ,                A1, case 2; A2, case 4; A3, case 5 
                      ,               ,                 A1, case 3; A2, case 5; A3, case 3 
                      ,                ,                A1, case 2; A2, case 4; A3, case 5 
                      ,                ,                 A1, case 3; A2, case 5; A3, case 3 
                                                ,                 A1, case 4; A2, case 3; A3, case 4 
                                                ,            
      A1, case 5; A2, case 2 
                                                ,                 A1, case 6; A3, case 1 
                                                 ,                A1, case 1; A2, case 1; A3, case 2 
                                                 ,                   A1, case 5; A2, case 2 
                                                 ,                  
  A1, case 6; A3, case 1 
                                                 ,                A1, case 2; A2, case 4; A3, case 5 
                                                 ,                 A1, case 3; A2, case 5; A3, case 3 
                                                 ,                   A1, case 4; A2, case 3; A3, case 4 
                                             
     ,                   A1, case 6; A3, case 1 
                                             
     ,                A1, case 1; A2, case 1; A3, case 2 
                                             
     ,                 
  A1, case 5; A2, case 2 
                                                 ,                 A1, case 4; A2, case 3; A3, case 4 
                                               ,                B1, case 1; B2, case 1; B3, case 2 
                                               ,            
      B1, case 2; B2, case 2 
                                               ,                 B1, case 3; B3, case 1 
                                                ,                B1, case 1; B2, case 1; B3, case 2 
                                                ,            
      B1, case 2; B2, case 2 
                                                ,                 B1, case 3; B3, case 1 
                                            
     ,                B1, case 1; B2, case 1; B3, case 2 
                                            
     ,            
      B1, case 2; B2, case 2 
                                            
     ,                 B1, case 3; B3, case 1 
 
Table 3. Abelian automorphism groups of smooth cubic fourfolds which are conjugate
to subgroups of D2 ⊗ P3 ⊂ PGL(6). The first column lists abelian groups G which act
effectively on a smooth cubic fourfold. The second column describes generators of G (using
the notation of the present subsection). Explicit descriptions of cubic fourfolds which admit
these group actions are given in the main part of this subsection (see the analysis of cases
A1, A2, A3, B1, B2 and B3 above and directions in the third column). Note that we had 6
subcases total in Case A1. ωp denotes
p
√
1.
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3.3 Case of G ⊂ P6.
In this case P6 = {P i6 ·W j6 | i, j = 0, 1, 2, 3, 4, 5} ⊂ PGL(6), where
P6 =

0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
1 0 0 0 0 0
 , W6 =

1 0 0 0 0 0
0 ω6 0 0 0 0
0 0 ω26 0 0 0
0 0 0 ω36 0 0
0 0 0 0 ω46 0
0 0 0 0 0 ω56

and ω6 =
6
√
1.
Recall that P6 ∼= Z/6Z⊕ Z/6Z ([6]).
In this subsection we will denote ωp =
p
√
1.
Let G ⊂ P6 ⊂ PGL(6).
Lemma 7. G is conjugate to a finite subgroup of D6, D2 ⊗ P3 or D3 ⊗ P2 unless
P6 ·W i6 ∈ G for some i.
Proof: Without loss of generality we may assume that G is one of the following subgroups
of P6:
• G0 = {W i6 | i = 0, 1, 2, 3, 4, 5} ⊂ P6,
• G2 = {W i6, P 26 ·W i6, P 46 ·W i6 | i = 0, 1, 2, 3, 4, 5} ⊂ P6,
• G3 = {W i6, P 36 ·W i6 | i = 0, 1, 2, 3, 4, 5} ⊂ P6.
Let us denote by z0, z1, z2, z3, z4, z5 the homogeneous coordinates in P5 and identify
PGL(6) = Aut(P5).
It is immediate that G0 ⊂ D6 ⊂ PGL(6).
Let us consider G2.
Since P6(zi) = zi+1, P6(z5) = z0, i = 0, 1, 2, 3, 4, we have:
P 26 (z0) = z2, P
2
6 (z2) = z4, P
2
6 (z4) = z0,
P 26 (z1) = z3, P
2
6 (z3) = z5, P
2
6 (z5) = z1.
This means that we can write
z0 = x0y1, z1 = x1y1, z2 = x0y2, z3 = x1y2, z4 = x0y3, z5 = x1y3,
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and then
P 26 = (1, 1)× P3, W6 = (1, ω6)×W3,
where on the right hand sides we have elements of D2 ⊗ P3 ⊂ PGL(6) with respect to
the decomposition zk = xiyj above.
In other words, G2 is indeed conjugate to a finite subgroup of D2 ⊗ P3 ⊂ PGL(6).
Let us consider G3.
Note that
P 36 (z0) = z3, P
3
6 (z1) = z4, P
3
6 (z2) = z5,
P 36 (z3) = z1, P
3
6 (z4) = z1, P
3
6 (z5) = z2.
This means that we can write
z0 = x0y1, z1 = x1y1, z2 = x2y1, z3 = x0y2, z4 = x1y2, z5 = x2y2,
and then
P 36 = (1, 1, 1)× P2, W6 = (1, ω6, ω26)×W2,
where on the right hand sides we have elements of D3 ⊗ P2 ⊂ PGL(6) with respect to
the decomposition zk = xiyj above.
In other words, G3 is indeed conjugate to a finite subgroup of D3⊗P2 ⊂ PGL(6). QED
Hence without loss of generality we may assume that P6 ·W i6 ∈ G for some i.
Let X ⊂ P5 be a smooth cubic fourfold given by a cubic form F = F (z0, z1, z2, z3, z4, z5),
on which a finite abelian group G acts effectively.
We will consider two cases:
(C) F contains z3i for some i,
(D) F does not contain z3i for any i.
3.3.1 Case C. F contains z3i for some i.
In this case we can write
F = a0 · z30 + a1 · z31 + a2 · z32 + a3 · z33 + a4 · z34 + a5 · z35 + F ′,
where ai ∈ C∗ and F ′ does not contain the singled out monomials.
Then
P6 ·W i6(F ) = a0 ·z31 +ω3i6 ·a1 ·z32 +ω6i6 ·a2 ·z33 +ω9i6 ·a3 ·z34 +ω12i6 ·a4 ·z35 +ω15i6 ·a5 ·z30 +P6 ·W i6(F ′),
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which should be proportional to F . Hence
a5 = (−1)i · λ · a0, a4 = (−1)i · λ2 · a0, a3 = λ3 · a0,
a2 = λ
4 · a0, a1 = (−1)i · λ5 · a0
for some λ ∈ C such that λ6 = (−1)i.
In other words, we need to take a5 such that (a5/a0)
6 = (−1)i and then
a4 = (−1)i · a25/a0, a3 = (−1)i · a35/a20, a2 = (−1)i · a30/a25, a1 = (−1)i · a20/a5.
On the other hand,
W j6 (F ) = a0 · z30 + (−1)j · a1 · z31 + a2 · z32 + (−1)j · a3 · z33 + a4 · z34 + (−1)j · a5 · z35 +W j6 (F ′),
which means that W j6 (F ) ∈ C∗ · F only if j is even.
We conclude that G ⊂ P6 is generated by P6 ·W i6 and W 26 for some i ∈ {0, 1}.
In particular, if i = 0, then G ∼= Z/6Z⊕ Z/3Z is generated by P6 and W 26 .
If i = 1, then G ∼= Z/6Z⊕ Z/3Z is generated by P6 ·W6 and W 26 .
In order to describe all cubic fourfolds which admit this group action, we need to find all
possible cubic forms F ′.
If a monomial zpzqzr is present in F
′, then the invariance with respect to W 26 requires
that p+ q + r ≡ 0 mod 3.
Since the set of such monomials is invariant with respect to P6, we conclude that
F ′ =
′∑
0≤p≤q≤r≤5, p+q+r≡0 mod 3
apqr · zpzqzr
with suitable coefficients apqr. The prime signifies that the sum is over p, q, r, which are not
all the same (in order to exclude monomials z3p which were written in F separately).
Coefficients apqr can be determined as follows. We have to require that P6 ·W i6(F ′) = λ·F ′
with the same λ = (−1)i · a5/a0 as above.
Let S1, S2, ... be the orbits of the natural action of P6 on the set of monomials zpzqzr such
that p+ q + r ≡ 0 mod 3 and p, q, r are not all the same.
Then for every such orbit Sα the condition P6 ·W i6(F ′) = λ ·F ′ determines the coefficients
apqr of monomials in Sα upto a common factor.
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Namely, if m1,m2, ...,mk are elements of Sα such that P6(mp) = mp+1, p = 1, 2, ..., k− 1,
P6(mk) = m1, W6(mp) = (−1)cp ·mp (where cp ∈ Z) and bp is the coefficient of mp in the
sum for F ′ above, then
bk = λ · (−1)ck·i · b1, bp = λ · (−1)cp·i · bp+1, p = 1, 2, ..., k − 1.
This gives by induction:
bp = λ
k+1−p · (−1)(cp+...+ck)·i · b1, p = 1, ..., k.
Note that these formulas determine b2, ..., bk in terms of b1, which has to be zero unless
λ = (−1)i · a5/a0 satisfies the following condition:
λk = (−1)(c1+...+ck)·i,
i.e.
(a5/a0)
k = (−1)(c1+...+ck−k)·i.
If this condition is satisfied, then the formulas above determine b1, b2, ..., bk upto a com-
mon factor. If it is not, then the formulas above say that b1 = b2 = ... = bk = 0, i.e.
monomials m1,m2, ...,mk from Sα do not appear in F
′.
Note that since P 66 = Id, only the following values of k are possible: k = 1, k = 2, k = 3,
k = 6.
In the case k = 1 the orbit Sα consists of just one monomial m1 such that P6(m1) = m1
and W6(m1) = (−1)c1 ·m1 for some c1 ∈ Z. In this case the coefficient b1 of this monomial
in F ′ is zero unless λ = (−1)c1·i, i.e. a5 = (−1)(c1−1)·i · a0.
Our earlier condition (a5/a0)
6 = (−1)i implies then that i = 0 and
a0 = a1 = a2 = a3 = a4 = a5
in this case.
If this is satisfied, then b1 may be arbitrary in this case.
This procedure determines coefficients apqr in F
′.
It is immediate that generic such cubic forms F give smooth cubic fourfolds.
3.3.2 Case D. F does not contain z3i for any i.
By Lemma 1 ([5], Lemma 1.3) F should contain z20zi for some i ∈ {1, 2, 3, 4, 5}.
Since P6 ·W i6(F ) ∈ C∗ ·F and P6 ·W i6(zpzqzr) ∈ C∗ · zp+1zq+1zr+1 (adding indices modulo
6), we should have that either
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• F = a0 · z20z1 + a1 · z21z2 + a2 · z22z3 + a3 · z23z4 + a4 · z24z5 + a5 · z25z0 + F ′, or
• F = a0 · z20z2 + a1 · z21z3 + a2 · z22z4 + a3 · z23z5 + a4 · z24z0 + a5 · z25z1 + F ′, or
• F = a0 · z20z3 + a1 · z21z4 + a2 · z22z5 + a3 · z23z0 + a4 · z24z1 + a5 · z25z2 + F ′, or
• F = a0 · z20z4 + a1 · z21z5 + a2 · z22z0 + a3 · z23z1 + a4 · z24z2 + a5 · z25z3 + F ′, or
• F = a0 · z20z5 + a1 · z21z0 + a2 · z22z1 + a3 · z23z2 + a4 · z24z3 + a5 · z25z4 + F ′,
where ai ∈ C∗ and F ′ does not contain the singled out monomials.
Note that
• W j6 (F ) = ωj6 · a0 · z20z1 + ω4j6 · a1 · z21z2 + ω7j6 · a2 · z22z3 + ω10j6 · a3 · z23z4 + ω13j6 · a4 · z24z5 +
ω10j6 · a5 · z25z0 +W j6 (F ′), or
• W j6 (F ) = ω2j6 · a0 · z20z2 + ω5j6 · a1 · z21z3 + ω8j6 · a2 · z22z4 + ω11j6 · a3 · z23z5 + ω8j6 · a4 · z24z0 +
ω11j6 · a5 · z25z1 +W j6 (F ′), or
• W j6 (F ) = ω3j6 · a0 · z20z3 + ω6j6 · a1 · z21z4 + ω9j6 · a2 · z22z5 + ω6j6 · a3 · z23z0 + ω9j6 · a4 · z24z1 +
ω12j6 · a5 · z25z2 +W j6 (F ′), or
• W j6 (F ) = ω4j6 · a0 · z20z4 + ω7j6 · a1 · z21z5 + ω4j6 · a2 · z22z0 + ω7j6 · a3 · z23z1 + ω10j6 · a4 · z24z2 +
ω13j6 · a5 · z25z3 +W j6 (F ′), or
• W j6 (F ) = ω5j6 · a0 · z20z5 + ω2j6 · a1 · z21z0 + ω5j6 · a2 · z22z1 + ω8j6 · a3 · z23z2 + ω11j6 · a4 · z24z3 +
ω14j6 · a5 · z25z4 +W j6 (F ′)
respectively in our five cases.
Hence W j6 (F ) ∈ C∗ · F only if 3j ≡ 0 mod 6 (for all five cases).
This means that W 26 ∈ G, but W6 /∈ G (for all five cases). Moreover, W 26 (F ) = µ · F ,
where
• µ = ω3 in the first and the fourth cases,
• µ = ω23 in the second and the fifth cases,
• µ = 1 in the third case.
As we noted above, we may assume that P6 ·W i6 ∈ G for some i. Since W 26 ∈ G, we may
take i ∈ {0, 1}.
Note that
• P6W i6(F ) = ωi6 · a0 · z21z2 +ω4i6 · a1 · z22z3 +ω7i6 · a2 · z23z4 +ω10i6 · a3 · z24z5 +ω13i6 · a4 · z25z0 +
ω10i6 · a5 · z20z1 + P6W i6(F ′), or
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• P6W i6(F ) = ω2i6 · a0 · z21z3 +ω5i6 · a1 · z22z4 +ω8i6 · a2 · z23z5 +ω11i6 · a3 · z24z0 +ω8i6 · a4 · z25z1 +
ω11i6 · a5 · z20z2 + P6W i6(F ′), or
• P6W i6(F ) = ω3i6 · a0 · z21z4 +ω6i6 · a1 · z22z5 +ω9i6 · a2 · z23z0 +ω6i6 · a3 · z24z1 +ω9i6 · a4 · z25z2 +
ω12i6 · a5 · z20z3 + P6W i6(F ′), or
• P6W i6(F ) = ω4i6 · a0 · z21z5 +ω7i6 · a1 · z22z0 +ω4i6 · a2 · z23z1 +ω7i6 · a3 · z24z2 +ω10i6 · a4 · z25z3 +
ω13i6 · a5 · z20z4 + P6W i6(F ′), or
• P6W i6(F ) = ω5i6 · a0 · z21z0 +ω2i6 · a1 · z22z1 +ω5i6 · a2 · z23z2 +ω8i6 · a3 · z24z3 +ω11i6 · a4 · z25z4 +
ω14i6 · a5 · z20z5 + P6W i6(F ′)
respectively in our five cases.
In other words,
• P6W i6(F ) = ωi6 ·(a0 ·z21z2−a1 ·z22z3+a2 ·z23z4−a3 ·z24z5+a4 ·z25z0−a5 ·z20z1)+P6W i6(F ′),
or
• P6W i6(F ) = ω2i6 ·(a0 ·z21z3−a1 ·z22z4+a2 ·z23z5−a3 ·z24z0+a4 ·z25z1−a5 ·z20z2)+P6W i6(F ′),
or
• P6W i6(F ) = ω3i6 ·(a0 ·z21z4−a1 ·z22z5+a2 ·z23z0−a3 ·z24z1+a4 ·z25z2−a5 ·z20z3)+P6W i6(F ′),
or
• P6W i6(F ) = ω4i6 ·(a0 ·z21z5−a1 ·z22z0+a2 ·z23z1−a3 ·z24z2+a4 ·z25z3−a5 ·z20z4)+P6W i6(F ′),
or
• P6W i6(F ) = ω5i6 ·(a0 ·z21z0−a1 ·z22z1+a2 ·z23z2−a3 ·z24z3+a4 ·z25z4−a5 ·z20z5)+P6W i6(F ′)
respectively in our five cases.
Hence P6W
i
6(F ) ∈ C∗ · F if and only if
a1 = −λ5 · a0, a2 = λ4 · a0, a3 = λ3 · a0, a4 = −λ2 · a0, a5 = −λ · a0
for some λ ∈ C∗ such that λ6 = −1 in each of our five cases.
In other words, we need to take a5 such that (a5/a0)
6 = −1 and then
a1 = −a20/a5, a2 = −a30/a25, a3 = −a35/a20, a4 = −a25/a0.
Then P6W
i
6(F ) = ω
s·i
6 · λ · F in the s-th case with λ = −a5/a0.
This means that G = {W 2j6 , P k6 ·W i+2j6 | j = 0, 1, 2, k = 1, 2, 3, 4, 5} ∼= Z/6Z ⊕ Z/3Z
with generators W 26 and P6 ·W i6 for some i ∈ {0, 1} (in all five cases).
Now let us describe all smooth cubic fourfolds which admit this group action. In order
to do this, we need to determine which forms F ′ can appear in the equations above.
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If a monomial zpzqzr is present in F
′, then the invariance with respect to W 26 requires
that W 26 (zpzqzr) = ω
2(p+q+r)
6 · zpzqzr = µ · zpzqzr, where the coefficient µ was specified above.
We conclude that p+ q + r ≡ τ mod 3 has to be satisfied, where
• τ ≡ 1 mod 3 in the first and the fourth cases,
• τ ≡ 2 mod 3 in the second and the fifth cases,
• τ ≡ 0 mod 3 in the third case.
Since the set of such monomials is invariant with respect to P6, we conclude that
F ′ =
′∑
0≤p≤q≤r≤5, p+q+r≡τ mod 3
apqr · zpzqzr
with suitable coefficients apqr. The prime signifies that the sum is over triples p ≤ q ≤ r
excluding those for which p = q and r ≡ p + s mod 6 or q = r and p ≡ q + s mod 6 in
the s-th case (in order to exclude the monomials which were already written separately in F ).
Coefficients apqr can be determined as follows. We have to require that P6 ·W i6(F ′) =
ωs·i6 · λ · F ′ with the same λ = −a5/a0 as above (in the s-th case).
Let S1, S2, ... be the orbits of the natural action of P6 on the set of monomials zpzqzr such
that p+q+r ≡ s mod 3 (in the s-th case) and p ≤ q ≤ r satisfy the exclusion condition above.
Then for every such orbit Sα the condition P6 · W i6(F ′) = ωs·i6 · λ · F ′ determines the
coefficients apqr of monomials in Sα upto a common factor.
Namely, if m1,m2, ...,mk are elements of Sα such that P6(mp) = mp+1, p = 1, 2, ..., k− 1,
P6(mk) = m1, W6(mp) = ω
cp
6 ·mp (where cp ∈ Z) and bp is the coefficient of mp in the sum
for F ′ above, then
bk = ω
(s−ck)·i
6 · λ · b1, bp = ω(s−cp)·i6 · λ · bp+1, p = 1, 2, ..., k − 1
(in the s-th case).
This gives by induction:
bp = (ω
s·i
6 · λ)k+1−p · ω−(cp+...+ck)·i6 · b1, p = 1, ..., k
(in the s-th case).
Note that these formulas determine b2, ..., bk in terms of b1, which has to be zero unless
λ = −a5/a0 satisfies the following condition:
λk = ω
(c1+...+ck−s·k)·i
6 ,
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i.e.
(a5/a0)
k = (−1)k · ω(c1+...+ck−s·k)·i6
(in the s-th case).
If this condition is satisfied, then the formulas above determine b1, b2, ..., bk upto a com-
mon factor. If it is not, then the formulas above say that b1 = b2 = ... = bk = 0, i.e.
monomials m1,m2, ...,mk from Sα do not appear in F
′.
Note that since P 66 = Id, only the following values of k are possible: k = 1, k = 2, k = 3,
k = 6.
In the case k = 1 the orbit Sα consists of just one monomial m1 such that P6(m1) = m1
and W6(m1) = ω
c1
6 · m1 for some c1 ∈ Z. In this case the coefficient b1 of this monomial
in F ′ is zero unless λ = ω(c1−s)·i6 , i.e. a5 = −ω(c1−s)·i6 · a0 (in the s-th case). However, our
earlier condition (a5/a0)
6 = −1 is inconsistent with this requirement. Hence b1 = 0, i.e. such
monomials m1 do not appear in F
′.
This procedure determines coefficients apqr in F
′.
It is immediate that generic such cubic forms F give smooth cubic fourfolds.
Note that the cubic fourfold given by the form
F (z0, z1, z2, z3, z4, z5) = e0z
2
0z1 + e1z
2
1z2 + e2z
2
2z0 + e3z
2
3z4 + e4z
2
4z5 + e5z
2
5z3
is smooth for any ei ∈ C∗.
We can summarize our findings in this subsection in the following theorem.
Theorem 4. Abelian automorphism groups of smooth cubic fourfolds which are con-
jugate to subgroups of P6 ⊂ PGL(6) = Aut(P5) are either diagonalizable or conjugate to
subgroups of D3 ⊗ P2 or conjugate to subgroups of D2 ⊗ P3 or conjugate to the subgroup of
P6 ⊂ PGL(6), which is abstractly isomorphic to Z/3Z ⊕ Z/6Z generated by matrices W 26
and P6 ·W i6 for some i ∈ {0, 1}.
Smooth cubic fourfolds which admit the last group action are described earlier in the
present subsection.
In particular, Theorem 4 implies that the full Pauli subgroup P6 ⊂ PGL(6) does not act
effectively on a smooth cubic fourfold.
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4 Appendix. Smoothness.
We used Macaulay 2, version 1.2.
We ran the following Macaulay 2 code:
TotalSing=0;
R=QQ[x0,x1,x2,x3,x4,x5];
print ”This is Case of Six Cubes”;
F = x5ˆ3 + x4ˆ3 + x3ˆ3 + x2ˆ3 + x1ˆ3 + x0ˆ3; TotalSing=TotalSing + dim singularLocus(ideal(F));
print ”This is Case of Five Cubes”;
F = x5ˆ2*x0 + x4ˆ3 + x3ˆ3 + x2ˆ3 + x1ˆ3 + x0ˆ3; TotalSing=TotalSing + dim singularLocus(ideal(F));
print ”This is Case of Four Cubes”;
F = x5ˆ2*x4 + x4ˆ2*x5 + x3ˆ3 + x2ˆ3 + x1ˆ3 + x0ˆ3; TotalSing=TotalSing + dim singularLocus(ideal(F));
F = x5ˆ2*x0 + x4ˆ2*x5 + x3ˆ3 + x2ˆ3 + x1ˆ3 + x0ˆ3; TotalSing=TotalSing + dim singularLocus(ideal(F));
F = x5ˆ2*x1 + x4ˆ2*x0 + x3ˆ3 + x2ˆ3 + x1ˆ3 + x0ˆ3; TotalSing=TotalSing + dim singularLocus(ideal(F));
F = x5ˆ2*x0 + x4ˆ2*x0 + x3ˆ3 + x2ˆ3 + x1ˆ3 + x0ˆ3 + x1*x4*x5; TotalSing=TotalSing + dim singularLocus(ideal(F));
print ”This is Case of Three Cubes”;
F = x2ˆ3 + x1ˆ3 + x0ˆ3 + x3ˆ2*x4 + x4ˆ2*x5 + x5ˆ2*x3; TotalSing=TotalSing + dim singularLocus(ideal(F));
print ”This is Case of Three Cubes, Length 2 longest cycle”;
F = x2ˆ3 + x1ˆ3 + x0ˆ3 + x3ˆ2*x4 + x4ˆ2*x3 + x5ˆ2*x0; TotalSing=TotalSing + dim singularLocus(ideal(F));
F0 = x2ˆ3 + 2*x1ˆ3 + 3*x0ˆ3 + 5*x3ˆ2*x4 + 7*x4ˆ2*x3 + 11*x5ˆ2*x3;
F=F0 + 13*x0*x4*x4; TotalSing=TotalSing + dim singularLocus(ideal(F));
F=F0 + 13*x5*x5*x4; TotalSing=TotalSing + dim singularLocus(ideal(F));
F=F0 + 13*x0*x4*x5; TotalSing=TotalSing + dim singularLocus(ideal(F));
print ”This is Case of Three Cubes, No cycles”;
F = x2ˆ3 + x1ˆ3 + x0ˆ3 + x3ˆ2*x4 + x4ˆ2*x5 + x5ˆ2*x0; TotalSing=TotalSing + dim singularLocus(ideal(F));
F = x2ˆ3 + x1ˆ3 + x0ˆ3 + x3ˆ2*x4 + x4ˆ2*x0 + x5ˆ2*x1; TotalSing=TotalSing + dim singularLocus(ideal(F));
F0 = x2ˆ3 + 2*x1ˆ3 + 3*x0ˆ3 + 5*x3ˆ2*x4 + 7*x4ˆ2*x0 + 11*x5ˆ2*x0;
F=F0 + 13*x3*x4*x5; TotalSing=TotalSing + dim singularLocus(ideal(F));
F=F0 + 13*x1*x4*x5; TotalSing=TotalSing + dim singularLocus(ideal(F));
F=F0 + 13*x4*x4*x5; TotalSing=TotalSing + dim singularLocus(ideal(F));
F0 = x2ˆ3 + 2*x1ˆ3 + 3*x0ˆ3 + 5*x3ˆ2*x4 + 7*x4ˆ2*x0 + 11*x5ˆ2*x4;
F=F0 + 13*x1*x3*x5; TotalSing=TotalSing + dim singularLocus(ideal(F));
F=F0 + 13*x0*x3*x5; TotalSing=TotalSing + dim singularLocus(ideal(F));
F = x2ˆ3 + x1ˆ3 + x0ˆ3 + x3ˆ2*x0 + x4ˆ2*x1 + x5ˆ2*x2; TotalSing=TotalSing + dim singularLocus(ideal(F));
F0 = x2ˆ3 + 2*x1ˆ3 + 3*x0ˆ3 + 5*x3ˆ2*x0 + 7*x4ˆ2*x0 + 11*x5ˆ2*x1;
F=F0 + 13*x3*x4*x5; TotalSing=TotalSing + dim singularLocus(ideal(F));
F=F0 + 13*x2*x3*x5 + 17*x1*x4*x4; TotalSing=TotalSing + dim singularLocus(ideal(F));
F=F0 + 13*x2*x4*x5 + 17*x1*x3*x4; TotalSing=TotalSing + dim singularLocus(ideal(F));
F=F0 + 13*x2*x3*x4; TotalSing=TotalSing + dim singularLocus(ideal(F));
F0 = x2ˆ3 + 2*x1ˆ3 + 3*x0ˆ3 + 5*x3ˆ2*x0 + 7*x4ˆ2*x0 + 11*x5ˆ2*x0;
F=F0 + 13*x3*x4*x5; TotalSing=TotalSing + dim singularLocus(ideal(F));
F=F0 + 13*x1*x4*x5 + 17*x1*x3*x4 + 23*x2*x3*x5; TotalSing=TotalSing + dim singularLocus(ideal(F));
print ”This is Case of Two Cubes”;
F = x1ˆ3 + x0ˆ3 + x2ˆ2*x3 + x3ˆ2*x4 + x4ˆ2*x5 + x5ˆ2*x2; TotalSing=TotalSing + dim singularLocus(ideal(F));
print ”This is Case of Two Cubes, Length 3 longest cycle”;
F = x1ˆ3 + x0ˆ3 + x2ˆ2*x3 + x3ˆ2*x4 + x4ˆ2*x2 + x5ˆ2*x0; TotalSing=TotalSing + dim singularLocus(ideal(F));
F0 = x1ˆ3 + x0ˆ3 + x2ˆ2*x3 + x3ˆ2*x4 + x4ˆ2*x2 + x5ˆ2*x2;
F=F0 + x5*x3*x4; TotalSing=TotalSing + dim singularLocus(ideal(F));
F=F0 + x5*x0*x4; TotalSing=TotalSing + dim singularLocus(ideal(F));
F=F0 + x4*x4*x0; TotalSing=TotalSing + dim singularLocus(ideal(F));
F=F0 + x4*x4*x3; TotalSing=TotalSing + dim singularLocus(ideal(F));
F=F0 + x4*x5*x5; TotalSing=TotalSing + dim singularLocus(ideal(F));
F=F0 + x3*x5*x5; TotalSing=TotalSing + dim singularLocus(ideal(F));
print ”This is Case of Two Cubes, Length 2 longest cycle”;
F1=[ x3ˆ2*x0, x0*x3*x4, x3*x4*x5 ];
F2=[ x3ˆ2*x1, x3ˆ2*x4, x1*x3*x5, x3*x4*x5 ];
F3=[ x3ˆ2*x0, x5ˆ2*x0, x0*x3*x5 ];
F4=[ x4ˆ2*x1, x4ˆ2*x3, x1*x3*x4, x1*x4*x5 ];
F5=[ x4ˆ2*x2, x2ˆ2*x0, x0*x2*x4, x2*x4*x5 ];
F6=[ x2ˆ2*x1, x2ˆ2*x0, x0*x2*x4, x1*x2*x4, x2*x4*x5 ];
F7=[ x0*x2*x4, x2*x4*x5 ];
F8=[ x0*x2*x4, x1*x2*x4, x2*x4*x5 ];
F9=[ x3ˆ2*x1, x3ˆ2*x4, x1*x3*x4, x3*x4*x5 ];
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F = x1ˆ3 + x0ˆ3 + x2ˆ2*x3 + x3ˆ2*x2 + x4ˆ2*x0 + x5ˆ2*x1; TotalSing=TotalSing + dim singularLocus(ideal(F));
F = x1ˆ3 + x0ˆ3 + x2ˆ2*x3 + x3ˆ2*x2 + x4ˆ2*x5 + x5ˆ2*x4; TotalSing=TotalSing + dim singularLocus(ideal(F));
F = x1ˆ3 + x0ˆ3 + x2ˆ2*x3 + x3ˆ2*x2 + x4ˆ2*x0 + x5ˆ2*x4; TotalSing=TotalSing + dim singularLocus(ideal(F));
F = x1ˆ3 + 2*x0ˆ3 + 3*x2ˆ2*x3 + 5*x3ˆ2*x2 + 7*x4ˆ2*x2 + 11*x4ˆ2*x3 + 13*x5ˆ2*x4;
TotalSing=TotalSing + dim singularLocus(ideal(F));
F = x1ˆ3 + 2*x0ˆ3 + 3*x2ˆ2*x3 + 5*x3ˆ2*x2 + 7*x5ˆ2*x2 + 11*x5ˆ2*x3 + 13*x4ˆ2*x0;
TotalSing=TotalSing + dim singularLocus(ideal(F));
F0 = x1ˆ3 + x0ˆ3 + 2*x2ˆ2*x3 + 3*x3ˆ2*x2 + 7*x4ˆ2*x2 + 11*x5ˆ2*x4;
for iF1 from 0 to (#F1-1) list (
F=F0 + 19*F1#iF1; TotalSing=TotalSing + dim singularLocus(ideal(F));
);
F0 = x1ˆ3 + x0ˆ3 + 2*x2ˆ2*x3 + 3*x3ˆ2*x2 + 7*x4ˆ2*x0 + 11*x5ˆ2*x2;
for iF2 from 0 to (#F2-1) list (
F=F0 + 19*F2#iF2; TotalSing=TotalSing + dim singularLocus(ideal(F));
);
for iF3 from 0 to (#F3-1) list (
for iF4 from 0 to (#F4-1) list (
F=F0 + 19*F3#iF3 + 23*F4#iF4; TotalSing=TotalSing + dim singularLocus(ideal(F));
));
F00 = x1ˆ3 + x0ˆ3 + 2*x2ˆ2*x3 + 3*x3ˆ2*x2 + 7*x4ˆ2*x3 + 11*x5ˆ2*x2;
F0=F00 + 23*x5ˆ2*x3;
for iF5 from 0 to (#F5-1) list (
F=F0 + 19*F5#iF5; TotalSing=TotalSing + dim singularLocus(ideal(F));
);
F0=F00 + 23*x3ˆ2*x0;
for iF6 from 0 to (#F6-1) list (
F=F0 + 19*F6#iF6; TotalSing=TotalSing + dim singularLocus(ideal(F));
);
F0=F00 + 23*x3*x4*x5;
for iF7 from 0 to (#F7-1) list (
F=F0 + 19*F7#iF7; TotalSing=TotalSing + dim singularLocus(ideal(F));
);
F0=F00 + 23*x3*x0*x5;
for iF8 from 0 to (#F8-1) list (
F=F0 + 19*F8#iF8; TotalSing=TotalSing + dim singularLocus(ideal(F));
);
F00 = x1ˆ3 + x0ˆ3 + 2*x2ˆ2*x3 + 3*x3ˆ2*x2 + 7*x4ˆ2*x0 + 11*x5ˆ2*x0;
F0=F00 + 23*x2*x4*x5;
for iF9 from 0 to (#F9-1) list (
F=F0 + 19*F9#iF9; TotalSing=TotalSing + dim singularLocus(ideal(F));
);
F=F00 + 19*x1*x4*x5; TotalSing=TotalSing + dim singularLocus(ideal(F));
F0 = x1ˆ3 + x0ˆ3 + 2*x2ˆ2*x3 + 3*x3ˆ2*x2 + 7*x4ˆ2*x2 + 11*x5ˆ2*x2;
F=F0 + 23*x3*x4*x5; TotalSing=TotalSing + dim singularLocus(ideal(F));
F=F0 + 23*x0*x4*x5 + 19*x1*x3*x4 + 29*x3*x3*x0; TotalSing=TotalSing + dim singularLocus(ideal(F));
F=F0 + 23*x0*x4*x5 + 19*x3*x3*x1; TotalSing=TotalSing + dim singularLocus(ideal(F));
F=F0 + 23*x0*x4*x5 + 19*x4*x3*x1 + 29*x5*x3*x1; TotalSing=TotalSing + dim singularLocus(ideal(F));
F=F0 + 23*x0*x4*x5 + 19*x4*x3*x1 + 29*x5*x3*x0; TotalSing=TotalSing + dim singularLocus(ideal(F));
F=F0 + 23*x1*x4*x5 + 19*x4*x3*x0 + 29*x5*x3*x0 + 31*x0*x4*x5; TotalSing=TotalSing + dim singularLocus(ideal(F));
print ”This is Case of Two Cubes, No cycles”;
F1=[ x1*x2*x4, x1*x4*x5 ];
F2=[ x2ˆ2*x1, x2ˆ2*x4, x2ˆ2*x5, x1*x2*x4, x1*x2*x5 ];
F3=[ x2ˆ2*x1, x1*x2*x5 ];
F4=[ x2ˆ2*x1, x5ˆ2*x1, x1*x2*x5 ];
F5=[ x3ˆ2*x1, x5ˆ2*x1, x1*x3*x5 ];
F6=[ x4ˆ2*x3, x2*x3*x4, x2*x4*x5 ];
F7=[ x2*x3*x5, x3*x4*x5 ];
F8=[ x2ˆ2*x0, x2ˆ2*x4, x0*x2*x4 ];
F9=[ x2ˆ2*x0, x4ˆ2*x0, x0*x2*x4 ];
F10=[ x5ˆ2*x3, x1*x3*x5, x2*x3*x5, x3*x4*x5 ];
A=[ x5ˆ2*x3, x1*x3*x5, x2*x3*x5 ];
F11=[ x1*x2*x5, x0*x2*x5 ];
F12=[ x1*x3*x4, x2*x3*x4 ];
F13=[ x2ˆ2*x1, x2ˆ2*x4, x2ˆ2*x5, x1*x2*x4, x1*x2*x5, x1*x4*x5, x2*x4*x5 ];
F14=[ x1*x3*x4, x2*x3*x4 ];
F15=[ x1*x2*x3, x2*x3*x5 ];
F = x1ˆ3 + x0ˆ3 + x2ˆ2*x3 + x3ˆ2*x4 + x4ˆ2*x5 + x5ˆ2*x0; TotalSing=TotalSing + dim singularLocus(ideal(F));
F = x1ˆ3 + x0ˆ3 + x2ˆ2*x3 + x3ˆ2*x4 + x4ˆ2*x0 + x5ˆ2*x1; TotalSing=TotalSing + dim singularLocus(ideal(F));
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F = x1ˆ3 + x0ˆ3 + x2ˆ2*x3 + x3ˆ2*x0 + x4ˆ2*x5 + x5ˆ2*x1; TotalSing=TotalSing + dim singularLocus(ideal(F));
F00 = x1ˆ3 + x0ˆ3 + 2*x2ˆ2*x3 + 3*x3ˆ2*x4 + 7*x4ˆ2*x0 + 11*x5ˆ2*x3;
F=F00 + 19*x5*x4*x1 + 17*x5*x2*x0; TotalSing=TotalSing + dim singularLocus(ideal(F));
F=F00 + 19*x5*x5*x4; TotalSing=TotalSing + dim singularLocus(ideal(F));
F=F00 + 19*x2*x5*x4;
TotalSing=TotalSing + dim singularLocus(ideal(F));
F=F00 + 19*x2*x5*x1; TotalSing=TotalSing + dim singularLocus(ideal(F));
F0=F00 + 23*x0*x5*x5;
for iF1 from 0 to (#F1-1) list (
F=F0 + 19*F1#iF1; TotalSing=TotalSing + dim singularLocus(ideal(F));
);
F00 = x1ˆ3 + x0ˆ3 + 2*x2ˆ2*x3 + 3*x3ˆ2*x4 + 7*x4ˆ2*x0 + 11*x5ˆ2*x4;
F=F00 + 19*x2*x3*x5; TotalSing=TotalSing + dim singularLocus(ideal(F));
F=F00 + 19*x0*x5*x5; TotalSing=TotalSing + dim singularLocus(ideal(F));
F=F00 + 19*x0*x3*x3; TotalSing=TotalSing + dim singularLocus(ideal(F));
F=F00 + 19*x0*x3*x5; TotalSing=TotalSing + dim singularLocus(ideal(F));
F=F00 + 19*x1*x3*x5; TotalSing=TotalSing + dim singularLocus(ideal(F));
F00 = x1ˆ3 + x0ˆ3 + 2*x2ˆ2*x3 + 3*x3ˆ2*x4 + 7*x4ˆ2*x0 + 11*x5ˆ2*x0;
F0=F00 + 23*x3*x4*x5;
for iF2 from 0 to (#F2-1) list (
F=F0 + 19*F2#iF2; TotalSing=TotalSing + dim singularLocus(ideal(F));
);
F=F00 + 19*x2*x4*x5; TotalSing=TotalSing + dim singularLocus(ideal(F));
F=F00 + 19*x1*x4*x5; TotalSing=TotalSing + dim singularLocus(ideal(F));
F00 = x1ˆ3 + x0ˆ3 + 2*x2ˆ2*x3 + 3*x3ˆ2*x0 + 7*x4ˆ2*x5 + 11*x5ˆ2*x0;
F=F00 + 19*x1*x3*x5; TotalSing=TotalSing + dim singularLocus(ideal(F));
F=F00 + 19*x3*x4*x5;
TotalSing=TotalSing + dim singularLocus(ideal(F));
F00 = x1ˆ3 + x0ˆ3 + 2*x2ˆ2*x3 + 3*x3ˆ2*x0 + 7*x4ˆ2*x1 + 11*x5ˆ2*x3;
F=F00 + 19*x0*x2*x5; TotalSing=TotalSing + dim singularLocus(ideal(F));
F=F00 + 19*x4*x2*x5; TotalSing=TotalSing + dim singularLocus(ideal(F));
F=F00 + 19*x0*x5*x5; TotalSing=TotalSing + dim singularLocus(ideal(F));
F0=F00 + 23*x0*x4*x4;
for iF3 from 0 to (#F3-1) list (
F=F0 + 19*F3#iF3; TotalSing=TotalSing + dim singularLocus(ideal(F));
);
F0=F00 + 23*x0*x4*x5;
for iF4 from 0 to (#F4-1) list (
F=F0 + 19*F4#iF4; TotalSing=TotalSing + dim singularLocus(ideal(F));
);
F00 = x1ˆ3 + x0ˆ3 + 2*x2ˆ2*x3 + 3*x3ˆ2*x0 + 7*x4ˆ2*x1 + 11*x5ˆ2*x0;
F=F00 + 19*x3*x4*x5; TotalSing=TotalSing + dim singularLocus(ideal(F));
F=F00 + 19*x2*x3*x5; TotalSing=TotalSing + dim singularLocus(ideal(F));
F0=F00;
for iF5 from 0 to (#F5-1) list (
for iF6 from 0 to (#F6-1) list (
F=F0 + 19*F5#iF5 + 23*F6#iF6; TotalSing=TotalSing + dim singularLocus(ideal(F));
));
F00 = x1ˆ3 + x0ˆ3 + 2*x2ˆ2*x3 + 3*x3ˆ2*x0 + 7*x4ˆ2*x1 + 11*x5ˆ2*x1;
F=F00 + 19*x2*x4*x5; TotalSing=TotalSing + dim singularLocus(ideal(F));
F0=F00 + 23*x0*x4*x5;
for iF7 from 0 to (#F7-1) list (
F=F0 + 19*F7#iF7; TotalSing=TotalSing + dim singularLocus(ideal(F));
);
F0=F00 + 23*x3*x4*x5;
for iF8 from 0 to (#F8-1) list (
F=F0 + 19*F8#iF8; TotalSing=TotalSing + dim singularLocus(ideal(F));
);
F00 = x1ˆ3 + x0ˆ3 + 2*x2ˆ2*x3 + 3*x3ˆ2*x0 + 7*x4ˆ2*x3 + 11*x5ˆ2*x0;
F0=F00 + 23*x1*x4*x5;
for iF9 from 0 to (#F9-1) list (
for iF10 from 0 to (#F10-1) list (
F=F0 + 19*F9#iF9 + 23*F10#iF10; TotalSing=TotalSing + dim singularLocus(ideal(F));
));
F0=F00 + 23*x2*x4*x5;
for iA from 0 to (#A-1) list (
F=F0 + 19*A#iA; TotalSing=TotalSing + dim singularLocus(ideal(F));
);
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F0=F00 + 23*x2*x4*x1;
for iA from 0 to (#A-1) list (
F=F0 + 19*A#iA; TotalSing=TotalSing + dim singularLocus(ideal(F));
);
F00 = x1ˆ3 + x0ˆ3 + 2*x2ˆ2*x3 + 3*x3ˆ2*x0 + 7*x4ˆ2*x3 + 11*x5ˆ2*x3;
F0=F00 + 23*x0*x2*x4 + 31*x1*x4*x5;
for iF11 from 0 to (#F11-1) list (
F=F0 + 19*F11#iF11; TotalSing=TotalSing + dim singularLocus(ideal(F));
);
F=F00 + 23*x2*x4*x5; TotalSing=TotalSing + dim singularLocus(ideal(F));
F=F00 + 23*x2*x4*x0 + 23*x2*x4*x1 + 23*x2*x5*x1 + 23*x1*x4*x5; TotalSing=TotalSing + dim singularLocus(ideal(F));
F00 = x1ˆ3 + x0ˆ3 + 2*x2ˆ2*x3 + 3*x3ˆ2*x0 + 7*x4ˆ2*x0 + 11*x5ˆ2*x0;
F0=F00 + 23*x5*x2*x4 + 31*x1*x3*x5;
for iF12 from 0 to (#F12-1) list (
F=F0 + 19*F12#iF12; TotalSing=TotalSing + dim singularLocus(ideal(F));
);
F0=F00 + 23*x5*x2*x3 + 31*x1*x4*x5;
for iF14 from 0 to (#F14-1) list (
F=F0 + 19*F14#iF14; TotalSing=TotalSing + dim singularLocus(ideal(F));
);
F0=F00 + 23*x3*x4*x5;
for iF13 from 0 to (#F13-1) list (
F=F0 + 19*F13#iF13; TotalSing=TotalSing + dim singularLocus(ideal(F));
);
F00 = x1ˆ3 + x0ˆ3 + 2*x2ˆ2*x0 + 3*x3ˆ2*x0 + 7*x4ˆ2*x1 + 11*x5ˆ2*x1;
F=F00 + 19*x3*x4*x5 + 23*x3*x3*x1; TotalSing=TotalSing + dim singularLocus(ideal(F));
F=F00 + 19*x2*x4*x5 + 23*x3*x3*x1; TotalSing=TotalSing + dim singularLocus(ideal(F));
F=F00 + 19*x2*x4*x5 + 23*x2*x3*x4; TotalSing=TotalSing + dim singularLocus(ideal(F));
F=F00 + 19*x2*x4*x5 + 23*x1*x2*x3; TotalSing=TotalSing + dim singularLocus(ideal(F));
F00 = x1ˆ3 + x0ˆ3 + 2*x2ˆ2*x0 + 3*x3ˆ2*x0 + 7*x4ˆ2*x0 + 11*x5ˆ2*x1;
F=F00 + 19*x2*x3*x4; TotalSing=TotalSing + dim singularLocus(ideal(F));
F0=F00 + 19*x2*x4*x5 + 23*x4*x3*x1;
for iF15 from 0 to (#F15-1) list (
F=F0 + 19*F15#iF15; TotalSing=TotalSing + dim singularLocus(ideal(F));
);
F00 = x1ˆ3 + x0ˆ3 + 2*x2ˆ2*x0 + 3*x3ˆ2*x0 + 7*x4ˆ2*x0 + 11*x5ˆ2*x0;
F=F00 + 19*x2*x3*x4 + 17*x1*x3*x5 + 23*x1*x2*x5 + 29*x1*x4*x5; TotalSing=TotalSing + dim singularLocus(ideal(F));
F=F00 + 19*x2*x3*x4 + 23*x2*x4*x5 + 17*x2*x3*x5 + 29*x3*x4*x5; TotalSing=TotalSing + dim singularLocus(ideal(F));
F=F00 + 19*x2*x3*x4 + 23*x1*x2*x5 + 17*x3*x4*x5; TotalSing=TotalSing + dim singularLocus(ideal(F));
print ”This is Case of One Cube”;
F = x0ˆ3 + x1ˆ2*x2 + x2ˆ2*x3 + x3ˆ2*x4 + x4ˆ2*x5 + x5ˆ2*x1; TotalSing=TotalSing + dim singularLocus(ideal(F));
F = x0ˆ3 + x1ˆ2*x2 + x2ˆ2*x3 + x3ˆ2*x4 + x4ˆ2*x1 + x5ˆ2*x0; TotalSing=TotalSing + dim singularLocus(ideal(F));
print ”This is Case of One Cube, Length 4 longest cycle”;
A=[ x2ˆ2*x0, x2ˆ2*x4, x2ˆ2*x5, x0*x2*x4, x0*x2*x5 ];
F1=[ x0*x4*x5, x2*x4*x5 ];
F00 = x0ˆ3 + 2*x1ˆ2*x2 + 3*x2ˆ2*x3 + 7*x3ˆ2*x4 + 11*x4ˆ2*x1 + 13*x5ˆ2*x1;
F0=F00;
for iF1 from 0 to (#F1-1) list (
F=F0 + 19*F1#iF1; TotalSing=TotalSing + dim singularLocus(ideal(F));
);
F0=F00 + 17*x3*x4*x5;
for iA from 0 to (#A-1) list (
F=F0 + 19*A#iA; TotalSing=TotalSing + dim singularLocus(ideal(F));
);
F0=F00 + 17*x3*x4*x4;
for iA from 0 to (#A-1) list (
F=F0 + 19*A#iA; TotalSing=TotalSing + dim singularLocus(ideal(F));
);
F0=F00 + 17*x3*x5*x5;
for iA from 0 to (#A-1) list (
F=F0 + 19*A#iA; TotalSing=TotalSing + dim singularLocus(ideal(F));
);
F=F00 + 17*x4*x4*x0; TotalSing=TotalSing + dim singularLocus(ideal(F));
F=F00 + 17*x4*x5*x5; TotalSing=TotalSing + dim singularLocus(ideal(F));
F=F00 + 17*x4*x4*x2; TotalSing=TotalSing + dim singularLocus(ideal(F));
print ”This is Case of One Cube, Length 3 longest cycle”;
A0=[ x5ˆ2*x2, x5ˆ2*x3, x2*x3*x5, x2*x4*x5 ];
A=[ x4ˆ2*x1, x4ˆ2*x3, x1ˆ2*x0, x1ˆ2*x3, x1*x3*x4, x1*x4*x5, x1*x4*x0 ];
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B=[ x4ˆ2*x1, x5ˆ2*x1, x1ˆ2*x0, x0*x1*x4, x0*x1*x5, x0*x4*x5, x1*x4*x5 ];
F1=[ x2ˆ2*x4, x2ˆ2*x0, x0*x2*x4, x0*x4*x5, x2*x4*x5 ];
F2=[ x3ˆ2*x2, x3ˆ2*x0, x0*x3*x4, x2*x3*x4 ];
F3=[ x3ˆ2*x2, x3ˆ2*x0, x0*x3*x5, x2*x3*x5 ];
F4=[ x3ˆ2*x2, x2*x3*x4, x2*x4*x5 ];
F5=[ x1ˆ2*x4, x1ˆ2*x3, x1*x3*x4, x1*x4*x5, x3*x4*x5 ];
F6=[ x3ˆ2*x2, x2*x3*x4, x0*x3*x4 ];
F = x0ˆ3 + 2*x1ˆ2*x2 + 3*x2ˆ2*x3 + 7*x3ˆ2*x1 + 11*x4ˆ2*x5 + 13*x5ˆ2*x0;
TotalSing=TotalSing + dim singularLocus(ideal(F));
F = x0ˆ3 + 2*x1ˆ2*x2 + 3*x2ˆ2*x3 + 7*x3ˆ2*x1 + 11*x4ˆ2*x5 + 13*x5ˆ2*x4;
TotalSing=TotalSing + dim singularLocus(ideal(F));
F0 = x0ˆ3 + 2*x1ˆ2*x2 + 3*x2ˆ2*x3 + 7*x3ˆ2*x1 + 11*x4ˆ2*x5 + 13*x5ˆ2*x3;
F=F0 + 17*x1*x2*x5; TotalSing=TotalSing + dim singularLocus(ideal(F));
F=F0 + 17*x0*x2*x5; TotalSing=TotalSing + dim singularLocus(ideal(F));
F=F0 + 17*x4*x2*x5; TotalSing=TotalSing + dim singularLocus(ideal(F));
F=F0 + 17*x5*x5*x2; TotalSing=TotalSing + dim singularLocus(ideal(F));
F=F0 + 17*x0*x2*x2; TotalSing=TotalSing + dim singularLocus(ideal(F));
F=F0 + 17*x1*x2*x2; TotalSing=TotalSing + dim singularLocus(ideal(F));
F00 = x0ˆ3 + 2*x1ˆ2*x2 + 3*x2ˆ2*x3 + 7*x3ˆ2*x1 + 11*x4ˆ2*x1 + 13*x5ˆ2*x0;
F0=F00 + 17*x3*x3*x0;
for iA0 from 0 to (#A0-1) list (
F=F0 + 19*A0#iA0; TotalSing=TotalSing + dim singularLocus(ideal(F));
);
F0=F00 + 17*x4*x3*x0;
for iA0 from 0 to (#A0-1) list (
F=F0 + 19*A0#iA0; TotalSing=TotalSing + dim singularLocus(ideal(F));
);
F0=F00 + 17*x4*x4*x0;
for iA0 from 0 to (#A0-1) list (
F=F0 + 19*A0#iA0; TotalSing=TotalSing + dim singularLocus(ideal(F));
);
F=F00 + 17*x3*x4*x5; TotalSing=TotalSing + dim singularLocus(ideal(F));
F=F00 + 17*x3*x3*x5; TotalSing=TotalSing + dim singularLocus(ideal(F));
F=F00 + 17*x2*x3*x4; TotalSing=TotalSing + dim singularLocus(ideal(F));
F=F00 + 17*x2*x3*x3; TotalSing=TotalSing + dim singularLocus(ideal(F));
F=F00 + 17*x2*x4*x4; TotalSing=TotalSing + dim singularLocus(ideal(F));
F00 = x0ˆ3 + 2*x1ˆ2*x2 + 3*x2ˆ2*x3 + 7*x3ˆ2*x1 + 11*x4ˆ2*x2 + 13*x5ˆ2*x3;
F0=F00 + 17*x5*x5*x2;
for iA from 0 to (#A-1) list (
for iB from 0 to (#B-1) list (
F=F0 + 19*A#iA + 23*B#iB; TotalSing=TotalSing + dim singularLocus(ideal(F));
));
F0=F00 + 17*x5*x4*x2;
for iA from 0 to (#A-1) list (
for iB from 0 to (#B-1) list (
F=F0 + 19*A#iA + 23*B#iB; TotalSing=TotalSing + dim singularLocus(ideal(F));
));
F0=F00 + 17*x4*x2*x2;
for iA from 0 to (#A-1) list (
for iB from 0 to (#B-1) list (
F=F0 + 19*A#iA + 23*B#iB; TotalSing=TotalSing + dim singularLocus(ideal(F));
));
F0=F00 + 17*x1*x2*x2;
for iA from 0 to (#A-1) list (
for iB from 0 to (#B-1) list (
F=F0 + 19*A#iA + 23*B#iB; TotalSing=TotalSing + dim singularLocus(ideal(F));
));
F0=F00 + 17*x1*x2*x5;
for iA from 0 to (#A-1) list (
for iB from 0 to (#B-1) list (
F=F0 + 19*A#iA + 23*B#iB; TotalSing=TotalSing + dim singularLocus(ideal(F));
));
F0=F00 + 17*x2*x2*x0;
for iA from 0 to (#A-1) list (
for iB from 0 to (#B-1) list (
F=F0 + 19*A#iA + 23*B#iB; TotalSing=TotalSing + dim singularLocus(ideal(F));
));
F0=F00 + 17*x5*x2*x0;
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for iA from 0 to (#A-1) list (
for iB from 0 to (#B-1) list (
F=F0 + 19*A#iA + 23*B#iB; TotalSing=TotalSing + dim singularLocus(ideal(F));
));
F0=F00 + 17*x5*x5*x1;
for iA from 0 to (#A-1) list (
F=F0 + 19*A#iA; TotalSing=TotalSing + dim singularLocus(ideal(F));
);
F00 = x0ˆ3 + 2*x1ˆ2*x2 + 3*x2ˆ2*x3 + 7*x3ˆ2*x1 + 11*x4ˆ2*x1 + 13*x5ˆ2*x1;
F0=F00 + 17*x5*x4*x0;
for iF2 from 0 to (#F2-1) list (
for iF3 from 0 to (#F3-1) list (
for iF4 from 0 to (#F4-1) list (
F=F0 + 19*F2#iF2 + 23*F3#iF3 + 29*F4#iF4; TotalSing=TotalSing + dim singularLocus(ideal(F));
)));
F0=F00 + 17*x5*x3*x0 + 31*x2*x4*x5;
for iF6 from 0 to (#F6-1) list (
F=F0 + 19*F6#iF6; TotalSing=TotalSing + dim singularLocus(ideal(F));
);
F0=F00 + 17*x3*x4*x5;
for iF1 from 0 to (#F1-1) list (
F=F0 + 19*F1#iF1; TotalSing=TotalSing + dim singularLocus(ideal(F));
);
F=F00 + 17*x2*x4*x5 + 19*x3*x3*x0; TotalSing=TotalSing + dim singularLocus(ideal(F));
F00 = x0ˆ3 + 2*x1ˆ2*x2 + 3*x2ˆ2*x3 + 7*x3ˆ2*x1 + 11*x4ˆ2*x0 + 13*x5ˆ2*x0;
F0=F00 + 17*x2*x4*x5;
for iF5 from 0 to (#F5-1) list (
F=F0 + 19*F5#iF5; TotalSing=TotalSing + dim singularLocus(ideal(F));
);
print ”This is Case of One Cube, Length 2 longest cycle”;
A=[ x3ˆ2*x2, x5ˆ2*x2, x2ˆ2*x0, x0*x2*x3, x0*x2*x5, x2*x3*x5 ];
B=[ x0*x2*x5, x2*x3*x5 ];
C=[ x2ˆ2*x3, x2ˆ2*x5, x2ˆ2*x0, x0*x2*x3, x0*x2*x5, x2*x3*x5 ];
F1=[ x3ˆ2*x2, x3ˆ2*x5, x3ˆ2*x0, x0*x2*x3, x0*x3*x5 ];
AA=[ x3ˆ2*x2, x3ˆ2*x0, x0*x2*x3, x0*x3*x5 ];
BB=[ x2ˆ2*x4, x5ˆ2*x4, x4ˆ2*x2, x2*x3*x4, x2*x4*x5, x3*x4*x5 ];
AAA=[ x5ˆ2*x2, x5ˆ2*x4, x2*x3*x5, x3*x4*x5 ];
F = x0ˆ3 + 2*x1ˆ2*x2 + 3*x2ˆ2*x1 + 7*x3ˆ2*x4 + 11*x4ˆ2*x3 + 13*x5ˆ2*x0;
TotalSing=TotalSing + dim singularLocus(ideal(F));
F = x0ˆ3 + 2*x1ˆ2*x2 + 3*x2ˆ2*x1 + 7*x3ˆ2*x4 + 11*x4ˆ2*x5 + 13*x5ˆ2*x0;
TotalSing=TotalSing + dim singularLocus(ideal(F));
F00 = x0ˆ3 + 2*x1ˆ2*x2 + 3*x2ˆ2*x1 + 7*x3ˆ2*x4 + 11*x4ˆ2*x5 + 13*x5ˆ2*x4;
F=F00 + 17*x3*x3*x5; TotalSing=TotalSing + dim singularLocus(ideal(F));
F=F00 + 17*x0*x5*x5; TotalSing=TotalSing + dim singularLocus(ideal(F));
F=F00 + 17*x0*x3*x5; TotalSing=TotalSing + dim singularLocus(ideal(F));
F0=F00 + 17*x1*x5*x5;
for iA from 0 to (#A-1) list (
F=F0 + 19*A#iA; TotalSing=TotalSing + dim singularLocus(ideal(F));
);
F0=F00 + 17*x1*x3*x3;
for iB from 0 to (#B-1) list (
F=F0 + 19*B#iB; TotalSing=TotalSing + dim singularLocus(ideal(F));
);
F0=F00 + 17*x1*x3*x5;
for iC from 0 to (#C-1) list (
F=F0 + 19*C#iC; TotalSing=TotalSing + dim singularLocus(ideal(F));
);
F00 = x0ˆ3 + 2*x1ˆ2*x2 + 3*x2ˆ2*x1 + 7*x3ˆ2*x4 + 11*x4ˆ2*x5 + 13*x5ˆ2*x1;
F=F00 + 17*x2*x5*x5; TotalSing=TotalSing + dim singularLocus(ideal(F));
F=F00 + 17*x2*x2*x0; TotalSing=TotalSing + dim singularLocus(ideal(F));
F=F00 + 17*x2*x3*x5; TotalSing=TotalSing + dim singularLocus(ideal(F));
F=F00 + 17*x0*x2*x5; TotalSing=TotalSing + dim singularLocus(ideal(F));
F0=F00 + 17*x2*x4*x5;
for iF1 from 0 to (#F1-1) list (
F=F0 + 19*F1#iF1; TotalSing=TotalSing + dim singularLocus(ideal(F));
);
F00 = x0ˆ3 + 2*x1ˆ2*x2 + 3*x2ˆ2*x1 + 7*x3ˆ2*x4 + 11*x4ˆ2*x1 + 13*x5ˆ2*x0;
F=F00 + 17*x2*x2*x5; TotalSing=TotalSing + dim singularLocus(ideal(F));
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F=F00 + 17*x2*x4*x4; TotalSing=TotalSing + dim singularLocus(ideal(F));
F=F00 + 17*x2*x3*x4; TotalSing=TotalSing + dim singularLocus(ideal(F));
F=F00 + 17*x2*x4*x5; TotalSing=TotalSing + dim singularLocus(ideal(F));
F0=F00 + 17*x0*x2*x2;
for iAAA from 0 to (#AAA-1) list (
F=F0 + 19*AAA#iAAA; TotalSing=TotalSing + dim singularLocus(ideal(F));
);
F0=F00 + 17*x0*x2*x4;
for iAAA from 0 to (#AAA-1) list (
F=F0 + 19*AAA#iAAA; TotalSing=TotalSing + dim singularLocus(ideal(F));
);
F0=F00 + 17*x0*x4*x4;
for iAAA from 0 to (#AAA-1) list (
F=F0 + 19*AAA#iAAA; TotalSing=TotalSing + dim singularLocus(ideal(F));
);
F00 = x0ˆ3 + 2*x1ˆ2*x2 + 3*x2ˆ2*x1 + 7*x3ˆ2*x4 + 11*x4ˆ2*x0 + 13*x5ˆ2*x1;
F=F00 + 17*x2*x3*x5; TotalSing=TotalSing + dim singularLocus(ideal(F));
F=F00 + 17*x2*x5*x5; TotalSing=TotalSing + dim singularLocus(ideal(F));
F=F00 + 17*x2*x2*x3; TotalSing=TotalSing + dim singularLocus(ideal(F));
F0=F00 + 17*x4*x2*x2;
for iAA from 0 to (#AA-1) list (
F=F0 + 19*AA#iAA; TotalSing=TotalSing + dim singularLocus(ideal(F));
);
F0=F00 + 17*x2*x4*x5;
for iAA from 0 to (#AA-1) list (
F=F0 + 19*AA#iAA; TotalSing=TotalSing + dim singularLocus(ideal(F));
);
F0=F00 + 17*x4*x5*x5;
for iAA from 0 to (#AA-1) list (
F=F0 + 19*AA#iAA; TotalSing=TotalSing + dim singularLocus(ideal(F));
);
F0=F00 + 17*x0*x5*x5;
for iBB from 0 to (#BB-1) list (
F=F0 + 19*BB#iBB; TotalSing=TotalSing + dim singularLocus(ideal(F));
);
F0=F00 + 17*x0*x2*x2;
for iBB from 0 to (#BB-1) list (
F=F0 + 19*BB#iBB; TotalSing=TotalSing + dim singularLocus(ideal(F));
);
F0=F00 + 17*x0*x2*x5;
for iBB from 0 to (#BB-1) list (
F=F0 + 19*BB#iBB; TotalSing=TotalSing + dim singularLocus(ideal(F));
);
A=[ x3ˆ2*x0, x3ˆ2*x1, x3ˆ2*x5, x0*x1*x3, x0*x3*x5 ];
A1=[ x3ˆ2*x1, x3ˆ2*x5, x0*x1*x3, x0*x3*x5 ];
B=[ x4ˆ2*x2, x2ˆ2*x0, x0*x2*x4, x2*x3*x4, x2*x4*x5 ];
F1=[ x2ˆ2*x3, x2ˆ2*x5, x2ˆ2*x4, x2*x3*x4, x2*x3*x5, x2*x4*x5 ];
F2=[ x2ˆ2*x3, x2ˆ2*x0, x2*x3*x0, x2*x3*x5 ];
AA=[ x3ˆ2*x0, x3ˆ2*x2, x3ˆ2*x5, x0*x2*x3, x0*x2*x5, x0*x3*x5, x2*x3*x5 ];
BB=[ x0*x2*x4, x0*x2*x5, x0*x4*x5 ];
C2=[ x0*x2*x4, x2*x3*x4 ];
DD=[ x0*x2*x5, x2*x3*x5 ];
F3=[ x2*x3*x4, x2*x3*x5, x3*x4*x5 ];
AAA=[ x2ˆ2*x0, x4ˆ2*x2, x0*x2*x4, x2*x3*x4 ];
BBB=[ x1ˆ2*x0, x0*x1*x3, x0*x1*x5, x1*x3*x5 ];
C3=[ x2ˆ2*x0, x0*x2*x3, x0*x2*x5 ];
F00 = x0ˆ3 + 2*x1ˆ2*x2 + 3*x2ˆ2*x1 + 7*x3ˆ2*x4 + 11*x4ˆ2*x1 + 13*x5ˆ2*x2;
F0=F00 + 17*x1*x4*x5;
for iA from 0 to (#A-1) list (
for iB from 0 to (#B-1) list (
F=F0 + 19*A#iA + 23*B#iB; TotalSing=TotalSing + dim singularLocus(ideal(F));
));
F0=F00 + 17*x1*x1*x4;
for iA1 from 0 to (#A1-1) list (
for iB from 0 to (#B-1) list (
F=F0 + 19*A1#iA1 + 23*B#iB; TotalSing=TotalSing + dim singularLocus(ideal(F));
));
F0=F00 + 17*x5*x5*x4;
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for iA1 from 0 to (#A1-1) list (
for iB from 0 to (#B-1) list (
F=F0 + 19*A1#iA1 + 23*B#iB; TotalSing=TotalSing + dim singularLocus(ideal(F));
));
F0=F00 + 17*x0*x1*x5;
for iB from 0 to (#B-1) list (
F=F0 + 19*B#iB; TotalSing=TotalSing + dim singularLocus(ideal(F));
);
F0=F00 + 17*x0*x1*x1;
for iB from 0 to (#B-1) list (
F=F0 + 19*B#iB; TotalSing=TotalSing + dim singularLocus(ideal(F));
);
F0=F00 + 17*x1*x3*x5;
for iB from 0 to (#B-1) list (
F=F0 + 19*B#iB; TotalSing=TotalSing + dim singularLocus(ideal(F));
);
F0=F00 + 17*x1*x5*x5;
for iB from 0 to (#B-1) list (
F=F0 + 19*B#iB; TotalSing=TotalSing + dim singularLocus(ideal(F));
);
F00 = x0ˆ3 + 2*x1ˆ2*x2 + 3*x2ˆ2*x1 + 7*x3ˆ2*x4 + 11*x4ˆ2*x0 + 13*x5ˆ2*x0;
F=F00 + 17*x4*x5*x5; TotalSing=TotalSing + dim singularLocus(ideal(F));
F=F00 + 17*x3*x4*x5; TotalSing=TotalSing + dim singularLocus(ideal(F));
F0=F00 + 17*x1*x4*x5;
for iF1 from 0 to (#F1-1) list (
F=F0 + 19*F1#iF1; TotalSing=TotalSing + dim singularLocus(ideal(F));
);
F00 = x0ˆ3 + 2*x1ˆ2*x2 + 3*x2ˆ2*x1 + 7*x3ˆ2*x4 + 11*x4ˆ2*x0 + 13*x5ˆ2*x4;
F=F00 + 17*x0*x3*x5; TotalSing=TotalSing + dim singularLocus(ideal(F));
F0=F00 + 17*x1*x3*x5;
for iF2 from 0 to (#F2-1) list (
F=F0 + 19*F2#iF2; TotalSing=TotalSing + dim singularLocus(ideal(F));
);
F00 = x0ˆ3 + 2*x1ˆ2*x2 + 3*x2ˆ2*x1 + 7*x3ˆ2*x4 + 11*x4ˆ2*x1 + 13*x5ˆ2*x1;
F=F00 + 17*x2*x4*x5 + 19*x2*x2*x0; TotalSing=TotalSing + dim singularLocus(ideal(F));
F=F00 + 17*x3*x4*x5 + 19*x2*x2*x0; TotalSing=TotalSing + dim singularLocus(ideal(F));
F=F00 + 17*x4*x5*x5 + 19*x2*x2*x0; TotalSing=TotalSing + dim singularLocus(ideal(F));
F0=F00 + 17*x0*x5*x4;
for iC2 from 0 to (#C2-1) list (
for iDD from 0 to (#DD-1) list (
for iF3 from 0 to (#F3-1) list (
F=F0 + 19*C2#iC2 + 23*DD#iDD + 29*F3#iF3; TotalSing=TotalSing + dim singularLocus(ideal(F));
)));
F0=F00 + 17*x3*x5*x4;
for iC2 from 0 to (#C2-1) list (
for iDD from 0 to (#DD-1) list (
for iBB from 0 to (#BB-1) list (
F=F0 + 19*C2#iC2 + 23*DD#iDD + 29*BB#iBB; TotalSing=TotalSing + dim singularLocus(ideal(F));
)));
F0=F00 + 17*x5*x5*x4;
for iC2 from 0 to (#C2-1) list (
for iAA from 0 to (#AA-1) list (
F=F0 + 19*C2#iC2 + 23*AA#iAA; TotalSing=TotalSing + dim singularLocus(ideal(F));
));
F0=F00 + 17*x2*x4*x5;
for iAA from 0 to (#AA-1) list (
F=F0 + 19*AA#iAA; TotalSing=TotalSing + dim singularLocus(ideal(F));
);
F0=F00 + 17*x0*x4*x5 + 23*x0*x2*x2;
for iF3 from 0 to (#F3-1) list (
F=F0 + 19*F3#iF3; TotalSing=TotalSing + dim singularLocus(ideal(F));
);
F00 = x0ˆ3 + 2*x1ˆ2*x2 + 3*x2ˆ2*x1 + 7*x3ˆ2*x4 + 11*x4ˆ2*x1 + 13*x5ˆ2*x4;
F0=F00 + 17*x2*x3*x5;
for iBBB from 0 to (#BBB-1) list (
for iAAA from 0 to (#AAA-1) list (
F=F0 + 19*BBB#iBBB + 23*AAA#iAAA; TotalSing=TotalSing + dim singularLocus(ideal(F));
));
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F0=F00 + 17*x1*x3*x5;
for iC3 from 0 to (#C3-1) list (
for iAAA from 0 to (#AAA-1) list (
F=F0 + 19*C3#iC3 + 23*AAA#iAAA; TotalSing=TotalSing + dim singularLocus(ideal(F));
));
F0=F00 + 17*x0*x3*x5;
for iAAA from 0 to (#AAA-1) list (
F=F0 + 19*AAA#iAAA; TotalSing=TotalSing + dim singularLocus(ideal(F));
);
A=[ x5ˆ2*x1, x1*x3*x4, x1*x4*x5, x3*x4*x5 ];
B=[ x5ˆ2*x2, x2*x3*x4, x2*x3*x5, x3*x4*x5 ];
F1=[ x1ˆ2*x0, x1ˆ2*x5, x3ˆ2*x0, x3ˆ2*x1, x1*x3*x4, x1*x3*x5, x0*x1*x3 ];
F2=[ x1ˆ2*x5, x5ˆ2*x1, x3ˆ2*x1, x1*x3*x4, x1*x3*x5, x1*x4*x5, x3*x4*x5 ];
F3=[ x1ˆ2*x0, x1ˆ2*x5, x3ˆ2*x0, x1*x3*x4, x1*x3*x5, x0*x1*x3 ];
F4=[ x1ˆ2*x5, x5ˆ2*x1, x1*x3*x4, x1*x3*x5, x1*x4*x5, x3*x4*x5 ];
F5=[ x1ˆ2*x0, x3ˆ2*x0, x1*x3*x4, x1*x3*x5, x0*x1*x3 ];
F6=[ x5ˆ2*x1, x1*x3*x4, x1*x3*x5, x1*x4*x5, x3*x4*x5 ];
F7=[ x1ˆ2*x0, x3ˆ2*x0, x1*x3*x4, x0*x1*x3 ];
F8=[ x1ˆ2*x0, x3ˆ2*x0, x1*x3*x4 ];
F9=[ x3ˆ2*x0, x1*x3*x4 ];
F10=[ x2*x3*x5, x2*x4*x5 ];
A1=[ x2ˆ2*x0, x3ˆ2*x0, x2ˆ2*x5, x0*x2*x3, x2*x3*x5 ];
B1=[ x2ˆ2*x0, x4ˆ2*x0, x2ˆ2*x5, x0*x2*x4, x2*x4*x5 ];
C1=[ x2ˆ2*x0, x3ˆ2*x0, x0*x2*x3 ];
AA=[ x2ˆ2*x0, x3ˆ2*x0, x2ˆ2*x4, x0*x2*x3, x2*x3*x4 ];
A2=[ x1ˆ2*x0, x5ˆ2*x1, x0*x1*x5, x1*x3*x5, x1*x4*x5 ];
B2=[ x2ˆ2*x0, x0*x2*x3, x2*x3*x5 ];
C2=[ x2ˆ2*x0, x0*x2*x4, x2*x4*x5 ];
G1=[ x0*x3*x4, x0*x3*x5, x0*x4*x5, x3*x4*x5 ];
G2=[ x0*x3*x4, x0*x4*x5, x3*x4*x5 ];
G3=[ x2ˆ2*x0, x0*x3*x4, x0*x2*x3 ];
G4=[ x2ˆ2*x0, x2ˆ2*x4, x3ˆ2*x0, x0*x2*x3 ];
G5=[ x1ˆ2*x4, x1ˆ2*x5, x1*x3*x4, x1*x3*x5 ];
G6=[ x2ˆ2*x4, x2*x3*x4, x2*x4*x5 ];
G7=[ x2*x3*x5, x0*x2*x5 ];
G8=[ x0*x2*x4, x0*x2*x5, x0*x4*x5, x2*x4*x5 ];
G9=[ x2*x3*x5, x0*x2*x3 ];
F00 = x0ˆ3 + 2*x1ˆ2*x2 + 3*x2ˆ2*x1 + 7*x3ˆ2*x2 + 11*x4ˆ2*x1 + 13*x5ˆ2*x0;
F0=F00 + 17*x2*x4*x4;
for iF1 from 0 to (#F1-1) list (
for iF2 from 0 to (#F2-1) list (
F=F0 + 19*F1#iF1 + 23*F2#iF2; TotalSing=TotalSing + dim singularLocus(ideal(F));
));
F0=F00 + 17*x2*x2*x5;
for iF3 from 0 to (#F3-1) list (
for iF4 from 0 to (#F4-1) list (
F=F0 + 19*F3#iF3 + 23*F4#iF4; TotalSing=TotalSing + dim singularLocus(ideal(F));
));
F0=F00 + 17*x2*x4*x5;
for iF5 from 0 to (#F5-1) list (
for iF6 from 0 to (#F6-1) list (
F=F0 + 19*F5#iF5 + 23*F6#iF6; TotalSing=TotalSing + dim singularLocus(ideal(F));
));
F0=F00 + 17*x2*x4*x0;
for iF7 from 0 to (#F7-1) list (
for iA from 0 to (#A-1) list (
for iB from 0 to (#B-1) list (
F=F0 + 19*F7#iF7 + 23*A#iA + 29*B#iB; TotalSing=TotalSing + dim singularLocus(ideal(F));
)));
F0=F00 + 17*x2*x2*x0;
for iF8 from 0 to (#F8-1) list (
for iA from 0 to (#A-1) list (
for iB from 0 to (#B-1) list (
F=F0 + 19*F8#iF8 + 23*A#iA + 29*B#iB; TotalSing=TotalSing + dim singularLocus(ideal(F));
)));
F0=F00 + 17*x4*x4*x0;
for iF9 from 0 to (#F9-1) list (
for iA from 0 to (#A-1) list (
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for iB from 0 to (#B-1) list (
F=F0 + 19*F9#iF9 + 23*A#iA + 29*B#iB; TotalSing=TotalSing + dim singularLocus(ideal(F));
)));
F=F00 + 17*x3*x4*x1 + 19*x3*x4*x2; TotalSing=TotalSing + dim singularLocus(ideal(F));
F00 = x0ˆ3 + 2*x1ˆ2*x2 + 3*x2ˆ2*x1 + 7*x3ˆ2*x1 + 11*x4ˆ2*x1 + 13*x5ˆ2*x0;
F0=F00 + 17*x0*x4*x4;
for iF10 from 0 to (#F10-1) list (
for iA1 from 0 to (#A1-1) list (
F=F0 + 19*F10#iF10 + 23*A1#iA1; TotalSing=TotalSing + dim singularLocus(ideal(F));
));
F0=F00 + 17*x3*x4*x5;
for iB1 from 0 to (#B1-1) list (
for iC1 from 0 to (#C1-1) list (
F=F0 + 19*B1#iB1 + 23*C1#iC1; TotalSing=TotalSing + dim singularLocus(ideal(F));
));
F0=F00 + 17*x3*x4*x0 + 31*x3*x5*x2;
for iB1 from 0 to (#B1-1) list (
F=F0 + 19*B1#iB1; TotalSing=TotalSing + dim singularLocus(ideal(F));
);
F=F00 + 17*x3*x4*x2; TotalSing=TotalSing + dim singularLocus(ideal(F));
F=F00 + 17*x3*x4*x0 + 19*x3*x4*x5 + 21*x2*x2*x5; TotalSing=TotalSing + dim singularLocus(ideal(F));
F00 = x0ˆ3 + 2*x1ˆ2*x2 + 3*x2ˆ2*x1 + 7*x3ˆ2*x1 + 11*x4ˆ2*x1 + 13*x5ˆ2*x2;
F0=F00 + 17*x2*x3*x4;
for iG1 from 0 to (#G1-1) list (
for iA2 from 0 to (#A2-1) list (
F=F0 + 19*G1#iG1 + 23*A2#iA2; TotalSing=TotalSing + dim singularLocus(ideal(F));
));
F0=F00 + 17*x2*x3*x3 + 29*x2*x4*x4;
for iG2 from 0 to (#G2-1) list (
for iA2 from 0 to (#A2-1) list (
F=F0 + 19*G2#iG2 + 23*A2#iA2; TotalSing=TotalSing + dim singularLocus(ideal(F));
));
F0=F00 + 17*x2*x3*x3;
for iG1 from 0 to (#G1-1) list (
for iA2 from 0 to (#A2-1) list (
for iC2 from 0 to (#C2-1) list (
F=F0 + 19*G1#iG1 + 23*A2#iA2 + 29*C2#iC2; TotalSing=TotalSing + dim singularLocus(ideal(F));
)));
F0=F00 + 17*x3*x4*x5;
for iG3 from 0 to (#G3-1) list (
for iA2 from 0 to (#A2-1) list (
for iB2 from 0 to (#B2-1) list (
for iC2 from 0 to (#C2-1) list (
F=F0 + 19*G3#iG3 + 23*A2#iA2 + 29*C2#iC2 + 31*B2#iB2; TotalSing=TotalSing + dim singularLocus(ideal(F));
))));
F0=F00 + 17*x2*x3*x5 + 31*x0*x3*x4;
for iA2 from 0 to (#A2-1) list (
for iC2 from 0 to (#C2-1) list (
F=F0 + 23*A2#iA2 + 29*C2#iC2; TotalSing=TotalSing + dim singularLocus(ideal(F));
));
F00 = x0ˆ3 + 2*x1ˆ2*x2 + 3*x2ˆ2*x1 + 7*x3ˆ2*x1 + 11*x4ˆ2*x0 + 13*x5ˆ2*x0;
F0=F00 + 17*x5*x2*x4;
for iG5 from 0 to (#G5-1) list (
for iAA from 0 to (#AA-1) list (
F=F0 + 19*G5#iG5 + 23*AA#iAA; TotalSing=TotalSing + dim singularLocus(ideal(F));
));
F0=F00 + 17*x5*x3*x4;
for iAA from 0 to (#AA-1) list (
F=F0 + 23*AA#iAA; TotalSing=TotalSing + dim singularLocus(ideal(F));
);
F0=F00 + 17*x5*x2*x4 + 31*x5*x1*x4;
for iG4 from 0 to (#G4-1) list (
F=F0 + 19*G4#iG4; TotalSing=TotalSing + dim singularLocus(ideal(F));
);
F0=F00 + 17*x5*x1*x4 + 23*x3*x3*x2;
for iG6 from 0 to (#G6-1) list (
F=F0 + 19*G6#iG6; TotalSing=TotalSing + dim singularLocus(ideal(F));
);
229
F=F00 + 17*x5*x1*x4 + 23*x4*x3*x2; TotalSing=TotalSing + dim singularLocus(ideal(F));
F=F00 + 17*x5*x3*x4 + 23*x3*x3*x2; TotalSing=TotalSing + dim singularLocus(ideal(F));
F00 = x0ˆ3 + 2*x1ˆ2*x2 + 3*x2ˆ2*x1 + 7*x3ˆ2*x1 + 11*x4ˆ2*x1 + 13*x5ˆ2*x1;
F0=F00 + 17*x3*x2*x4 + 29*x3*x5*x4;
for iG7 from 0 to (#G7-1) list (
for iG8 from 0 to (#G8-1) list (
F=F0 + 19*G7#iG7 + 23*G8#iG8; TotalSing=TotalSing + dim singularLocus(ideal(F));
));
F0=F00 + 17*x3*x0*x4 + 29*x3*x5*x0 + 31*x2*x4*x5;
for iG9 from 0 to (#G9-1) list (
F=F0 + 19*G9#iG9; TotalSing=TotalSing + dim singularLocus(ideal(F));
);
F=F00 + 17*x3*x2*x4 + 29*x3*x5*x0 + 31*x2*x4*x5; TotalSing=TotalSing + dim singularLocus(ideal(F));
F=F00 + 17*x2*x2*x0 + 31*x3*x4*x5; TotalSing=TotalSing + dim singularLocus(ideal(F));
F=F00 + 17*x5*x2*x0 + 31*x3*x4*x5 + 19*x2*x3*x0 + 23*x2*x4*x0; TotalSing=TotalSing + dim singularLocus(ideal(F));
F=F00 + 17*x5*x3*x0 + 31*x3*x2*x5 + 19*x4*x5*x0 + 23*x3*x4*x0 + 29*x2*x4*x0;
TotalSing=TotalSing + dim singularLocus(ideal(F));
F00 = x0ˆ3 + 2*x1ˆ2*x2 + 3*x2ˆ2*x1 + 7*x3ˆ2*x0 + 11*x4ˆ2*x0 + 13*x5ˆ2*x0;
F=F00 + 17*x5*x3*x1 + 31*x4*x1*x5 + 19*x2*x3*x4; TotalSing=TotalSing + dim singularLocus(ideal(F));
F=F00 + 17*x5*x3*x4; TotalSing=TotalSing + dim singularLocus(ideal(F));
print ”This is Case of One Cube, No cycles”;
A=[ x1*x2*x4, x1*x2*x5, x1*x4*x5 ];
F1=[ x3ˆ2*x0, x0*x1*x5, x0*x3*x5 ];
F2=[ x1ˆ2*x0, x3ˆ2*x0, x5ˆ2*x0, x0*x1*x3, x0*x1*x5, x0*x3*x5 ];
F3=[ x1*x3*x4, x1*x4*x5, x3*x4*x5 ];
F4=[ x1ˆ2*x0, x1ˆ2*x3, x1ˆ2*x5, x0*x1*x3, x0*x1*x5, x0*x3*x5 ];
F5=[ x2ˆ2*x4, x2ˆ2*x5, x1*x2*x4, x1*x2*x5 ];
F6=[ x1ˆ2*x3, x1ˆ2*x4, x1ˆ2*x5, x1*x3*x4, x1*x3*x5, x3*x4*x5 ];
F7=[ x1ˆ2*x3, x1ˆ2*x4, x1ˆ2*x5, x1*x3*x4, x1*x4*x5 ];
F8=[ x2ˆ2*x4, x1*x2*x4, x1*x4*x5, x2*x4*x5 ];
F9=[ x1*x3*x4, x2*x3*x4 ];
F10=[ x1*x3*x5, x2*x3*x5 ];
F11=[ x1*x3*x4, x1*x4*x5 ];
F12=[ x1*x3*x5, x2*x3*x5 ];
G1=[ x1ˆ2*x0, x1ˆ2*x4, x1*x0*x4, x1*x4*x5, x0*x4*x5 ];
G2=[ x2ˆ2*x0, x1*x2*x4, x0*x2*x4 ];
G3=[ x2ˆ2*x0, x1*x2*x5, x0*x2*x5 ];
G4=[ x1*x2*x4, x1*x4*x5 ];
G5=[ x0*x2*x5, x1*x2*x5 ];
G6=[ x0*x1*x5, x1*x3*x5 ];
G7=[ x0*x1*x4, x1*x3*x4 ];
G8=[ x0*x1*x5, x1*x3*x5 ];
G9=[ x0*x1*x4, x0*x4*x5 ];
F = x0ˆ3 + x1ˆ2*x2 + x2ˆ2*x3 + x3ˆ2*x4 + x4ˆ2*x5 + x5ˆ2*x0; TotalSing=TotalSing + dim singularLocus(ideal(F));
F00 = x0ˆ3 + 2*x1ˆ2*x2 + 3*x2ˆ2*x3 + 7*x3ˆ2*x4 + 11*x4ˆ2*x0 + 13*x5ˆ2*x2;
F=F00 + 19*x5*x3*x1; TotalSing=TotalSing + dim singularLocus(ideal(F));
F=F00 + 19*x0*x1*x5 + 17*x1*x3*x4; TotalSing=TotalSing + dim singularLocus(ideal(F));
F=F00 + 19*x5*x5*x3; TotalSing=TotalSing + dim singularLocus(ideal(F));
F0=F00 + 23*x1*x4*x5;
for iF1 from 0 to (#F1-1) list (
F=F0 + 19*F1#iF1; TotalSing=TotalSing + dim singularLocus(ideal(F));
);
F0=F00 + 23*x4*x5*x5;
for iF2 from 0 to (#F2-1) list (
F=F0 + 19*F2#iF2; TotalSing=TotalSing + dim singularLocus(ideal(F));
);
F0=F00 + 23*x0*x5*x5;
for iF3 from 0 to (#F3-1) list (
F=F0 + 19*F3#iF3; TotalSing=TotalSing + dim singularLocus(ideal(F));
);
F00 = x0ˆ3 + 2*x1ˆ2*x2 + 3*x2ˆ2*x3 + 7*x3ˆ2*x4 + 11*x4ˆ2*x0 + 13*x5ˆ2*x3;
F=F00 + 19*x2*x2*x4; TotalSing=TotalSing + dim singularLocus(ideal(F));
F=F00 + 19*x2*x4*x5; TotalSing=TotalSing + dim singularLocus(ideal(F));
F=F00 + 19*x1*x2*x5; TotalSing=TotalSing + dim singularLocus(ideal(F));
F=F00 + 19*x4*x5*x5; TotalSing=TotalSing + dim singularLocus(ideal(F));
F0=F00 + 23*x0*x2*x2;
for iA from 0 to (#A-1) list (
F=F0 + 19*A#iA; TotalSing=TotalSing + dim singularLocus(ideal(F));
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);
F0=F00 + 23*x0*x2*x5;
for iA from 0 to (#A-1) list (
F=F0 + 19*A#iA; TotalSing=TotalSing + dim singularLocus(ideal(F));
);
F0=F00 + 23*x0*x5*x5;
for iA from 0 to (#A-1) list (
F=F0 + 19*A#iA; TotalSing=TotalSing + dim singularLocus(ideal(F));
);
F00 = x0ˆ3 + 2*x1ˆ2*x2 + 3*x2ˆ2*x3 + 7*x3ˆ2*x4 + 11*x4ˆ2*x0 + 13*x5ˆ2*x4;
F=F00 + 19*x0*x5*x5; TotalSing=TotalSing + dim singularLocus(ideal(F));
F=F00 + 19*x0*x3*x5; TotalSing=TotalSing + dim singularLocus(ideal(F));
F=F00 + 19*x1*x3*x5; TotalSing=TotalSing + dim singularLocus(ideal(F));
F00 = x0ˆ3 + 2*x1ˆ2*x2 + 3*x2ˆ2*x3 + 7*x3ˆ2*x4 + 11*x4ˆ2*x0 + 13*x5ˆ2*x4;
F=F00 + 19*x0*x3*x3; TotalSing=TotalSing + dim singularLocus(ideal(F));
F0=F00 + 23*x2*x3*x5;
for iF4 from 0 to (#F4-1) list (
F=F0 + 19*F4#iF4; TotalSing=TotalSing + dim singularLocus(ideal(F));
);
F00 = x0ˆ3 + 2*x1ˆ2*x2 + 3*x2ˆ2*x3 + 7*x3ˆ2*x4 + 11*x4ˆ2*x0 + 13*x5ˆ2*x0;
F=F00 + 19*x1*x4*x5; TotalSing=TotalSing + dim singularLocus(ideal(F));
F0=F00 + 23*x3*x4*x5;
for iF5 from 0 to (#F5-1) list (
F=F0 + 19*F5#iF5; TotalSing=TotalSing + dim singularLocus(ideal(F));
);
F0=F00 + 23*x2*x4*x5;
for iF6 from 0 to (#F6-1) list (
F=F0 + 19*F6#iF6; TotalSing=TotalSing + dim singularLocus(ideal(F));
);
F00 = x0ˆ3 + 2*x1ˆ2*x2 + 3*x2ˆ2*x3 + 7*x3ˆ2*x0 + 11*x4ˆ2*x5 + 13*x5ˆ2*x3;
F=F00 + 19*x0*x2*x5; TotalSing=TotalSing + dim singularLocus(ideal(F));
F=F00 + 19*x0*x5*x5; TotalSing=TotalSing + dim singularLocus(ideal(F));
F=F00 + 19*x2*x4*x5; TotalSing=TotalSing + dim singularLocus(ideal(F));
F00 = x0ˆ3 + 2*x1ˆ2*x2 + 3*x2ˆ2*x3 + 7*x3ˆ2*x0 + 11*x4ˆ2*x5 + 13*x5ˆ2*x0;
F=F00 + 19*x3*x4*x5; TotalSing=TotalSing + dim singularLocus(ideal(F));
F=F00 + 19*x1*x3*x5; TotalSing=TotalSing + dim singularLocus(ideal(F));
F0=F00 + 23*x2*x3*x5;
for iF7 from 0 to (#F7-1) list (
F=F0 + 19*F7#iF7; TotalSing=TotalSing + dim singularLocus(ideal(F));
);
F00 = x0ˆ3 + 2*x1ˆ2*x2 + 3*x2ˆ2*x3 + 7*x3ˆ2*x0 + 11*x4ˆ2*x0 + 13*x5ˆ2*x0;
F0=F00 + 23*x3*x4*x5;
for iF8 from 0 to (#F8-1) list (
F=F0 + 19*F8#iF8; TotalSing=TotalSing + dim singularLocus(ideal(F));
);
F0=F00 + 23*x2*x4*x5;
for iF9 from 0 to (#F9-1) list (
for iF10 from 0 to (#F10-1) list (
for iF11 from 0 to (#F11-1) list (
F=F0 + 19*F9#iF9 + 29*F10#iF10 + 31*F11#iF11; TotalSing=TotalSing + dim singularLocus(ideal(F));
)));
F0=F00 + 23*x1*x4*x5 + 41*x2*x3*x4;
for iF12 from 0 to (#F12-1) list (
F=F0 + 19*F12#iF12; TotalSing=TotalSing + dim singularLocus(ideal(F));
);
F00 = x0ˆ3 + 2*x1ˆ2*x2 + 3*x2ˆ2*x3 + 7*x3ˆ2*x0 + 11*x4ˆ2*x3 + 13*x5ˆ2*x3;
F0=F00 + 23*x2*x4*x5;
for iG1 from 0 to (#G1-1) list (
F=F0 + 19*G1#iG1; TotalSing=TotalSing + dim singularLocus(ideal(F));
);
F0=F00 + 23*x0*x4*x5;
for iG2 from 0 to (#G2-1) list (
for iG3 from 0 to (#G3-1) list (
for iG4 from 0 to (#G4-1) list (
F=F0 + 19*G2#iG2 + 19*G3#iG3 + 19*G4#iG4; TotalSing=TotalSing + dim singularLocus(ideal(F));
)));
F0=F00 + 23*x1*x4*x5 + 41*x0*x2*x4;
for iG5 from 0 to (#G5-1) list (
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F=F0 + 19*G5#iG5; TotalSing=TotalSing + dim singularLocus(ideal(F));
);
F=F00 + 23*x1*x4*x5 + 41*x0*x2*x2; TotalSing=TotalSing + dim singularLocus(ideal(F));
F00 = x0ˆ3 + 2*x1ˆ2*x2 + 3*x2ˆ2*x3 + 7*x3ˆ2*x0 + 11*x4ˆ2*x2 + 13*x5ˆ2*x2;
F=F00 + 23*x1*x4*x5; TotalSing=TotalSing + dim singularLocus(ideal(F));
F0=F00 + 23*x0*x4*x5 + 41*x1*x3*x4;
for iG6 from 0 to (#G6-1) list (
F=F0 + 19*G6#iG6; TotalSing=TotalSing + dim singularLocus(ideal(F));
);
F0=F00 + 23*x3*x4*x5;
for iG7 from 0 to (#G7-1) list (
for iG8 from 0 to (#G8-1) list (
for iG9 from 0 to (#G9-1) list (
F=F0 + 19*G7#iG7 + 19*G8#iG8 + 19*G9#iG9; TotalSing=TotalSing + dim singularLocus(ideal(F));
)));
F1=[ x4ˆ2*x0, x4ˆ2*x3, x0*x1*x4, x1*x3*x4, x1*x4*x5 ];
F2=[ x5ˆ2*x0, x5ˆ2*x2, x2ˆ2*x0, x0*x2*x5, x1*x2*x5, x2*x4*x5 ];
F3=[ x1ˆ2*x3, x4ˆ2*x3, x1*x3*x4, x1*x3*x5, x1*x4*x5, x3*x4*x5 ];
F4=[ x1ˆ2*x0, x4ˆ2*x0, x5ˆ2*x0, x0*x1*x4, x0*x1*x5, x0*x4*x5, x1*x4*x5 ];
F5=[ x1ˆ2*x0, x1ˆ2*x3, x0*x1*x4, x1*x3*x4, x1*x4*x5 ];
F6=[ x5ˆ2*x2, x1*x3*x5, x2*x3*x5, x3*x4*x5 ];
F7=[ x1ˆ2*x3, x1*x3*x4, x1*x3*x5, x1*x4*x5, x3*x4*x5 ];
F8=[ x4ˆ2*x3, x1*x3*x4, x1*x3*x5, x1*x4*x5, x3*x4*x5 ];
F9=[ x5ˆ2*x3, x1*x3*x5, x2*x3*x5, x3*x4*x5 ];
F10=[ x2ˆ2*x0, x4ˆ2*x0, x0*x2*x4, x1*x2*x4, x2*x4*x5 ];
F11=[ x1*x2*x4, x1*x2*x5, x1*x4*x5, x2*x4*x5 ];
F12=[ x1ˆ2*x3, x1ˆ2*x4, x1ˆ2*x5, x5ˆ2*x3, x1*x3*x4, x1*x3*x5, x1*x4*x5, x3*x4*x5 ];
G1=[ x5ˆ2*x2, x5ˆ2*x3, x3ˆ2*x2, x1*x2*x3, x1*x2*x5, x1*x3*x5, x2*x3*x5 ];
G2=[ x1ˆ2*x3, x1ˆ2*x4, x3ˆ2*x4, x1*x3*x4, x1*x3*x5, x1*x4*x5, x3*x4*x5 ];
G3=[ x5ˆ2*x2, x3ˆ2*x2, x1*x2*x3, x1*x2*x5, x1*x3*x5, x2*x3*x5 ];
G4=[ x1*x2*x4, x2*x4*x5 ];
G5=[ x1*x3*x4, x3*x4*x5 ];
G6=[ x1ˆ2*x4, x0*x1*x3, x1*x3*x4, x1*x3*x5 ];
G7=[ x1ˆ2*x4, x3ˆ2*x4, x1*x3*x5, x1*x3*x4, x1*x4*x5, x3*x4*x5 ];
G8=[ x1*x3*x5, x1*x3*x0, x1*x0*x5, x3*x0*x5 ];
G9=[ x1*x2*x4, x2*x3*x4, x2*x4*x5 ];
H1=[ x1*x3*x4, x1*x4*x5 ];
H2=[ x1ˆ2*x0, x3ˆ2*x0, x0*x1*x3, x1*x3*x4 ];
H3=[ x5ˆ2*x2, x1*x2*x5 ];
H4=[ x2*x3*x4, x2*x3*x5, x3*x4*x5 ];
H5=[ x1*x4*x5, x3*x4*x5 ];
H6=[ x1*x2*x4, x2*x3*x4 ];
A1=[ x1*x3*x4, x1*x3*x5, x1*x4*x5, x3*x4*x5 ];
A2=[ x1ˆ2*x0, x3ˆ2*x0, x0*x1*x3, x1*x3*x4, x1*x3*x5 ];
H7=[ x1*x3*x0, x1*x3*x5 ];
H8=[ x1*x4*x0, x1*x4*x5 ];
H9=[ x3*x4*x5, x1*x3*x5 ];
B=[ x5ˆ2*x2, x1*x2*x5, x2*x3*x5, x2*x4*x5 ];
F00 = x0ˆ3 + 2*x1ˆ2*x2 + 3*x2ˆ2*x3 + 7*x3ˆ2*x0;
F0=F00 + 23*x2*x4*x4 + 11*x3*x5*x5;
for iF1 from 0 to (#F1-1) list (
for iF2 from 0 to (#F2-1) list (
for iF3 from 0 to (#F3-1) list (
for iF4 from 0 to (#F4-1) list (
F=F0 + 19*F1#iF1 + 29*F2#iF2 + 31*F3#iF3 + 37*F4#iF4; TotalSing=TotalSing + dim singularLocus(ideal(F));
))));
F0=F00 + 23*x2*x4*x4 + 11*x0*x5*x5;
for iF5 from 0 to (#F5-1) list (
for iF6 from 0 to (#F6-1) list (
for iF7 from 0 to (#F7-1) list (
for iF8 from 0 to (#F8-1) list (
F=F0 + 19*F5#iF5 + 29*F6#iF6 + 31*F7#iF7 + 37*F8#iF8; TotalSing=TotalSing + dim singularLocus(ideal(F));
))));
F0=F00 + 23*x3*x4*x4 + 11*x0*x5*x5;
for iF9 from 0 to (#F9-1) list (
for iF10 from 0 to (#F10-1) list (
for iF11 from 0 to (#F11-1) list (
for iF12 from 0 to (#F12-1) list (
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F=F0 + 19*F9#iF9 + 29*F10#iF10 + 31*F11#iF11 + 37*F12#iF12; TotalSing=TotalSing + dim singularLocus(ideal(F));
))));
F00 = x0ˆ3 + 2*x1ˆ2*x2 + 3*x2ˆ2*x0 + 7*x3ˆ2*x0 + 11*x4ˆ2*x0 + 13*x5ˆ2*x4;
F0=F00 + 23*x2*x3*x4 ;
for iG1 from 0 to (#G1-1) list (
for iG2 from 0 to (#G2-1) list (
F=F0 + 19*G1#iG1 + 29*G2#iG2; TotalSing=TotalSing + dim singularLocus(ideal(F));
));
F0=F00 + 23*x3*x3*x4 ;
for iG3 from 0 to (#G3-1) list (
for iG4 from 0 to (#G4-1) list (
F=F0 + 19*G3#iG3 + 29*G4#iG4; TotalSing=TotalSing + dim singularLocus(ideal(F));
));
F0=F00 + 23*x1*x2*x3 + 27*x2*x4*x5;
for iG5 from 0 to (#G5-1) list (
F=F0 + 19*G5#iG5; TotalSing=TotalSing + dim singularLocus(ideal(F));
);
F0=F00 + 23*x1*x2*x4 + 27*x2*x3*x5;
for iG5 from 0 to (#G5-1) list (
F=F0 + 19*G5#iG5; TotalSing=TotalSing + dim singularLocus(ideal(F));
);
F=F00 + 23*x1*x3*x4 + 27*x2*x4*x5 + 29*x2*x3*x5; TotalSing=TotalSing + dim singularLocus(ideal(F));
F0 = x0ˆ3 + 2*x1ˆ2*x2 + 3*x2ˆ2*x0 + 7*x3ˆ2*x2 + 11*x4ˆ2*x0 + 13*x5ˆ2*x4;
for iG6 from 0 to (#G6-1) list (
for iG7 from 0 to (#G7-1) list (
for iG8 from 0 to (#G8-1) list (
for iG9 from 0 to (#G9-1) list (
F=F0 + 19*G6#iG6 + 29*G7#iG7 + 31*G8#iG8 + 37*G9#iG9; TotalSing=TotalSing + dim singularLocus(ideal(F));
))));
F00 = x0ˆ3 + 2*x1ˆ2*x2 + 3*x2ˆ2*x0 + 7*x3ˆ2*x2 + 11*x4ˆ2*x2 + 13*x5ˆ2*x0;
F0=F00 + 17*x0*x3*x4;
for iH7 from 0 to (#H7-1) list (
for iH8 from 0 to (#H8-1) list (
for iH9 from 0 to (#H9-1) list (
for iB from 0 to (#B-1) list (
F=F0 + 19*B#iB + 29*H7#iH7 + 31*H8#iH8 + 37*H9#iH9; TotalSing=TotalSing + dim singularLocus(ideal(F));
))));
F0=F00 + 17*x1*x3*x4;
for iB from 0 to (#B-1) list (
F=F0 + 19*B#iB; TotalSing=TotalSing + dim singularLocus(ideal(F));
);
F0=F00 + 17*x0*x4*x4;
for iH3 from 0 to (#H3-1) list (
for iA1 from 0 to (#A1-1) list (
for iA2 from 0 to (#A2-1) list (
F=F0 + 19*A1#iA1 + 29*A2#iA2 + 31*H3#iH3; TotalSing=TotalSing + dim singularLocus(ideal(F));
)));
F00 = x0ˆ3 + 2*x1ˆ2*x2 + 3*x2ˆ2*x0 + 7*x3ˆ2*x2 + 11*x4ˆ2*x0 + 13*x5ˆ2*x0;
F0=F00 + 17*x2*x4*x5;
for iH1 from 0 to (#H1-1) list (
for iH2 from 0 to (#H2-1) list (
F=F0 + 19*H1#iH1 + 31*H2#iH2; TotalSing=TotalSing + dim singularLocus(ideal(F));
));
F0=F00 + 17*x1*x2*x5;
for iH4 from 0 to (#H4-1) list (
for iH5 from 0 to (#H5-1) list (
for iH6 from 0 to (#H6-1) list (
for iA1 from 0 to (#A1-1) list (
for iA2 from 0 to (#A2-1) list (
F=F0 + 19*H4#iH4 + 31*H5#iH5 + 23*H6#iH6 + 29*A1#iA1 + 37*A2#iA2;
TotalSing=TotalSing + dim singularLocus(ideal(F));
)))));
C1=[ x1*x2*x5, x2*x3*x5, x2*x4*x5 ];
C2=[ x1*x2*x4, x2*x3*x4, x2*x4*x5 ];
F1=[ x2*x3*x4, x2*x3*x5 ];
F2=[ x2*x3*x4, x1*x3*x4 ];
F3=[ x1*x4*x5, x2*x4*x5 ];
F4=[ x1*x2*x3, x1*x2*x5, x1*x3*x5, x2*x3*x5 ];
233
F5=[ x1*x2*x3, x1*x2*x4, x1*x3*x4, x2*x3*x4 ];
F6=[ x1*x2*x5, x1*x2*x4, x1*x4*x5, x2*x4*x5 ];
F7=[ x1*x2*x3, x2*x3*x4, x2*x3*x5 ];
F8=[ x0*x1*x5, x1*x3*x5 ];
F9=[ x0*x3*x5, x1*x3*x5, x3*x4*x5 ];
F10=[ x0*x4*x5, x1*x4*x5, x3*x4*x5 ];
F11=[ x0*x1*x4, x0*x1*x5, x0*x4*x5, x1*x4*x5 ];
F12=[ x0*x3*x4, x0*x3*x5, x0*x4*x5, x3*x4*x5 ];
F13=[ x1*x2*x5, x2*x3*x5, x2*x4*x5 ];
F14=[ x1*x2*x4, x2*x3*x4, x2*x4*x5 ];
F00 = x0ˆ3 + 2*x1ˆ2*x2 + 3*x2ˆ2*x0 + 7*x3ˆ2*x0 + 11*x4ˆ2*x0 + 13*x5ˆ2*x0;
F0=F00 + 17*x1*x3*x5;
for iF1 from 0 to (#F1-1) list (
for iF2 from 0 to (#F2-1) list (
for iF3 from 0 to (#F3-1) list (
for iC1 from 0 to (#C1-1) list (
for iC2 from 0 to (#C2-1) list (
F=F0 + 19*F1#iF1 + 29*F2#iF2 + 31*F3#iF3 + 37*C1#iC1 + 41*C2#iC2;
TotalSing=TotalSing + dim singularLocus(ideal(F));
)))));
F0=F00 + 17*x3*x4*x5;
for iF4 from 0 to (#F4-1) list (
for iF5 from 0 to (#F5-1) list (
for iF6 from 0 to (#F6-1) list (
for iF7 from 0 to (#F7-1) list (
for iC1 from 0 to (#C1-1) list (
for iC2 from 0 to (#C2-1) list (
F=F0 + 19*F4#iF4 + 29*F5#iF5 + 31*F6#iF6 + 37*C1#iC1 + 41*C2#iC2 + 47*F7#iF7;
TotalSing=TotalSing + dim singularLocus(ideal(F));
))))));
F00 = x0ˆ3 + 2*x1ˆ2*x2 + 3*x2ˆ2*x0 + 7*x3ˆ2*x2 + 11*x4ˆ2*x2 + 13*x5ˆ2*x2;
F0=F00 + 17*x1*x3*x4;
for iF8 from 0 to (#F8-1) list (
for iF9 from 0 to (#F9-1) list (
for iF10 from 0 to (#F10-1) list (
for iF11 from 0 to (#F11-1) list (
for iF12 from 0 to (#F12-1) list (
F=F0 + 19*F8#iF8 + 29*F9#iF9 + 31*F10#iF10 + 37*F11#iF11 + 41*F12#iF12;
TotalSing=TotalSing + dim singularLocus(ideal(F));
)))));
F00 = x0ˆ3 + 2*x1ˆ2*x0 + 3*x2ˆ2*x0 + 7*x3ˆ2*x0 + 11*x4ˆ2*x0 + 13*x5ˆ2*x0;
F0=F00 + 17*x1*x2*x3 + 43*x1*x4*x5 + 23*x3*x4*x5;
for iF13 from 0 to (#F13-1) list (
for iF14 from 0 to (#F14-1) list (
F=F0 + 31*F13#iF13 + 37*F14#iF14; TotalSing=TotalSing + dim singularLocus(ideal(F));
));
print ”This is Case of No Cubes”;
F = x0ˆ2*x1 + x1ˆ2*x2 + x2ˆ2*x3 + x3ˆ2*x4 + x4ˆ2*x5 + x5ˆ2*x0; TotalSing=TotalSing + dim singularLocus(ideal(F));
print ”This is Case of No Cubes, Length 5 longest cycle”;
F1=[ x2ˆ2*x0, x2ˆ2*x4, x2ˆ2*x5, x0*x2*x4, x0*x4*x5, x2*x4*x5 ];
F2=[ x3ˆ2*x0, x3ˆ2*x2, x3ˆ2*x5, x0*x2*x3, x0*x2*x5, x2*x3*x5 ];
F3=[ x3ˆ2*x0, x3ˆ2*x2, x3ˆ2*x5, x5ˆ2*x3, x0*x2*x3, x0*x2*x5, x0*x3*x5, x2*x3*x5 ];
F4=[ x2ˆ2*x0, x2ˆ2*x4, x2ˆ2*x5, x0ˆ2*x4, x5ˆ2*x4, x0*x2*x4, x0*x4*x5, x2*x4*x5 ];
F00 = x0ˆ2*x1 + 2*x1ˆ2*x2 + 3*x2ˆ2*x3 + 7*x3ˆ2*x4 + 11*x4ˆ2*x5 + 13*x5ˆ2*x1;
F=F00 + 19*x2*x5*x5; TotalSing=TotalSing + dim singularLocus(ideal(F));
F=F00 + 19*x0*x0*x5; TotalSing=TotalSing + dim singularLocus(ideal(F));
F=F00 + 19*x0*x2*x5; TotalSing=TotalSing + dim singularLocus(ideal(F));
F0=F00 + 19*x0*x3*x5;
for iF1 from 0 to (#F1-1) list (
F=F0 + 23*F1#iF1; TotalSing=TotalSing + dim singularLocus(ideal(F));
);
F0=F00 + 19*x5*x5*x3;
for iF1 from 0 to (#F1-1) list (
F=F0 + 23*F1#iF1; TotalSing=TotalSing + dim singularLocus(ideal(F));
);
F0=F00 + 19*x0*x4*x5;
for iF2 from 0 to (#F2-1) list (
F=F0 + 23*F2#iF2; TotalSing=TotalSing + dim singularLocus(ideal(F));
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);
F0=F00 + 19*x5*x5*x4;
for iF3 from 0 to (#F3-1) list (
F=F0 + 23*F3#iF3; TotalSing=TotalSing + dim singularLocus(ideal(F));
);
F0=F00 + 19*x0*x0*x4;
for iF3 from 0 to (#F3-1) list (
F=F0 + 23*F3#iF3; TotalSing=TotalSing + dim singularLocus(ideal(F));
);
F0=F00 + 19*x0*x0*x3;
for iF4 from 0 to (#F4-1) list (
F=F0 + 23*F4#iF4; TotalSing=TotalSing + dim singularLocus(ideal(F));
);
print ”This is Case of No Cubes, Length 4 longest cycle”;
A=[ x1ˆ2*x3, x1ˆ2*x4, x1ˆ2*x5, x1*x3*x5, x1*x4*x5 ];
AA=[ x1ˆ2*x3, x1ˆ2*x4, x1ˆ2*x0, x5ˆ2*x3, x5ˆ2*x0, x5ˆ2*x1, x1*x0*x5, x1*x3*x5, x1*x4*x5 ];
F1=[ x1ˆ2*x4, x1*x4*x5, x3*x4*x5 ];
B=[ x3ˆ2*x5, x1ˆ2*x4, x5ˆ2*x3, x5ˆ2*x1, x1*x3*x4, x1*x3*x5, x1*x4*x5, x3*x4*x5 ];
C=[ x1ˆ2*x3, x1ˆ2*x4, x4ˆ2*x3, x4ˆ2*x1, x5ˆ2*x3, x5ˆ2*x1, x1*x3*x4, x1*x3*x5, x1*x4*x5, x3*x4*x5 ];
A1=[ x1ˆ2*x3, x1ˆ2*x4, x1ˆ2*x0, x5ˆ2*x3, x5ˆ2*x0, x5ˆ2*x1, x1*x0*x5, x1*x3*x5, x1*x4*x5 ];
A23=[ x1ˆ2*x3, x1ˆ2*x4, x5ˆ2*x3, x5ˆ2*x1, x1*x3*x4, x1*x3*x5, x1*x4*x5, x3*x4*x5 ];
A2=[ x3ˆ2*x5 ];
A3=[ x4ˆ2*x3, x4ˆ2*x1 ];
A45=[ x3ˆ2*x5, x4ˆ2*x3, x4ˆ2*x1, x1*x3*x4, x1*x3*x5, x1*x4*x5, x3*x4*x5 ];
A4=[ x1ˆ2*x3, x1ˆ2*x4 ];
A5=[ x5ˆ2*x3, x5ˆ2*x1 ];
F = x0ˆ2*x1 + x1ˆ2*x2 + x2ˆ2*x3 + x3ˆ2*x0 + x4ˆ2*x5 + x5ˆ2*x4; TotalSing=TotalSing + dim singularLocus(ideal(F));
F00 = x0ˆ2*x1 + 2*x1ˆ2*x2 + 3*x2ˆ2*x3 + 7*x3ˆ2*x0 + 11*x4ˆ2*x0 + 13*x5ˆ2*x4;
F=F00 + 19*x3*x3*x1; TotalSing=TotalSing + dim singularLocus(ideal(F));
F=F00 + 19*x4*x4*x1; TotalSing=TotalSing + dim singularLocus(ideal(F));
F=F00 + 19*x4*x3*x1; TotalSing=TotalSing + dim singularLocus(ideal(F));
F=F00 + 19*x4*x3*x5; TotalSing=TotalSing + dim singularLocus(ideal(F));
F0=F00 + 23*x2*x4*x4;
for iA from 0 to (#A-1) list (
F=F0 + 19*A#iA; TotalSing=TotalSing + dim singularLocus(ideal(F));
);
F0=F00 + 23*x2*x3*x4;
for iA from 0 to (#A-1) list (
F=F0 + 19*A#iA; TotalSing=TotalSing + dim singularLocus(ideal(F));
);
F0=F00 + 23*x2*x3*x3;
for iA from 0 to (#A-1) list (
F=F0 + 19*A#iA; TotalSing=TotalSing + dim singularLocus(ideal(F));
);
F00 = x0ˆ2*x1 + 2*x1ˆ2*x2 + 3*x2ˆ2*x3 + 7*x3ˆ2*x0 + 11*x4ˆ2*x0 + 13*x5ˆ2*x2;
F0 = F00 + 17*x1*x3*x3;
for iAA from 0 to (#AA-1) list (
for iC from 0 to (#C-1) list (
F=F0 + 19*AA#iAA + 23*C#iC; TotalSing=TotalSing + dim singularLocus(ideal(F));
));
F0 = F00 + 17*x1*x4*x4;
for iAA from 0 to (#AA-1) list (
for iB from 0 to (#B-1) list (
F=F0 + 19*AA#iAA + 23*B#iB; TotalSing=TotalSing + dim singularLocus(ideal(F));
));
F0 = F00 + 17*x3*x4*x4;
for iAA from 0 to (#AA-1) list (
for iB from 0 to (#B-1) list (
F=F0 + 19*AA#iAA + 23*B#iB; TotalSing=TotalSing + dim singularLocus(ideal(F));
));
F0 = F00 + 17*x3*x3*x5;
for iAA from 0 to (#AA-1) list (
for iF1 from 0 to (#F1-1) list (
F=F0 + 19*AA#iAA + 23*F1#iF1; TotalSing=TotalSing + dim singularLocus(ideal(F));
));
F0 = F00 + 17*x3*x4*x5;
for iAA from 0 to (#AA-1) list (
F=F0 + 19*AA#iAA; TotalSing=TotalSing + dim singularLocus(ideal(F));
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);
F0 = F00 + 17*x3*x4*x1;
for iAA from 0 to (#AA-1) list (
F=F0 + 19*AA#iAA; TotalSing=TotalSing + dim singularLocus(ideal(F));
);
F00 = x0ˆ2*x1 + 2*x1ˆ2*x2 + 3*x2ˆ2*x3 + 7*x3ˆ2*x0 + 11*x4ˆ2*x0 + 13*x5ˆ2*x2;
F0 = F00 + 17*x2*x4*x4;
for iA1 from 0 to (#A1-1) list (
for iA2 from 0 to (#A2-1) list (
for iA3 from 0 to (#A3-1) list (
for iA4 from 0 to (#A4-1) list (
for iA5 from 0 to (#A5-1) list (
F=F0 + 19*A1#iA1 + 23*A2#iA2 + 29*A3#iA3 + 31*A4#iA4 + 37*A5#iA5;
TotalSing=TotalSing + dim singularLocus(ideal(F));
)))));
for iA1 from 0 to (#A1-1) list (
for iA23 from 0 to (#A23-1) list (
for iA4 from 0 to (#A4-1) list (
for iA5 from 0 to (#A5-1) list (
F=F0 + 19*A1#iA1 + 23*A23#iA23 + 31*A4#iA4 + 37*A5#iA5; TotalSing=TotalSing + dim singularLocus(ideal(F));
))));
for iA1 from 0 to (#A1-1) list (
for iA2 from 0 to (#A2-1) list (
for iA3 from 0 to (#A3-1) list (
for iA45 from 0 to (#A45-1) list (
F=F0 + 19*A1#iA1 + 23*A2#iA2 + 29*A3#iA3 + 31*A45#iA45; TotalSing=TotalSing + dim singularLocus(ideal(F));
))));
for iA1 from 0 to (#A1-1) list (
for iA23 from 0 to (#A23-1) list (
for iA45 from 0 to (#A45-1) list (
F=F0 + 19*A1#iA1 + 23*A23#iA23 + 31*A45#iA45; TotalSing=TotalSing + dim singularLocus(ideal(F));
)));
F0 = F00 + 17*x2*x3*x3;
for iA1 from 0 to (#A1-1) list (
for iA2 from 0 to (#A2-1) list (
for iA3 from 0 to (#A3-1) list (
for iA4 from 0 to (#A4-1) list (
for iA5 from 0 to (#A5-1) list (
F=F0 + 19*A1#iA1 + 23*A2#iA2 + 29*A3#iA3 + 31*A4#iA4 + 37*A5#iA5;
TotalSing=TotalSing + dim singularLocus(ideal(F));
)))));
for iA1 from 0 to (#A1-1) list (
for iA23 from 0 to (#A23-1) list (
for iA4 from 0 to (#A4-1) list (
for iA5 from 0 to (#A5-1) list (
F=F0 + 19*A1#iA1 + 23*A23#iA23 + 31*A4#iA4 + 37*A5#iA5; TotalSing=TotalSing + dim singularLocus(ideal(F));
))));
for iA1 from 0 to (#A1-1) list (
for iA2 from 0 to (#A2-1) list (
for iA3 from 0 to (#A3-1) list (
for iA45 from 0 to (#A45-1) list (
F=F0 + 19*A1#iA1 + 23*A2#iA2 + 29*A3#iA3 + 31*A45#iA45; TotalSing=TotalSing + dim singularLocus(ideal(F));
))));
for iA1 from 0 to (#A1-1) list (
for iA23 from 0 to (#A23-1) list (
for iA45 from 0 to (#A45-1) list (
F=F0 + 19*A1#iA1 + 23*A23#iA23 + 31*A45#iA45; TotalSing=TotalSing + dim singularLocus(ideal(F));
)));
F0 = F00 + 17*x2*x3*x4;
for iA1 from 0 to (#A1-1) list (
for iA2 from 0 to (#A2-1) list (
for iA3 from 0 to (#A3-1) list (
for iA4 from 0 to (#A4-1) list (
for iA5 from 0 to (#A5-1) list (
F=F0 + 19*A1#iA1 + 23*A2#iA2 + 29*A3#iA3 + 31*A4#iA4 + 37*A5#iA5;
TotalSing=TotalSing + dim singularLocus(ideal(F));
)))));
for iA1 from 0 to (#A1-1) list (
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for iA23 from 0 to (#A23-1) list (
for iA4 from 0 to (#A4-1) list (
for iA5 from 0 to (#A5-1) list (
F=F0 + 19*A1#iA1 + 23*A23#iA23 + 31*A4#iA4 + 37*A5#iA5; TotalSing=TotalSing + dim singularLocus(ideal(F));
))));
for iA1 from 0 to (#A1-1) list (
for iA2 from 0 to (#A2-1) list (
for iA3 from 0 to (#A3-1) list (
for iA45 from 0 to (#A45-1) list (
F=F0 + 19*A1#iA1 + 23*A2#iA2 + 29*A3#iA3 + 31*A45#iA45; TotalSing=TotalSing + dim singularLocus(ideal(F));
))));
for iA1 from 0 to (#A1-1) list (
for iA23 from 0 to (#A23-1) list (
for iA45 from 0 to (#A45-1) list (
F=F0 + 19*A1#iA1 + 23*A23#iA23 + 31*A45#iA45; TotalSing=TotalSing + dim singularLocus(ideal(F));
)));
A1=[ x5ˆ2*x0, x5ˆ2*x3, x0ˆ2*x2, x0ˆ2*x3, x0ˆ2*x4, x0*x2*x5, x0*x3*x5, x0*x4*x5 ];
A2=[ x5ˆ2*x0, x2ˆ2*x0, x0ˆ2*x2, x2ˆ2*x5, x2ˆ2*x4, x0ˆ2*x4, x0*x2*x4, x0*x2*x5, x0*x4*x5, x2*x4*x5 ];
B=[ x3ˆ2*x5, x3ˆ2*x2, x5ˆ2*x3, x4ˆ2*x2, x2*x3*x4, x2*x3*x5, x2*x4*x5, x3*x4*x5 ];
C=[ x3ˆ2*x2, x3ˆ2*x5, x2*x3*x4, x2*x3*x5, x2*x4*x5, x3*x4*x5 ];
D=[ x4ˆ2*x1, x3ˆ2*x1, x3ˆ2*x5, x1ˆ2*x5, x1ˆ2*x4, x1ˆ2*x3, x1*x3*x4, x1*x3*x5, x1*x4*x5, x3*x4*x5 ];
E=[ x3ˆ2*x5, x1ˆ2*x5, x1ˆ2*x4, x1ˆ2*x3, x1*x3*x4, x1*x3*x5, x1*x4*x5, x3*x4*x5 ];
F00 = x0ˆ2*x1 + 2*x1ˆ2*x2 + 3*x2ˆ2*x3 + 7*x3ˆ2*x0 + 11*x4ˆ2*x0 + 13*x5ˆ2*x1;
F0=F00 + 19*x3*x3*x1;
for iA1 from 0 to (#A1-1) list (
for iA2 from 0 to (#A2-1) list (
for iB from 0 to (#B-1) list (
F=F0 + 19*A1#iA1 + 23*A2#iA2 + 31*B#iB; TotalSing=TotalSing + dim singularLocus(ideal(F));
)));
F0=F00 + 19*x4*x3*x1;
for iA1 from 0 to (#A1-1) list (
for iA2 from 0 to (#A2-1) list (
for iB from 0 to (#B-1) list (
F=F0 + 19*A1#iA1 + 23*A2#iA2 + 31*B#iB; TotalSing=TotalSing + dim singularLocus(ideal(F));
)));
F0=F00 + 19*x4*x4*x1;
for iA1 from 0 to (#A1-1) list (
for iA2 from 0 to (#A2-1) list (
for iC from 0 to (#C-1) list (
F=F0 + 19*A1#iA1 + 23*A2#iA2 + 31*C#iC; TotalSing=TotalSing + dim singularLocus(ideal(F));
)));
F0=F00 + 19*x4*x4*x2;
for iA1 from 0 to (#A1-1) list (
for iA2 from 0 to (#A2-1) list (
for iD from 0 to (#D-1) list (
F=F0 + 19*A1#iA1 + 23*A2#iA2 + 31*D#iD; TotalSing=TotalSing + dim singularLocus(ideal(F));
)));
F0=F00 + 19*x3*x3*x2;
for iA1 from 0 to (#A1-1) list (
for iA2 from 0 to (#A2-1) list (
for iE from 0 to (#E-1) list (
F=F0 + 19*A1#iA1 + 23*A2#iA2 + 31*E#iE; TotalSing=TotalSing + dim singularLocus(ideal(F));
)));
F0=F00 + 19*x4*x3*x2;
for iA1 from 0 to (#A1-1) list (
for iA2 from 0 to (#A2-1) list (
for iE from 0 to (#E-1) list (
F=F0 + 19*A1#iA1 + 23*A2#iA2 + 31*E#iE; TotalSing=TotalSing + dim singularLocus(ideal(F));
)));
F0=F00 + 19*x4*x3*x5;
for iA1 from 0 to (#A1-1) list (
for iA2 from 0 to (#A2-1) list (
F=F0 + 19*A1#iA1 + 23*A2#iA2; TotalSing=TotalSing + dim singularLocus(ideal(F));
));
A1=[ x3ˆ2*x2, x3ˆ2*x1, x1*x3*x4, x2*x3*x4 ];
A2=[ x3ˆ2*x2, x3ˆ2*x1, x1*x3*x5, x2*x3*x5 ];
B1=[ x3ˆ2*x1, x1*x3*x4, x1*x3*x5, x1*x4*x5 ]; B2=[ x1ˆ2*x3, x1ˆ2*x4, x1ˆ2*x5, x1*x3*x4, x1*x3*x5, x1*x4*x5 ];
F1=[ x2ˆ2*x1, x2ˆ2*x4, x2ˆ2*x5, x1*x2*x4, x1*x2*x5, x1*x4*x5, x2*x4*x5 ];
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F2=[ x3ˆ2*x2, x2*x3*x4, x2*x3*x5 ];
F00 = x0ˆ2*x1 + 2*x1ˆ2*x2 + 3*x2ˆ2*x3 + 7*x3ˆ2*x0 + 11*x4ˆ2*x0 + 13*x5ˆ2*x0;
F0=F00 + 19*x3*x4*x5;
for iF1 from 0 to (#F1-1) list (
F=F0 + 19*F1#iF1; TotalSing=TotalSing + dim singularLocus(ideal(F));
);
F0=F00 + 19*x2*x4*x5;
for iA1 from 0 to (#A1-1) list (
for iA2 from 0 to (#A2-1) list (
for iB1 from 0 to (#B1-1) list (
for iB2 from 0 to (#B2-1) list (
F=F0 + 19*A1#iA1 + 23*A2#iA2 + 31*B1#iB1 + 37*B2#iB2; TotalSing=TotalSing + dim singularLocus(ideal(F));
))));
F0=F00 + 19*x1*x4*x5;
for iA1 from 0 to (#A1-1) list (
for iA2 from 0 to (#A2-1) list (
for iF2 from 0 to (#F2-1) list (
F=F0 + 19*A1#iA1 + 23*A2#iA2 + 31*F2#iF2; TotalSing=TotalSing + dim singularLocus(ideal(F));
)));
print ”This is Case of No Cubes, Length 3 longest cycle”;
A=[ x5ˆ2*x2, x2ˆ2*x5, x2ˆ2*x1, x3ˆ2*x1, x5ˆ2*x1, x1*x2*x3, x1*x2*x5, x1*x3*x5, x2*x3*x5 ];
F1=[ x1ˆ2*x0, x1ˆ2*x5, x1ˆ2*x3, x1*x0*x3, x1*x0*x5, x1*x3*x5, x0*x3*x5 ];
F2=[ x5ˆ2*x2, x2ˆ2*x1, x1*x2*x3, x1*x2*x5, x1*x3*x5, x2*x3*x5 ];
F3=[ x3ˆ2*x1, x3ˆ2*x2, x3ˆ2*x5, x1*x2*x3, x1*x3*x5 ];
F4=[ x4ˆ2*x1, x4ˆ2*x2, x2ˆ2*x4, x1*x2*x4, x1*x4*x5, x2*x4*x5 ];
F5=[ x4ˆ2*x1, x4ˆ2*x2, x4ˆ2*x5, x1*x2*x4, x1*x4*x5, x2*x4*x5 ];
F = x0ˆ2*x1 + x1ˆ2*x2 + x2ˆ2*x0 + x3ˆ2*x4 + x4ˆ2*x5 + x5ˆ2*x3;
TotalSing=TotalSing + dim singularLocus(ideal(F));
F00 = x0ˆ2*x1 + 2*x1ˆ2*x2 + 3*x2ˆ2*x0 + 7*x3ˆ2*x4 + 11*x4ˆ2*x5 + 13*x5ˆ2*x4;
F=F00 + 19*x3*x3*x5; TotalSing=TotalSing + dim singularLocus(ideal(F));
F0=F00 + 23*x0*x3*x3;
for iA from 0 to (#A-1) list (
F=F0 + 19*A#iA; TotalSing=TotalSing + dim singularLocus(ideal(F));
);
F0=F00 + 23*x2*x3*x5;
for iF1 from 0 to (#F1-1) list (
F=F0 + 19*F1#iF1; TotalSing=TotalSing + dim singularLocus(ideal(F));
);
F0=F00 + 23*x0*x5*x5;
for iF2 from 0 to (#F2-1) list (
F=F0 + 19*F2#iF2; TotalSing=TotalSing + dim singularLocus(ideal(F));
);
F00 = x0ˆ2*x1 + 2*x1ˆ2*x2 + 3*x2ˆ2*x0 + 7*x3ˆ2*x4 + 11*x4ˆ2*x5 + 13*x5ˆ2*x0;
F=F00 + 23*x1*x2*x2; TotalSing=TotalSing + dim singularLocus(ideal(F));
F=F00 + 23*x1*x5*x5; TotalSing=TotalSing + dim singularLocus(ideal(F));
F=F00 + 23*x1*x2*x5; TotalSing=TotalSing + dim singularLocus(ideal(F));
F=F00 + 23*x2*x3*x5; TotalSing=TotalSing + dim singularLocus(ideal(F));
F0=F00 + 23*x2*x4*x5;
for iF3 from 0 to (#F3-1) list (
F=F0 + 19*F3#iF3; TotalSing=TotalSing + dim singularLocus(ideal(F));
);
F00 = x0ˆ2*x1 + 2*x1ˆ2*x2 + 3*x2ˆ2*x0 + 7*x3ˆ2*x4 + 11*x4ˆ2*x3 + 13*x5ˆ2*x0;
F=F00 + 23*x1*x2*x5; TotalSing=TotalSing + dim singularLocus(ideal(F));
F=F00 + 23*x1*x5*x5; TotalSing=TotalSing + dim singularLocus(ideal(F));
F=F00 + 23*x1*x2*x2; TotalSing=TotalSing + dim singularLocus(ideal(F));
F0=F00 + 23*x2*x2*x3;
for iF4 from 0 to (#F4-1) list (
F=F0 + 19*F4#iF4; TotalSing=TotalSing + dim singularLocus(ideal(F));
);
F0=F00 + 23*x2*x3*x5;
for iF5 from 0 to (#F5-1) list (
F=F0 + 19*F5#iF5; TotalSing=TotalSing + dim singularLocus(ideal(F));
);
A1=[ x1ˆ2*x3, x5ˆ2*x3, x1*x3*x4, x1*x3*x5, x1*x4*x5, x3*x4*x5 ];
A2=[ x4ˆ2*x0, x4ˆ2*x1, x4ˆ2*x5, x1ˆ2*x0, x5ˆ2*x0, x1*x0*x4, x1*x0*x5, x0*x4*x5, x1*x4*x5 ];
B1=[ x5ˆ2*x0, x5ˆ2*x2, x5ˆ2*x3, x0ˆ2*x2, x0ˆ2*x3, x0*x2*x5, x0*x3*x5, x0*x4*x5 ];
B2=[ x4ˆ2*x0, x4ˆ2*x2, x4ˆ2*x5, x5ˆ2*x0, x5ˆ2*x2, x0ˆ2*x2, x0*x2*x4, x0*x2*x5, x0*x4*x5, x2*x4*x5 ];
C=[ x5ˆ2*x3, x3ˆ2*x2, x2*x3*x4, x2*x3*x5, x2*x4*x5, x3*x4*x5 ];
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D=[ x5ˆ2*x3, x5ˆ2*x2, x2*x3*x5, x2*x4*x5, x3*x4*x5 ];
E1=[ x5ˆ2*x0, x5ˆ2*x3, x5ˆ2*x2, x0ˆ2*x3, x0ˆ2*x2, x0*x2*x5, x0*x3*x5, x0*x4*x5 ];
E2=[ x5ˆ2*x0, x5ˆ2*x2, x4ˆ2*x0, x4ˆ2*x2, x0ˆ2*x2, x4ˆ2*x5, x0*x2*x5, x0*x4*x5, x0*x2*x4, x2*x4*x5 ];
FF=[ x5ˆ2*x3, x5ˆ2*x0, x1ˆ2*x3, x1ˆ2*x0, x1*x3*x5, x0*x1*x5, x1*x4*x5 ];
F1=[ x5ˆ2*x0, x5ˆ2*x3, x0ˆ2*x2, x0*x2*x5, x0*x3*x5, x0*x4*x5 ];
F2=[ x5ˆ2*x0, x0ˆ2*x2, x4ˆ2*x0, x4ˆ2*x2, x4ˆ2*x5, x0*x2*x4, x0*x2*x5, x0*x4*x5, x2*x4*x5 ];
G1=[ x5ˆ2*x3, x2ˆ2*x1, x1*x2*x5, x2*x3*x5, x2*x4*x5 ];
G2=[ x5ˆ2*x1, x2ˆ2*x1, x4ˆ2*x1, x4ˆ2*x2, x4ˆ2*x5, x1*x2*x4, x1*x2*x5, x1*x4*x5, x2*x4*x5 ];
H1=[ x1ˆ2*x0, x1ˆ2*x3, x5ˆ2*x0, x5ˆ2*x1, x5ˆ2*x3, x0*x1*x5, x1*x3*x5, x1*x4*x5 ];
H2=[ x1ˆ2*x0, x5ˆ2*x0, x5ˆ2*x1, x4ˆ2*x0, x4ˆ2*x1, x4ˆ2*x5, x0*x1*x4, x0*x1*x5, x0*x4*x5, x1*x4*x5 ];
H3=[ x1ˆ2*x0, x1ˆ2*x3, x5ˆ2*x0, x5ˆ2*x3, x0*x1*x5, x1*x3*x5, x1*x4*x5 ];
F00 = x0ˆ2*x1 + 2*x1ˆ2*x2 + 3*x2ˆ2*x0 + 7*x3ˆ2*x0 + 11*x4ˆ2*x3 + 13*x5ˆ2*x1;
F0=F00 + 17*x2*x3*x4;
for iB1 from 0 to (#B1-1) list (
for iB2 from 0 to (#B2-1) list (
F=F0 + 19*B1#iB1 + 23*B2#iB2; TotalSing=TotalSing + dim singularLocus(ideal(F));
));
F0=F00 + 17*x1*x3*x3;
for iF1 from 0 to (#F1-1) list (
for iF2 from 0 to (#F2-1) list (
for iC from 0 to (#C-1) list (
F=F0 + 19*F1#iF1 + 23*F2#iF2 + 31*C#iC; TotalSing=TotalSing + dim singularLocus(ideal(F));
)));
F0=F00 + 17*x1*x2*x2;
for iE1 from 0 to (#E1-1) list (
for iE2 from 0 to (#E2-1) list (
for iD from 0 to (#D-1) list (
F=F0 + 19*E1#iE1 + 23*E2#iE2 + 31*D#iD; TotalSing=TotalSing + dim singularLocus(ideal(F));
)));
F0=F00 + 17*x1*x2*x3;
for iE1 from 0 to (#E1-1) list (
for iE2 from 0 to (#E2-1) list (
for iD from 0 to (#D-1) list (
F=F0 + 19*E1#iE1 + 23*E2#iE2 + 31*D#iD; TotalSing=TotalSing + dim singularLocus(ideal(F));
)));
F0=F00 + 17*x5*x2*x3;
for iE1 from 0 to (#E1-1) list (
for iE2 from 0 to (#E2-1) list (
F=F0 + 19*E1#iE1 + 23*E2#iE2; TotalSing=TotalSing + dim singularLocus(ideal(F));
));
F0 = x0ˆ2*x1 + 2*x1ˆ2*x2 + 3*x2ˆ2*x0 + 7*x3ˆ2*x0 + 11*x4ˆ2*x3 + 13*x5ˆ2*x0 + 17*x3ˆ2*x1;
for iG1 from 0 to (#G1-1) list (
for iG2 from 0 to (#G2-1) list (
for iC from 0 to (#C-1) list (
F=F0 + 19*G1#iG1 + 23*G2#iG2 + 31*C#iC; TotalSing=TotalSing + dim singularLocus(ideal(F));
)));
F00 = x0ˆ2*x1 + 2*x1ˆ2*x2 + 3*x2ˆ2*x0 + 7*x3ˆ2*x0 + 11*x4ˆ2*x3 + 13*x5ˆ2*x2;
F0=F00 + 17*x1*x3*x3;
for iH1 from 0 to (#H1-1) list (
for iH2 from 0 to (#H2-1) list (
F=F0 + 19*H1#iH1 + 23*H2#iH2; TotalSing=TotalSing + dim singularLocus(ideal(F));
));
F0=F00 + 17*x2*x3*x4;
for iA1 from 0 to (#A1-1) list (
for iA2 from 0 to (#A2-1) list (
for iH3 from 0 to (#H3-1) list (
F=F0 + 19*A1#iA1 + 23*A2#iA2 + 31*H3#iH3; TotalSing=TotalSing + dim singularLocus(ideal(F));
)));
F0=F00 + 17*x2*x2*x1;
for iA1 from 0 to (#A1-1) list (
for iA2 from 0 to (#A2-1) list (
for iFF from 0 to (#FF-1) list (
F=F0 + 19*A1#iA1 + 23*A2#iA2 + 31*FF#iFF; TotalSing=TotalSing + dim singularLocus(ideal(F));
)));
F0=F00 + 17*x1*x2*x3;
for iA1 from 0 to (#A1-1) list (
for iA2 from 0 to (#A2-1) list (
for iFF from 0 to (#FF-1) list (
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F=F0 + 19*A1#iA1 + 23*A2#iA2 + 31*FF#iFF; TotalSing=TotalSing + dim singularLocus(ideal(F));
)));
F0=F00 + 17*x5*x2*x3;
for iA1 from 0 to (#A1-1) list (
for iA2 from 0 to (#A2-1) list (
for iFF from 0 to (#FF-1) list (
F=F0 + 19*A1#iA1 + 23*A2#iA2 + 31*FF#iFF; TotalSing=TotalSing + dim singularLocus(ideal(F));
)));
F0=F00 + 17*x5*x2*x2;
for iA1 from 0 to (#A1-1) list (
for iA2 from 0 to (#A2-1) list (
for iFF from 0 to (#FF-1) list (
F=F0 + 19*A1#iA1 + 23*A2#iA2 + 31*FF#iFF; TotalSing=TotalSing + dim singularLocus(ideal(F));
)));
A1=[ x1*x3*x5, x2*x3*x5, x3*x4*x5 ];
A2=[ x2ˆ2*x1, x1*x2*x5, x2*x3*x5, x2*x4*x5 ];
B1=[ x5ˆ2*x0, x4ˆ2*x0, x0*x4*x5, x1*x4*x5, x2*x4*x5 ];
B2=[ x5ˆ2*x0, x4ˆ2*x0, x0ˆ2*x2, x0*x2*x4, x0*x2*x5, x0*x4*x5, x2*x4*x5 ];
B3=[ x5ˆ2*x0, x4ˆ2*x0, x1ˆ2*x0, x0*x1*x4, x0*x1*x5, x0*x4*x5, x1*x4*x5 ];
C=[ x1*x2*x4, x1*x2*x5, x2*x4*x5, x1*x4*x5 ];
D=[ x2*x3*x5, x2*x4*x5, x3*x4*x5 ];
E=[ x1ˆ2*x5, x1ˆ2*x3, x1*x3*x4, x1*x3*x5, x1*x4*x5, x3*x4*x5 ];
FF=[ x4ˆ2*x1, x4ˆ2*x2, x4ˆ2*x5, x1*x2*x4, x1*x2*x5, x1*x4*x5, x2*x4*x5 ];
H1=[ x0ˆ2*x2, x0*x2*x4, x0*x2*x5, x0*x4*x5, x2*x4*x5 ];
H2=[ x1ˆ2*x0, x0*x1*x4, x0*x1*x5, x0*x4*x5, x1*x4*x5 ];
H3=[ x2ˆ2*x1, x1*x2*x4, x1*x2*x5, x2*x4*x5, x1*x4*x5 ];
H4=[ x1*x4*x5, x2*x4*x5, x0*x4*x5 ];
H5=[ x2ˆ2*x1, x1*x2*x3, x1*x2*x5, x2*x3*x5, x1*x3*x5 ];
H6=[ x1ˆ2*x3, x1ˆ2*x5, x1*x3*x4, x1*x3*x5, x1*x4*x5, x3*x4*x5 ];
H7=[ x2ˆ2*x1, x4ˆ2*x1, x4ˆ2*x2, x4ˆ2*x5, x1*x2*x4, x1*x2*x5, x1*x4*x5, x2*x4*x5 ];
F00 = x0ˆ2*x1 + 2*x1ˆ2*x2 + 3*x2ˆ2*x0 + 7*x3ˆ2*x0 + 11*x4ˆ2*x3 + 13*x5ˆ2*x3;
F0=F00 + 17*x1*x3*x3;
for iH1 from 0 to (#H1-1) list (
for iH2 from 0 to (#H2-1) list (
for iH3 from 0 to (#H3-1) list (
for iH4 from 0 to (#H4-1) list (
F=F0 + 19*H1#iH1 + 23*H2#iH2 + 29*H3#iH3 + 31*H4#iH4; TotalSing=TotalSing + dim singularLocus(ideal(F));
))));
F0=F00 + 17*x2*x3*x4;
for iB1 from 0 to (#B1-1) list (
for iB2 from 0 to (#B2-1) list (
for iB3 from 0 to (#B3-1) list (
for iC from 0 to (#C-1) list (
F=F0 + 19*B1#iB1 + 23*B2#iB2 + 29*B3#iB3 + 31*C#iC; TotalSing=TotalSing + dim singularLocus(ideal(F));
))));
F0=F00 + 17*x2*x2*x1;
for iB1 from 0 to (#B1-1) list (
for iB2 from 0 to (#B2-1) list (
for iB3 from 0 to (#B3-1) list (
F=F0 + 19*B1#iB1 + 23*B2#iB2 + 29*B3#iB3; TotalSing=TotalSing + dim singularLocus(ideal(F));
)));
F0=F00 + 17*x1*x2*x3;
for iB1 from 0 to (#B1-1) list (
for iB2 from 0 to (#B2-1) list (
for iB3 from 0 to (#B3-1) list (
for iC from 0 to (#C-1) list (
F=F0 + 19*B1#iB1 + 23*B2#iB2 + 29*B3#iB3 + 31*C#iC; TotalSing=TotalSing + dim singularLocus(ideal(F));
))));
F00 = x0ˆ2*x1 + 2*x1ˆ2*x2 + 3*x2ˆ2*x0 + 7*x3ˆ2*x0 + 11*x4ˆ2*x3 + 13*x5ˆ2*x0;
F0=F00 + 17*x2*x3*x4;
for iA1 from 0 to (#A1-1) list (
for iA2 from 0 to (#A2-1) list (
for iH5 from 0 to (#H5-1) list (
for iH6 from 0 to (#H6-1) list (
for iH7 from 0 to (#H7-1) list (
F=F0 + 19*A1#iA1 + 23*A2#iA2 + 29*H5#iH5 + 31*H6#iH6 + 37*H7#iH7;
TotalSing=TotalSing + dim singularLocus(ideal(F));
)))));
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F0=F00 + 17*x2*x2*x1;
for iA1 from 0 to (#A1-1) list (
for iA2 from 0 to (#A2-1) list (
for iD from 0 to (#D-1) list (
for iE from 0 to (#E-1) list (
F=F0 + 19*A1#iA1 + 23*A2#iA2 + 29*D#iD + 31*E#iE; TotalSing=TotalSing + dim singularLocus(ideal(F));
))));
F0=F00 + 17*x1*x2*x3;
for iA1 from 0 to (#A1-1) list (
for iA2 from 0 to (#A2-1) list (
for iD from 0 to (#D-1) list (
for iE from 0 to (#E-1) list (
for iFF from 0 to (#FF-1) list (
F=F0 + 19*A1#iA1 + 23*A2#iA2 + 29*D#iD + 31*E#iE + 37*FF#iFF;
TotalSing=TotalSing + dim singularLocus(ideal(F));
)))));
F0=F00 + 17*x5*x2*x3;
for iA1 from 0 to (#A1-1) list (
for iA2 from 0 to (#A2-1) list (
for iE from 0 to (#E-1) list (
for iFF from 0 to (#FF-1) list (
F=F0 + 19*A1#iA1 + 23*A2#iA2 + 31*E#iE + 37*FF#iFF; TotalSing=TotalSing + dim singularLocus(ideal(F));
))));
AA13=[ x3ˆ2*x2, x2ˆ2*x5, x2*x3*x4, x2*x3*x5 ];
AA24=[ x5ˆ2*x1, x1ˆ2*x4, x1*x3*x5, x1*x4*x5 ];
A1=[ x3ˆ2*x1, x2ˆ2*x1, x1*x2*x3 ];
A2=[ x5ˆ2*x0, x1ˆ2*x0, x0*x1*x5 ];
A3=[ x4ˆ2*x2, x2*x4*x5, x3*x4*x5 ];
A4=[ x3ˆ2*x1, x1*x3*x4, x3*x4*x5 ];
B=[ x0ˆ2*x3, x5ˆ2*x0, x4ˆ2*x0, x0*x3*x4, x0*x3*x5, x0*x4*x5, x3*x4*x5 ];
F00 = x0ˆ2*x1 + 2*x1ˆ2*x2 + 3*x2ˆ2*x0 + 7*x3ˆ2*x0 + 11*x4ˆ2*x1 + 13*x5ˆ2*x2;
F0=F00 + 17*x0*x2*x4;
for iA1 from 0 to (#A1-1) list (
for iA2 from 0 to (#A2-1) list (
for iA3 from 0 to (#A3-1) list (
for iA4 from 0 to (#A4-1) list (
for iB from 0 to (#B-1) list (
F=F0 + 19*A1#iA1 + 23*A2#iA2 + 29*A3#iA3 + 31*A4#iA4 + 37*B#iB;
TotalSing=TotalSing + dim singularLocus(ideal(F));
)))));
for iAA13 from 0 to (#AA13-1) list (
for iA2 from 0 to (#A2-1) list (
for iA4 from 0 to (#A4-1) list (
for iB from 0 to (#B-1) list (
F=F0 + 19*AA13#iAA13 + 23*A2#iA2 + 31*A4#iA4 + 37*B#iB; TotalSing=TotalSing + dim singularLocus(ideal(F));
))));
for iA1 from 0 to (#A1-1) list (
for iAA24 from 0 to (#AA24-1) list (
for iA3 from 0 to (#A3-1) list (
for iB from 0 to (#B-1) list (
F=F0 + 19*A1#iA1 + 23*AA24#iAA24 + 29*A3#iA3 + 37*B#iB; TotalSing=TotalSing + dim singularLocus(ideal(F));
))));
for iAA13 from 0 to (#AA13-1) list (
for iAA24 from 0 to (#AA24-1) list (
for iB from 0 to (#B-1) list (
F=F0 + 19*AA13#iAA13 + 23*AA24#iAA24 + 37*B#iB; TotalSing=TotalSing + dim singularLocus(ideal(F));
)));
F0=F00 + 17*x4*x4*x2;
for iA1 from 0 to (#A1-1) list (
for iA2 from 0 to (#A2-1) list (
for iA3 from 0 to (#A3-1) list (
for iA4 from 0 to (#A4-1) list (
for iB from 0 to (#B-1) list (
F=F0 + 19*A1#iA1 + 23*A2#iA2 + 29*A3#iA3 + 31*A4#iA4 + 37*B#iB;
TotalSing=TotalSing + dim singularLocus(ideal(F));
)))));
for iAA13 from 0 to (#AA13-1) list (
for iA2 from 0 to (#A2-1) list (
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for iA4 from 0 to (#A4-1) list (
for iB from 0 to (#B-1) list (
F=F0 + 19*AA13#iAA13 + 23*A2#iA2 + 31*A4#iA4 + 37*B#iB; TotalSing=TotalSing + dim singularLocus(ideal(F));
))));
for iA1 from 0 to (#A1-1) list (
for iAA24 from 0 to (#AA24-1) list (
for iA3 from 0 to (#A3-1) list (
for iB from 0 to (#B-1) list (
F=F0 + 19*A1#iA1 + 23*AA24#iAA24 + 29*A3#iA3 + 37*B#iB; TotalSing=TotalSing + dim singularLocus(ideal(F));
))));
for iAA13 from 0 to (#AA13-1) list (
for iAA24 from 0 to (#AA24-1) list (
for iB from 0 to (#B-1) list (
F=F0 + 19*AA13#iAA13 + 23*AA24#iAA24 + 37*B#iB; TotalSing=TotalSing + dim singularLocus(ideal(F));
)));
F0=F00 + 17*x0*x0*x2;
for iA1 from 0 to (#A1-1) list (
for iA2 from 0 to (#A2-1) list (
for iA3 from 0 to (#A3-1) list (
for iA4 from 0 to (#A4-1) list (
for iB from 0 to (#B-1) list (
F=F0 + 19*A1#iA1 + 23*A2#iA2 + 29*A3#iA3 + 31*A4#iA4 + 37*B#iB;
TotalSing=TotalSing + dim singularLocus(ideal(F));
)))));
for iAA13 from 0 to (#AA13-1) list (
for iA2 from 0 to (#A2-1) list (
for iA4 from 0 to (#A4-1) list (
for iB from 0 to (#B-1) list (
F=F0 + 19*AA13#iAA13 + 23*A2#iA2 + 31*A4#iA4 + 37*B#iB; TotalSing=TotalSing + dim singularLocus(ideal(F));
))));
for iA1 from 0 to (#A1-1) list (
for iAA24 from 0 to (#AA24-1) list (
for iA3 from 0 to (#A3-1) list (
for iB from 0 to (#B-1) list (
F=F0 + 19*A1#iA1 + 23*AA24#iAA24 + 29*A3#iA3 + 37*B#iB; TotalSing=TotalSing + dim singularLocus(ideal(F));
))));
for iAA13 from 0 to (#AA13-1) list (
for iAA24 from 0 to (#AA24-1) list (
for iB from 0 to (#B-1) list (
F=F0 + 19*AA13#iAA13 + 23*AA24#iAA24 + 37*B#iB; TotalSing=TotalSing + dim singularLocus(ideal(F));
)));
F0=F00 + 17*x0*x4*x4;
for iA1 from 0 to (#A1-1) list (
for iA2 from 0 to (#A2-1) list (
for iA3 from 0 to (#A3-1) list (
for iA4 from 0 to (#A4-1) list (
F=F0 + 19*A1#iA1 + 23*A2#iA2 + 29*A3#iA3 + 31*A4#iA4; TotalSing=TotalSing + dim singularLocus(ideal(F));
))));
for iAA13 from 0 to (#AA13-1) list (
for iA2 from 0 to (#A2-1) list (
for iA4 from 0 to (#A4-1) list (
F=F0 + 19*AA13#iAA13 + 23*A2#iA2 + 31*A4#iA4; TotalSing=TotalSing + dim singularLocus(ideal(F));
)));
for iA1 from 0 to (#A1-1) list (
for iAA24 from 0 to (#AA24-1) list (
for iA3 from 0 to (#A3-1) list (
F=F0 + 19*A1#iA1 + 23*AA24#iAA24 + 29*A3#iA3; TotalSing=TotalSing + dim singularLocus(ideal(F));
)));
for iAA13 from 0 to (#AA13-1) list (
for iAA24 from 0 to (#AA24-1) list (
F=F0 + 19*AA13#iAA13 + 23*AA24#iAA24; TotalSing=TotalSing + dim singularLocus(ideal(F));
));
F0=F00 + 17*x0*x4*x5;
for iA1 from 0 to (#A1-1) list (
for iA2 from 0 to (#A2-1) list (
for iA3 from 0 to (#A3-1) list (
for iA4 from 0 to (#A4-1) list (
F=F0 + 19*A1#iA1 + 23*A2#iA2 + 29*A3#iA3 + 31*A4#iA4; TotalSing=TotalSing + dim singularLocus(ideal(F));
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))));
for iAA13 from 0 to (#AA13-1) list (
for iA2 from 0 to (#A2-1) list (
for iA4 from 0 to (#A4-1) list (
F=F0 + 19*AA13#iAA13 + 23*A2#iA2 + 31*A4#iA4; TotalSing=TotalSing + dim singularLocus(ideal(F));
)));
for iA1 from 0 to (#A1-1) list (
for iAA24 from 0 to (#AA24-1) list (
for iA3 from 0 to (#A3-1) list (
F=F0 + 19*A1#iA1 + 23*AA24#iAA24 + 29*A3#iA3; TotalSing=TotalSing + dim singularLocus(ideal(F));
)));
for iAA13 from 0 to (#AA13-1) list (
for iAA24 from 0 to (#AA24-1) list (
F=F0 + 19*AA13#iAA13 + 23*AA24#iAA24; TotalSing=TotalSing + dim singularLocus(ideal(F));
));
F0=F00 + 17*x0*x3*x4;
for iA1 from 0 to (#A1-1) list (
for iA2 from 0 to (#A2-1) list (
for iA3 from 0 to (#A3-1) list (
for iA4 from 0 to (#A4-1) list (
F=F0 + 19*A1#iA1 + 23*A2#iA2 + 29*A3#iA3 + 31*A4#iA4; TotalSing=TotalSing + dim singularLocus(ideal(F));
))));
for iAA13 from 0 to (#AA13-1) list (
for iA2 from 0 to (#A2-1) list (
for iA4 from 0 to (#A4-1) list (
F=F0 + 19*AA13#iAA13 + 23*A2#iA2 + 31*A4#iA4; TotalSing=TotalSing + dim singularLocus(ideal(F));
)));
for iA1 from 0 to (#A1-1) list (
for iAA24 from 0 to (#AA24-1) list (
for iA3 from 0 to (#A3-1) list (
F=F0 + 19*A1#iA1 + 23*AA24#iAA24 + 29*A3#iA3; TotalSing=TotalSing + dim singularLocus(ideal(F));
)));
for iAA13 from 0 to (#AA13-1) list (
for iAA24 from 0 to (#AA24-1) list (
F=F0 + 19*AA13#iAA13 + 23*AA24#iAA24; TotalSing=TotalSing + dim singularLocus(ideal(F));
));
F0=F00 + 17*x0*x0*x3;
for iA1 from 0 to (#A1-1) list (
for iA2 from 0 to (#A2-1) list (
for iA3 from 0 to (#A3-1) list (
for iA4 from 0 to (#A4-1) list (
F=F0 + 19*A1#iA1 + 23*A2#iA2 + 29*A3#iA3 + 31*A4#iA4; TotalSing=TotalSing + dim singularLocus(ideal(F));
))));
for iAA13 from 0 to (#AA13-1) list (
for iA2 from 0 to (#A2-1) list (
for iA4 from 0 to (#A4-1) list (
F=F0 + 19*AA13#iAA13 + 23*A2#iA2 + 31*A4#iA4; TotalSing=TotalSing + dim singularLocus(ideal(F));
)));
for iA1 from 0 to (#A1-1) list (
for iAA24 from 0 to (#AA24-1) list (
for iA3 from 0 to (#A3-1) list (
F=F0 + 19*A1#iA1 + 23*AA24#iAA24 + 29*A3#iA3; TotalSing=TotalSing + dim singularLocus(ideal(F));
)));
for iAA13 from 0 to (#AA13-1) list (
for iAA24 from 0 to (#AA24-1) list (
F=F0 + 19*AA13#iAA13 + 23*AA24#iAA24; TotalSing=TotalSing + dim singularLocus(ideal(F));
));
G=[ x1ˆ2*x3, x3ˆ2*x1, x4ˆ2*x1, x1ˆ2*x4, x1ˆ2*x5, x1*x3*x4, x1*x3*x5, x1*x4*x5, x3*x4*x5 ];
F1=[ x1*x3*x4, x1*x3*x5, x1*x4*x5, x3*x4*x5 ];
A1=[ x4ˆ2*x1, x2ˆ2*x1, x1*x2*x4, x2*x4*x5 ];
A2=[ x2ˆ2*x5, x2ˆ2*x1, x1*x2*x4, x2*x4*x5 ];
B1=[ x3ˆ2*x1, x2ˆ2*x1, x1*x2*x3, x2*x3*x5 ];
B2=[ x2ˆ2*x5, x2ˆ2*x1, x1*x2*x3, x2*x3*x5 ];
C1=[ x2*x3*x5, x2*x4*x5, x3*x4*x5 ];
C2=[ x2ˆ2*x5, x2*x3*x5, x2*x4*x5, x3*x4*x5 ];
D=[ x3ˆ2*x2, x3ˆ2*x1, x4ˆ2*x1, x4ˆ2*x2, x2ˆ2*x1, x1*x3*x4, x1*x2*x3, x1*x2*x4 ];
E1=[ x5ˆ2*x2, x5ˆ2*x0, x0ˆ2*x2, x0ˆ2*x3, x0ˆ2*x4, x0*x2*x5, x0*x3*x5, x0*x4*x5 ];
E2=[ x5ˆ2*x0, x1ˆ2*x0, x0*x1*x5, x1*x3*x5, x1*x4*x5 ];
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F00 = x0ˆ2*x1 + 2*x1ˆ2*x2 + 3*x2ˆ2*x0 + 7*x3ˆ2*x0 + 11*x4ˆ2*x0 + 13*x5ˆ2*x1;
F0=F00 + 17*x2*x3*x4;
for iE1 from 0 to (#E1-1) list (
for iG from 0 to (#G-1) list (
F=F0 + 19*E1#iE1 + 23*G#iG; TotalSing=TotalSing + dim singularLocus(ideal(F));
));
F0=F00 + 17*x1*x3*x4;
for iE1 from 0 to (#E1-1) list (
for iA1 from 0 to (#A1-1) list (
for iB1 from 0 to (#B1-1) list (
for iC1 from 0 to (#C1-1) list (
F=F0 + 19*E1#iE1 + 23*A1#iA1 + 29*B1#iB1 + 31*C1#iC1; TotalSing=TotalSing + dim singularLocus(ideal(F));
))));
F0=F00 + 17*x1*x3*x3;
for iE1 from 0 to (#E1-1) list (
for iA1 from 0 to (#A1-1) list (
for iC1 from 0 to (#C1-1) list (
F=F0 + 19*E1#iE1 + 23*A1#iA1 + 29*C1#iC1; TotalSing=TotalSing + dim singularLocus(ideal(F));
)));
F0=F00 + 17*x5*x3*x4;
for iE1 from 0 to (#E1-1) list (
for iA1 from 0 to (#A1-1) list (
for iB1 from 0 to (#B1-1) list (
for iD from 0 to (#D-1) list (
F=F0 + 19*E1#iE1 + 23*A1#iA1 + 29*B1#iB1 + 31*D#iD; TotalSing=TotalSing + dim singularLocus(ideal(F));
))));
F00 = x0ˆ2*x1 + 2*x1ˆ2*x2 + 3*x2ˆ2*x0 + 7*x3ˆ2*x0 + 11*x4ˆ2*x0 + 13*x5ˆ2*x2;
F0=F00 + 17*x2*x3*x4;
for iE2 from 0 to (#E2-1) list (
for iF1 from 0 to (#F1-1) list (
F=F0 + 19*E2#iE2 + 23*F1#iF1; TotalSing=TotalSing + dim singularLocus(ideal(F));
));
F0=F00 + 17*x1*x3*x4;
for iE2 from 0 to (#E2-1) list (
for iA2 from 0 to (#A2-1) list (
for iB2 from 0 to (#B2-1) list (
for iC2 from 0 to (#C2-1) list (
F=F0 + 19*E2#iE2 + 23*A2#iA2 + 29*B2#iB2 + 31*C2#iC2; TotalSing=TotalSing + dim singularLocus(ideal(F));
))));
F0=F00 + 17*x5*x3*x4;
for iE2 from 0 to (#E2-1) list (
for iA2 from 0 to (#A2-1) list (
for iB2 from 0 to (#B2-1) list (
for iD from 0 to (#D-1) list (
F=F0 + 19*E2#iE2 + 23*A2#iA2 + 29*B2#iB2 + 31*D#iD; TotalSing=TotalSing + dim singularLocus(ideal(F));
))));
F1=[ x1*x2*x4, x1*x2*x5, x1*x4*x5, x2*x4*x5 ];
F2=[ x1*x2*x3, x1*x2*x4, x1*x3*x4, x2*x3*x4 ];
F3=[ x1*x2*x5, x2*x3*x5, x2*x4*x5 ];
F4=[ x1*x2*x4, x2*x3*x4, x2*x4*x5 ];
F5=[ x1*x2*x3, x2*x3*x5 ];
F6=[ x2*x4*x5, x2*x3*x4, x2*x3*x5 ];
F7=[ x2*x4*x5, x1*x4*x5 ];
F8=[ x2*x3*x5, x1*x3*x5 ];
F9=[ x1*x2*x3, x2*x3*x4, x2*x3*x5 ];
F10=[ x1*x3*x5, x2*x3*x5 ];
F00 = x0ˆ2*x1 + 2*x1ˆ2*x2 + 3*x2ˆ2*x0 + 7*x3ˆ2*x0 + 11*x4ˆ2*x0 + 13*x5ˆ2*x0;
F0=F00 + 17*x3*x4*x5;
for iF1 from 0 to (#F1-1) list (
for iF2 from 0 to (#F2-1) list (
for iF3 from 0 to (#F3-1) list (
for iF4 from 0 to (#F4-1) list (
for iF5 from 0 to (#F5-1) list (
F=F0 + 19*F1#iF1 + 23*F2#iF2 + 29*F3#iF3 + 31*F4#iF4 + 37*F5#iF5;
TotalSing=TotalSing + dim singularLocus(ideal(F));
)))));
F0=F00 + 17*x3*x4*x1 + 41*x2*x2*x1;
for iF6 from 0 to (#F6-1) list (
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for iF7 from 0 to (#F7-1) list (
for iF8 from 0 to (#F8-1) list (
F=F0 + 19*F6#iF6 + 23*F7#iF7 + 29*F8#iF8; TotalSing=TotalSing + dim singularLocus(ideal(F));
)));
F0=F00 + 17*x2*x4*x5 + 41*x1*x3*x4;
for iF9 from 0 to (#F9-1) list (
for iF10 from 0 to (#F10-1) list (
F=F0 + 19*F9#iF9 + 23*F10#iF10; TotalSing=TotalSing + dim singularLocus(ideal(F));
));
F=F00 + 17*x1*x2*x5 + 19*x1*x3*x4+ 19*x1*x4*x5+23*x2*x3*x4+29*x1*x3*x5;
TotalSing=TotalSing + dim singularLocus(ideal(F));
F=F00 + 17*x3*x4*x5 + 41*x1*x2*x2; TotalSing=TotalSing + dim singularLocus(ideal(F));
print ”This is Case of No Cubes, Length 2 longest cycle”;
A=[ x3ˆ2*x0, x3ˆ2*x1, x3ˆ2*x4, x5ˆ2*x0, x5ˆ2*x1, x0*x3*x5, x1*x3*x5, x3*x4*x5 ];
B0=[ x3ˆ2*x0, x0ˆ2*x3, x0ˆ2*x4, x3ˆ2*x4, x5ˆ2*x0, x0ˆ2*x5, x0*x3*x4, x0*x3*x5, x0*x4*x5, x3*x4*x5 ];
B1=[ x3ˆ2*x1, x1ˆ2*x3, x1ˆ2*x5, x3ˆ2*x4, x5ˆ2*x1, x1*x3*x4, x1*x3*x5, x3*x4*x5 ];
B4=[ x3ˆ2*x1, x4ˆ2*x3, x3ˆ2*x4, x5ˆ2*x1, x1*x3*x4, x1*x3*x5 ];
F1=[ x3ˆ2*x1, x1ˆ2*x3, x1*x3*x4, x1*x3*x5, x1*x4*x5 ];
F2=[ x0ˆ2*x3, x0ˆ2*x4, x0ˆ2*x5, x0*x3*x4, x0*x3*x5, x0*x4*x5 ];
F3=[ x4ˆ2*x3, x3ˆ2*x4, x1*x3*x4, x1*x3*x5 ];
F4=[ x4ˆ2*x3, x5ˆ2*x1, x1*x3*x4, x1*x3*x5 ];
F5=[ x4ˆ2*x2, x2ˆ2*x1, x1*x2*x4, x1*x2*x5, x2*x4*x5 ];
F6=[ x3ˆ2*x0, x0*x3*x4, x0*x3*x5, x0*x4*x5 ];
F7=[ x1ˆ2*x2, x4ˆ2*x2, x1*x2*x4, x1*x2*x5, x2*x4*x5 ];
F8=[ x2ˆ2*x1, x2ˆ2*x4, x2ˆ2*x5, x4ˆ2*x2, x1*x2*x4, x1*x2*x5, x2*x4*x5 ];
F9=[ x1*x3*x4, x1*x3*x5 ];
F = x0ˆ2*x1 + x1ˆ2*x0 + x2ˆ2*x3 + x3ˆ2*x2 + x4ˆ2*x5 + x5ˆ2*x4; TotalSing=TotalSing + dim singularLocus(ideal(F));
F00 = x0ˆ2*x1 + 2*x1ˆ2*x0 + 3*x2ˆ2*x3 + 7*x3ˆ2*x2 + 11*x4ˆ2*x2 + 13*x5ˆ2*x4;
F=F00 + 61*x3*x4*x5; TotalSing=TotalSing + dim singularLocus(ideal(F));
F=F00 + 61*x3*x4*x4; TotalSing=TotalSing + dim singularLocus(ideal(F));
F0=F00 + 61*x0*x4*x4;
for iF1 from 0 to (#F1-1) list (
F=F0 + 19*F1#iF1; TotalSing=TotalSing + dim singularLocus(ideal(F));
);
F0=F00 + 61*x1*x3*x4;
for iF2 from 0 to (#F2-1) list (
F=F0 + 19*F2#iF2; TotalSing=TotalSing + dim singularLocus(ideal(F));
);
F0=F00 + 61*x1*x3*x3;
for iF6 from 0 to (#F6-1) list (
F=F0 + 19*F6#iF6; TotalSing=TotalSing + dim singularLocus(ideal(F));
);
F00 = x0ˆ2*x1 + 2*x1ˆ2*x0 + 3*x2ˆ2*x3 + 7*x3ˆ2*x2 + 11*x4ˆ2*x0 + 13*x5ˆ2*x2;
F=F00 + 61*x1*x4*x4 + 71*x3*x5*x5; TotalSing=TotalSing + dim singularLocus(ideal(F));
F0=F00 + 61*x1*x1*x2;
for iF3 from 0 to (#F3-1) list (
for iF4 from 0 to (#F4-1) list (
for iA from 0 to (#A-1) list (
for iB0 from 0 to (#B0-1) list (
for iB1 from 0 to (#B1-1) list (
for iB4 from 0 to (#B4-1) list (
F=F0 + 19*F3#iF3 + 23*F4#iF4 + 29*A#iA + 73*B0#iB0 + 31*B1#iB1 + 37*B4#iB4;
TotalSing=TotalSing + dim singularLocus(ideal(F));
))))));
F0=F00 + 61*x3*x4*x4;
for iF5 from 0 to (#F5-1) list (
for iA from 0 to (#A-1) list (
for iB0 from 0 to (#B0-1) list (
for iB1 from 0 to (#B1-1) list (
F=F0 + 23*F5#iF5 + 29*A#iA + 73*B0#iB0 + 31*B1#iB1; TotalSing=TotalSing + dim singularLocus(ideal(F));
))));
F0=F00 + 61*x3*x1*x1;
for iF7 from 0 to (#F7-1) list (
for iA from 0 to (#A-1) list (
for iB0 from 0 to (#B0-1) list (
for iB4 from 0 to (#B4-1) list (
F=F0 + 23*F7#iF7 + 29*A#iA + 73*B0#iB0 + 31*B4#iB4; TotalSing=TotalSing + dim singularLocus(ideal(F));
))));
245
F0=F00 + 61*x3*x4*x1;
for iF8 from 0 to (#F8-1) list (
for iA from 0 to (#A-1) list (
for iB0 from 0 to (#B0-1) list (
F=F0 + 23*F8#iF8 + 29*A#iA + 73*B0#iB0; TotalSing=TotalSing + dim singularLocus(ideal(F));
)));
F0=F00 + 61*x5*x1*x1;
for iA from 0 to (#A-1) list (
for iB0 from 0 to (#B0-1) list (
for iB4 from 0 to (#B4-1) list (
F=F0 + 23*B4#iB4 + 29*A#iA + 73*B0#iB0; TotalSing=TotalSing + dim singularLocus(ideal(F));
)));
F0=F00 + 61*x4*x4*x1;
for iA from 0 to (#A-1) list (
for iB0 from 0 to (#B0-1) list (
for iB1 from 0 to (#B1-1) list (
F=F0 + 23*B1#iB1 + 29*A#iA + 73*B0#iB0; TotalSing=TotalSing + dim singularLocus(ideal(F));
)));
F0=F00 + 61*x2*x4*x1;
for iA from 0 to (#A-1) list (
for iB0 from 0 to (#B0-1) list (
for iF9 from 0 to (#F9-1) list (
F=F0 + 23*F9#iF9 + 29*A#iA + 73*B0#iB0; TotalSing=TotalSing + dim singularLocus(ideal(F));
)));
F0=F00 + 61*x2*x4*x4;
for iA from 0 to (#A-1) list (
for iB0 from 0 to (#B0-1) list (
for iF9 from 0 to (#F9-1) list (
F=F0 + 23*F9#iF9 + 29*A#iA + 73*B0#iB0; TotalSing=TotalSing + dim singularLocus(ideal(F));
)));
F0=F00 + 61*x1*x4*x5;
for iA from 0 to (#A-1) list (
for iB0 from 0 to (#B0-1) list (
F=F0 + 29*A#iA + 73*B0#iB0; TotalSing=TotalSing + dim singularLocus(ideal(F));
));
F1=[ x0ˆ2*x2, x0*x2*x5, x0*x4*x5 ];
F2=[ x0ˆ2*x3, x3ˆ2*x5, x3ˆ2*x4, x3ˆ2*x0, x0*x3*x4, x0*x3*x5, x0*x4*x5, x3*x4*x5 ];
F3=[ x1ˆ2*x2, x1ˆ2*x3, x1*x2*x5, x1*x3*x5, x1*x4*x5 ];
F4=[ x1ˆ2*x2, x1*x2*x4, x1*x2*x5, x1*x4*x5, x2*x4*x5 ];
F5=[ x1ˆ2*x3, x1*x3*x4, x1*x3*x5, x1*x4*x5, x3*x4*x5 ];
F6=[ x0ˆ2*x3, x0*x3*x4, x0*x3*x5, x0*x4*x5, x3*x4*x5 ];
F7=[ x1*x2*x5, x1*x3*x5, x1*x4*x5 ];
F8=[ x2ˆ2*x1, x2ˆ2*x4, x2ˆ2*x5, x1*x2*x4, x1*x2*x5, x1*x4*x5, x2*x4*x5 ];
F9=[ x3ˆ2*x1, x3ˆ2*x4, x3ˆ2*x5, x1*x3*x4, x1*x3*x5, x1*x4*x5, x3*x4*x5 ];
F10=[ x3ˆ2*x0, x3ˆ2*x4, x3ˆ2*x5, x0*x3*x4, x0*x3*x5, x0*x4*x5, x3*x4*x5 ];
G1=[ x1ˆ2*x3, x1ˆ2*x2, x1*x2*x4, x1*x3*x4 ];
G2=[ x1ˆ2*x3, x1ˆ2*x2, x1*x2*x5, x1*x3*x5 ];
G3=[ x1ˆ2*x3, x1*x3*x4, x5*x3*x4 ];
G4=[ x3ˆ2*x1, x3ˆ2*x4, x3ˆ2*x5, x1*x3*x4, x1*x3*x5, x3*x4*x5 ];
F0 = x0ˆ2*x1 + 2*x1ˆ2*x0 + 3*x2ˆ2*x3 + 7*x3ˆ2*x2 + 11*x4ˆ2*x0 + 12*x4ˆ2*x1 + 13*x5ˆ2*x1;
for iF1 from 0 to (#F1-1) list (
for iF2 from 0 to (#F2-1) list (
F=F0 + 19*F1#iF1 + 23*F2#iF2; TotalSing=TotalSing + dim singularLocus(ideal(F));
));
F0 = x0ˆ2*x1 + 2*x1ˆ2*x0 + 3*x2ˆ2*x3 + 7*x3ˆ2*x2 + 11*x4ˆ2*x1 + 12*x0ˆ2*x2 + 13*x5ˆ2*x0;
for iF3 from 0 to (#F3-1) list (
for iF4 from 0 to (#F4-1) list (
for iF5 from 0 to (#F5-1) list (
for iF6 from 0 to (#F6-1) list (
F=F0 + 19*F3#iF3 + 23*F4#iF4 + 29*F5#iF5 + 73*F6#iF6; TotalSing=TotalSing + dim singularLocus(ideal(F));
))));
F0 = x0ˆ2*x1 + 2*x1ˆ2*x0 + 3*x2ˆ2*x3 + 7*x3ˆ2*x2 + 11*x4ˆ2*x1 + 12*x0*x2*x4 + 13*x5ˆ2*x0;
for iF7 from 0 to (#F7-1) list (
for iF8 from 0 to (#F8-1) list (
for iF9 from 0 to (#F9-1) list (
for iF10 from 0 to (#F10-1) list (
F=F0 + 19*F7#iF7 + 23*F8#iF8 + 29*F9#iF9 + 73*F10#iF10; TotalSing=TotalSing + dim singularLocus(ideal(F));
))));
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F0 = x0ˆ2*x1 + 2*x1ˆ2*x0 + 3*x2ˆ2*x3 + 7*x3ˆ2*x2 + 11*x4ˆ2*x0 + 12*x5*x2*x4 + 13*x5ˆ2*x0;
for iG1 from 0 to (#G1-1) list (
for iG2 from 0 to (#G2-1) list (
for iG3 from 0 to (#G3-1) list (
for iG4 from 0 to (#G4-1) list (
F=F0 + 19*G1#iG1 + 23*G2#iG2 + 29*G3#iG3 + 73*G4#iG4; TotalSing=TotalSing + dim singularLocus(ideal(F));
))));
F = x0ˆ2*x1 + 2*x1ˆ2*x0 + 3*x2ˆ2*x3 + 7*x3ˆ2*x2 + 11*x4ˆ2*x0 + 31*x4ˆ2*x1 + 13*x5ˆ2*x0 + 23*x5ˆ2*x1;
TotalSing=TotalSing + dim singularLocus(ideal(F));
F = x0ˆ2*x1 + 2*x1ˆ2*x0 + 3*x2ˆ2*x3 + 7*x3ˆ2*x2 + 11*x4ˆ2*x1 + 31*x4*x5*x0 + 13*x5ˆ2*x0 + 23*x4*x5*x1;
TotalSing=TotalSing + dim singularLocus(ideal(F));
F = x0ˆ2*x1 + 2*x1ˆ2*x0 + 3*x2ˆ2*x3 + 7*x3ˆ2*x2 + 11*x4ˆ2*x0 + 31*x4*x5*x1 + 13*x5ˆ2*x0;
TotalSing=TotalSing + dim singularLocus(ideal(F));
A1=[ x5ˆ2*x2, x5ˆ2*x3, x0ˆ2*x2, x0*x2*x5, x0*x3*x5, x0*x4*x5 ];
A2=[ x5ˆ2*x3, x3ˆ2*x5, x3ˆ2*x0, x0*x3*x4, x0*x3*x5, x0*x4*x5, x3*x4*x5 ];
A3=[ x4ˆ2*x0, x4ˆ2*x2, x4ˆ2*x5, x0ˆ2*x2, x5ˆ2*x2, x0*x2*x4, x0*x2*x5, x0*x4*x5, x2*x4*x5 ];
B=[ x4ˆ2*x1, x4ˆ2*x2, x4ˆ2*x5, x1*x2*x4, x1*x2*x5, x1*x4*x5, x2*x4*x5 ];
F1=[ x4ˆ2*x1, x4ˆ2*x2, x1*x4*x5, x2*x4*x5 ];
F2=[ x5ˆ2*x1, x5ˆ2*x2, x5ˆ2*x3, x1*x2*x3, x2*x3*x5, x1*x3*x5 ];
F00 = x0ˆ2*x1 + 2*x1ˆ2*x0 + 3*x2ˆ2*x0 + 7*x3ˆ2*x2 + 11*x4ˆ2*x3 + 13*x5ˆ2*x1;
F0 = F00 + 17*x1*x2*x5;
for iA1 from 0 to (#A1-1) list (
for iA2 from 0 to (#A2-1) list (
for iA3 from 0 to (#A3-1) list (
F=F0 + 19*A1#iA1 + 23*A2#iA2 + 31*A3#iA3; TotalSing=TotalSing + dim singularLocus(ideal(F));
)));
F0 = F00 + 17*x1*x2*x2;
for iA1 from 0 to (#A1-1) list (
for iA2 from 0 to (#A2-1) list (
for iA3 from 0 to (#A3-1) list (
F=F0 + 19*A1#iA1 + 23*A2#iA2 + 31*A3#iA3; TotalSing=TotalSing + dim singularLocus(ideal(F));
)));
F0 = F00 + 17*x1*x2*x4;
for iA1 from 0 to (#A1-1) list (
for iA2 from 0 to (#A2-1) list (
for iA3 from 0 to (#A3-1) list (
F=F0 + 19*A1#iA1 + 23*A2#iA2 + 31*A3#iA3; TotalSing=TotalSing + dim singularLocus(ideal(F));
)));
F0 = F00 + 17*x1*x2*x3;
for iA1 from 0 to (#A1-1) list (
for iA2 from 0 to (#A2-1) list (
for iA3 from 0 to (#A3-1) list (
for iB from 0 to (#B-1) list (
F=F0 + 19*A1#iA1 + 23*A2#iA2 + 31*A3#iA3 + 37*B#iB; TotalSing=TotalSing + dim singularLocus(ideal(F));
))));
F0 = F00 + 17*x1*x2*x3 + 23*x0*x5*x5;
for iB from 0 to (#B-1) list (
F=F0 + 19*B#iB; TotalSing=TotalSing + dim singularLocus(ideal(F));
);
F = F00 + 17*x1*x2*x2 + 23*x0*x5*x5; TotalSing=TotalSing + dim singularLocus(ideal(F));
F = F00 + 17*x1*x2*x4 + 23*x0*x5*x5; TotalSing=TotalSing + dim singularLocus(ideal(F));
F = F00 + 17*x1*x2*x5 + 23*x0*x5*x5; TotalSing=TotalSing + dim singularLocus(ideal(F));
F00 = x0ˆ2*x1 + 2*x1ˆ2*x0 + 3*x2ˆ2*x0 + 7*x3ˆ2*x2 + 11*x4ˆ2*x3 + 13*x5ˆ2*x4;
F0 = F00 + 17*x1*x2*x3;
for iF1 from 0 to (#F1-1) list (
F=F0 + 19*F1#iF1; TotalSing=TotalSing + dim singularLocus(ideal(F));
);
F0 = F00 + 17*x1*x2*x4;
for iF2 from 0 to (#F2-1) list (
F=F0 + 19*F2#iF2; TotalSing=TotalSing + dim singularLocus(ideal(F));
);
F = F00 + 17*x1*x2*x2; TotalSing=TotalSing + dim singularLocus(ideal(F));
F = F00 + 17*x1*x2*x5; TotalSing=TotalSing + dim singularLocus(ideal(F));
C=[ x3ˆ2*x1, x3ˆ2*x5, x1*x3*x4, x1*x3*x5, x1*x4*x5, x3*x4*x5 ];
F0 = x0ˆ2*x1 + 2*x1ˆ2*x0 + 3*x2ˆ2*x0 + 7*x3ˆ2*x2 + 11*x4ˆ2*x3 + 13*x5ˆ2*x0 + 23*x1*x2*x5;
for iC from 0 to (#C-1) list (
F=F0 + 19*C#iC; TotalSing=TotalSing + dim singularLocus(ideal(F));
);
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F1=[ x1*x3*x5, x1*x4*x5 ];
F2=[ x2*x3*x5, x2*x4*x5 ];
F3=[ x1*x3*x5, x2*x3*x5 ];
F0 = x0ˆ2*x1 + 2*x1ˆ2*x0 + 3*x2ˆ2*x0 + 7*x3ˆ2*x2 + 11*x4ˆ2*x3 + 13*x5ˆ2*x0 + 23*x1*x2*x4;
for iF1 from 0 to (#F1-1) list (
for iF2 from 0 to (#F2-1) list (
for iF3 from 0 to (#F3-1) list (
F=F0 + 19*F1#iF1 + 29*F2#iF2 + 31*F3#iF3; TotalSing=TotalSing + dim singularLocus(ideal(F));
)));
F1=[ x1*x3*x5, x1*x4*x5 ];
F2=[ x2*x3*x5, x2*x4*x5 ];
F3=[ x1*x2*x4, x1*x4*x5, x2*x4*x5 ];
F4=[ x4ˆ2*x1, x4ˆ2*x2, x4ˆ2*x5, x1*x2*x4, x1*x2*x5, x1*x4*x5, x2*x4*x5 ];
F0 = x0ˆ2*x1 + 2*x1ˆ2*x0 + 3*x2ˆ2*x0 + 7*x3ˆ2*x2 + 11*x4ˆ2*x3 + 13*x5ˆ2*x0 + 23*x1*x2*x3;
for iF1 from 0 to (#F1-1) list (
for iF2 from 0 to (#F2-1) list (
for iF3 from 0 to (#F3-1) list (
for iF4 from 0 to (#F4-1) list (
F=F0 + 19*F1#iF1 + 29*F2#iF2 + 31*F3#iF3 + 37*F4#iF4; TotalSing=TotalSing + dim singularLocus(ideal(F));
))));
F1=[ x4ˆ2*x2, x1*x4*x5, x2*x4*x5 ];
F0 = x0ˆ2*x1 + 2*x1ˆ2*x0 + 3*x2ˆ2*x0 + 7*x3ˆ2*x2 + 11*x4ˆ2*x3 + 13*x5ˆ2*x3 + 61*x5ˆ2*x2;
for iF1 from 0 to (#F1-1) list (
F=F0 +31*x1*x2*x3 + 19*F1#iF1; TotalSing=TotalSing + dim singularLocus(ideal(F));
);
F=F0 +31*x1*x2*x2; TotalSing=TotalSing + dim singularLocus(ideal(F));
F=F0 +31*x1*x2*x5; TotalSing=TotalSing + dim singularLocus(ideal(F));
F=F0 +31*x1*x2*x4; TotalSing=TotalSing + dim singularLocus(ideal(F));
AA1=[ x3ˆ2*x0, x5ˆ2*x0, x0*x3*x5, x3*x4*x5 ];
AA2=[ x3ˆ2*x1, x1*x3*x5, x1*x3*x4, x1*x4*x5, x3*x4*x5 ];
A1=[ x3ˆ2*x1, x1*x3*x5 ];
A2=[ x0*x4*x5, x3*x4*x0 ];
BB=[ x5ˆ2*x0, x4ˆ2*x0, x0*x4*x5, x2*x4*x5 ];
B1=[ x0ˆ2*x2, x0*x2*x5, x0*x2*x4 ];
B2=[ x1*x4*x5 ];
B11=[ x1*x4*x5, x2*x4*x5, x1*x2*x4 ];
C=[ x4ˆ2*x1, x4ˆ2*x2, x4ˆ2*x5, x1*x2*x4, x1*x4*x5, x1*x2*x5, x2*x4*x5 ];
F00 = x0ˆ2*x1 + 2*x1ˆ2*x0 + 3*x2ˆ2*x0 + 7*x3ˆ2*x2 + 11*x4ˆ2*x3 + 13*x5ˆ2*x3;
F0 = F00 + 17*x1*x2*x2;
for iB1 from 0 to (#B1-1) list (
for iB2 from 0 to (#B2-1) list (
for iB11 from 0 to (#B11-1) list (
F=F0 + 19*B1#iB1 + 23*B2#iB2 + 31*B11#iB11; TotalSing=TotalSing + dim singularLocus(ideal(F));
)));
for iBB from 0 to (#BB-1) list (
for iB11 from 0 to (#B11-1) list (
F=F0 + 19*BB#iBB + 31*B11#iB11; TotalSing=TotalSing + dim singularLocus(ideal(F));
));
F0 = F00 + 17*x1*x2*x3;
for iB1 from 0 to (#B1-1) list (
for iB2 from 0 to (#B2-1) list (
for iB11 from 0 to (#B11-1) list (
F=F0 + 19*B1#iB1 + 23*B2#iB2 + 31*B11#iB11; TotalSing=TotalSing + dim singularLocus(ideal(F));
)));
for iBB from 0 to (#BB-1) list (
for iB11 from 0 to (#B11-1) list (
F=F0 + 19*BB#iBB + 31*B11#iB11; TotalSing=TotalSing + dim singularLocus(ideal(F));
));
F0 = F00 + 17*x1*x2*x4;
for iB1 from 0 to (#B1-1) list (
for iB2 from 0 to (#B2-1) list (
F=F0 + 19*B1#iB1 + 23*B2#iB2; TotalSing=TotalSing + dim singularLocus(ideal(F));
));
for iBB from 0 to (#BB-1) list (
F=F0 + 19*BB#iBB; TotalSing=TotalSing + dim singularLocus(ideal(F));
);
F00 = x0ˆ2*x1 + 2*x1ˆ2*x0 + 3*x2ˆ2*x0 + 7*x3ˆ2*x2 + 11*x4ˆ2*x3 + 13*x5ˆ2*x2;
F0 = F00 + 17*x1*x2*x2;
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for iA1 from 0 to (#A1-1) list (
for iA2 from 0 to (#A2-1) list (
F=F0 + 19*A1#iA1 + 23*A2#iA2; TotalSing=TotalSing + dim singularLocus(ideal(F));
));
for iAA1 from 0 to (#AA1-1) list (
for iAA2 from 0 to (#AA2-1) list (
F=F0 + 19*AA1#iAA1 + 23*AA2#iAA2; TotalSing=TotalSing + dim singularLocus(ideal(F));
));
F0 = F00 + 17*x1*x2*x5;
for iA1 from 0 to (#A1-1) list (
for iA2 from 0 to (#A2-1) list (
F=F0 + 19*A1#iA1 + 23*A2#iA2; TotalSing=TotalSing + dim singularLocus(ideal(F));
));
for iAA1 from 0 to (#AA1-1) list (
for iAA2 from 0 to (#AA2-1) list (
F=F0 + 19*AA1#iAA1 + 23*AA2#iAA2; TotalSing=TotalSing + dim singularLocus(ideal(F));
));
F0 = F00 + 17*x1*x2*x4;
for iA1 from 0 to (#A1-1) list (
for iA2 from 0 to (#A2-1) list (
F=F0 + 19*A1#iA1 + 23*A2#iA2; TotalSing=TotalSing + dim singularLocus(ideal(F));
));
for iAA1 from 0 to (#AA1-1) list (
for iAA2 from 0 to (#AA2-1) list (
F=F0 + 19*AA1#iAA1 + 23*AA2#iAA2; TotalSing=TotalSing + dim singularLocus(ideal(F));
));
F0 = F00 + 17*x1*x2*x3;
for iA1 from 0 to (#A1-1) list (
for iA2 from 0 to (#A2-1) list (
for iC from 0 to (#C-1) list (
F=F0 + 19*A1#iA1 + 23*A2#iA2 + 31*C#iC; TotalSing=TotalSing + dim singularLocus(ideal(F));
)));
for iAA1 from 0 to (#AA1-1) list (
for iAA2 from 0 to (#AA2-1) list (
for iC from 0 to (#C-1) list (
F=F0 + 19*AA1#iAA1 + 23*AA2#iAA2 + 31*C#iC; TotalSing=TotalSing + dim singularLocus(ideal(F));
)));
AA=[ x0*x4*x4, x0*x3*x4, x0*x4*x5 ];
A1=[ x0*x2*x4 ];
A2=[ x3ˆ2*x0, x3ˆ2*x4, x3ˆ2*x5, x0*x3*x5, x3*x4*x5 ];
B=[ x5ˆ2*x1, x5ˆ2*x2, x5ˆ2*x3, x1*x2*x3, x1*x2*x5, x1*x3*x5, x2*x3*x5 ];
F0=x0ˆ2*x1 + 2*x1ˆ2*x0 + 3*x2ˆ2*x0 + 7*x3ˆ2*x2 + 11*x4ˆ2*x1 + 13*x5ˆ2*x4 + 17*x1*x2*x3;
for iA1 from 0 to (#A1-1) list (
for iA2 from 0 to (#A2-1) list (
F=F0 + 19*A1#iA1 + 20*A2#iA2; TotalSing=TotalSing + dim singularLocus(ideal(F));
));
for iAA from 0 to (#AA-1) list (
F=F0 + 19*AA#iAA; TotalSing=TotalSing + dim singularLocus(ideal(F));
);
F0=x0ˆ2*x1 + 2*x1ˆ2*x0 + 3*x2ˆ2*x0 + 7*x3ˆ2*x2 + 11*x4ˆ2*x1 + 13*x5ˆ2*x4 + 17*x1*x2*x4;
for iA1 from 0 to (#A1-1) list (
for iA2 from 0 to (#A2-1) list (
for iB from 0 to (#B-1) list (
F=F0 + 19*A1#iA1 + 20*A2#iA2 + 23*B#iB; TotalSing=TotalSing + dim singularLocus(ideal(F));
)));
for iAA from 0 to (#AA-1) list (
for iB from 0 to (#B-1) list (
F=F0 + 19*AA#iAA + 23*B#iB; TotalSing=TotalSing + dim singularLocus(ideal(F));
));
F0=x0ˆ2*x1 + 2*x1ˆ2*x0 + 3*x2ˆ2*x0 + 7*x3ˆ2*x2 + 11*x4ˆ2*x1 + 13*x5ˆ2*x4 + 17*x1*x2*x5;
for iA1 from 0 to (#A1-1) list (
for iA2 from 0 to (#A2-1) list (
F=F0 + 19*A1#iA1 + 20*A2#iA2; TotalSing=TotalSing + dim singularLocus(ideal(F));
));
for iAA from 0 to (#AA-1) list (
F=F0 + 19*AA#iAA; TotalSing=TotalSing + dim singularLocus(ideal(F));
);
F=x0ˆ2*x1 + 2*x1ˆ2*x0 + 3*x2ˆ2*x0 + 73*x2ˆ2*x1 + 7*x3ˆ2*x2 + 11*x4ˆ2*x1 + 117*x4ˆ2*x0 + 13*x5ˆ2*x4;
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TotalSing=TotalSing + dim singularLocus(ideal(F));
F1=[ x1*x3*x4, x1*x4*x5 ];
F2=[ x1*x2*x3, x1*x2*x5 ];
F3=[ x1*x4*x5, x2*x4*x5, x1*x2*x5 ];
F0=x0ˆ2*x1 + 2*x1ˆ2*x0 + 3*x2ˆ2*x0 + 7*x3ˆ2*x2 + 11*x4ˆ2*x0 + 13*x5ˆ2*x4 + 17*x2*x3*x4;
for iF1 from 0 to (#F1-1) list (
for iF2 from 0 to (#F2-1) list (
for iF3 from 0 to (#F3-1) list (
F=F0 + 19*F1#iF1 + 20*F2#iF2 + 23*F3#iF3; TotalSing=TotalSing + dim singularLocus(ideal(F));
)));
F1=[ x3ˆ2*x1, x3ˆ2*x4, x3ˆ2*x5, x1*x3*x4, x1*x4*x5, x1*x3*x5, x3*x4*x5 ];
F2=[ x5ˆ2*x1, x5ˆ2*x2, x5ˆ2*x3, x1*x2*x3, x1*x2*x5, x1*x3*x5, x2*x3*x5 ];
F0=x0ˆ2*x1 + 2*x1ˆ2*x0 + 3*x2ˆ2*x0 + 7*x3ˆ2*x2 + 11*x4ˆ2*x0 + 13*x5ˆ2*x4 + 17*x1*x2*x4;
for iF1 from 0 to (#F1-1) list (
for iF2 from 0 to (#F2-1) list (
F=F0 + 19*F1#iF1 + 23*F2#iF2; TotalSing=TotalSing + dim singularLocus(ideal(F));
));
AA=[ x0*x5*x5, x0*x3*x5, x0*x4*x5 ];
A1=[ x3ˆ2*x0, x0*x3*x4, x3*x4*x5 ];
A2=[ x4ˆ2*x0, x0*x3*x4, x3*x4*x5 ];
A3=[ x0ˆ2*x2, x5ˆ2*x2, x0*x2*x5 ];
B=[ x3ˆ2*x1, x4ˆ2*x1, x1*x3*x4 ];
C1=[ x0*x3*x5, x0*x4*x5 ];
C2=[ x3ˆ2*x1, x4ˆ2*x1, x1*x3*x4, x1*x3*x5, x1*x4*x5, x3*x4*x5 ];
BC1=[ x3ˆ2*x0, x4ˆ2*x0, x0*x3*x4, x3*x4*x5 ];
F0=x0ˆ2*x1 + 2*x1ˆ2*x0 + 3*x2ˆ2*x0 + 7*x3ˆ2*x2 + 11*x4ˆ2*x2 + 13*x5ˆ2*x1 + 17*x1*x2*x5;
for iA1 from 0 to (#A1-1) list (
for iA2 from 0 to (#A2-1) list (
for iA3 from 0 to (#A3-1) list (
for iB from 0 to (#B-1) list (
for iC1 from 0 to (#C1-1) list (
for iC2 from 0 to (#C2-1) list (
F=F0 + 19*A1#iA1 + 20*A2#iA2 + 21*A3#iA3 + 23*B#iB + 31*C1#iC1 + 37*C2#iC2;
TotalSing=TotalSing + dim singularLocus(ideal(F));
))))));
for iAA from 0 to (#AA-1) list (
for iB from 0 to (#B-1) list (
for iC1 from 0 to (#C1-1) list (
for iC2 from 0 to (#C2-1) list (
F=F0 + 19*AA#iAA + 23*B#iB + 31*C1#iC1 + 37*C2#iC2; TotalSing=TotalSing + dim singularLocus(ideal(F));
))));
for iA1 from 0 to (#A1-1) list (
for iA2 from 0 to (#A2-1) list (
for iA3 from 0 to (#A3-1) list (
for iBC1 from 0 to (#BC1-1) list (
for iC2 from 0 to (#C2-1) list (
F=F0 + 19*A1#iA1 + 20*A2#iA2 + 21*A3#iA3 + 31*BC1#iBC1 + 37*C2#iC2;
TotalSing=TotalSing + dim singularLocus(ideal(F));
)))));
for iAA from 0 to (#AA-1) list (
for iBC1 from 0 to (#BC1-1) list (
for iC2 from 0 to (#C2-1) list (
F=F0 + 19*AA#iAA + 31*BC1#iBC1 + 37*C2#iC2; TotalSing=TotalSing + dim singularLocus(ideal(F));
)));
F0=x0ˆ2*x1 + 2*x1ˆ2*x0 + 3*x2ˆ2*x0 + 7*x3ˆ2*x2 + 11*x4ˆ2*x2 + 13*x5ˆ2*x1 + 17*x1*x2*x3;
for iA1 from 0 to (#A1-1) list (
for iA2 from 0 to (#A2-1) list (
for iA3 from 0 to (#A3-1) list (
for iB from 0 to (#B-1) list (
for iC1 from 0 to (#C1-1) list (
for iC2 from 0 to (#C2-1) list (
F=F0 + 19*A1#iA1 + 20*A2#iA2 + 21*A3#iA3 + 23*B#iB + 31*C1#iC1 + 37*C2#iC2;
TotalSing=TotalSing + dim singularLocus(ideal(F));
))))));
for iAA from 0 to (#AA-1) list (
for iB from 0 to (#B-1) list (
for iC1 from 0 to (#C1-1) list (
for iC2 from 0 to (#C2-1) list (
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F=F0 + 19*AA#iAA + 23*B#iB + 31*C1#iC1 + 37*C2#iC2; TotalSing=TotalSing + dim singularLocus(ideal(F));
))));
for iA1 from 0 to (#A1-1) list (
for iA2 from 0 to (#A2-1) list (
for iA3 from 0 to (#A3-1) list (
for iBC1 from 0 to (#BC1-1) list (
for iC2 from 0 to (#C2-1) list (
F=F0 + 19*A1#iA1 + 20*A2#iA2 + 21*A3#iA3 + 31*BC1#iBC1 + 37*C2#iC2;
TotalSing=TotalSing + dim singularLocus(ideal(F));
)))));
for iAA from 0 to (#AA-1) list (
for iBC1 from 0 to (#BC1-1) list (
for iC2 from 0 to (#C2-1) list (
F=F0 + 19*AA#iAA + 31*BC1#iBC1 + 37*C2#iC2; TotalSing=TotalSing + dim singularLocus(ideal(F));
)));
F0=x0ˆ2*x1 + 2*x1ˆ2*x0 + 3*x2ˆ2*x0 + 7*x3ˆ2*x2 + 11*x4ˆ2*x2 + 13*x5ˆ2*x1 + 17*x1*x2*x2;
for iA1 from 0 to (#A1-1) list (
for iA2 from 0 to (#A2-1) list (
for iA3 from 0 to (#A3-1) list (
for iB from 0 to (#B-1) list (
for iC1 from 0 to (#C1-1) list (
for iC2 from 0 to (#C2-1) list (
F=F0 + 19*A1#iA1 + 20*A2#iA2 + 21*A3#iA3 + 23*B#iB + 31*C1#iC1 + 37*C2#iC2;
TotalSing=TotalSing + dim singularLocus(ideal(F));
))))));
for iAA from 0 to (#AA-1) list (
for iB from 0 to (#B-1) list (
for iC1 from 0 to (#C1-1) list (
for iC2 from 0 to (#C2-1) list (
F=F0 + 19*AA#iAA + 23*B#iB + 31*C1#iC1 + 37*C2#iC2;
TotalSing=TotalSing + dim singularLocus(ideal(F));
))));
for iA1 from 0 to (#A1-1) list (
for iA2 from 0 to (#A2-1) list (
for iA3 from 0 to (#A3-1) list (
for iBC1 from 0 to (#BC1-1) list (
for iC2 from 0 to (#C2-1) list (
F=F0 + 19*A1#iA1 + 20*A2#iA2 + 21*A3#iA3 + 31*BC1#iBC1 + 37*C2#iC2;
TotalSing=TotalSing + dim singularLocus(ideal(F));
)))));
for iAA from 0 to (#AA-1) list (
for iBC1 from 0 to (#BC1-1) list (
for iC2 from 0 to (#C2-1) list (
F=F0 + 19*AA#iAA + 31*BC1#iBC1 + 37*C2#iC2; TotalSing=TotalSing + dim singularLocus(ideal(F));
)));
AA=[ x5ˆ2*x0, x0*x3*x5, x0*x4*x5 ];
A1=[ x5ˆ2*x2, x0ˆ2*x2, x0*x2*x5 ];
A2=[ x3ˆ2*x0, x3ˆ2*x4, x3ˆ2*x5, x0*x3*x4, x3*x4*x5 ];
BB=[ x4ˆ2*x1, x1*x3*x4, x1*x4*x5 ];
B1=[ x1*x2*x4 ];
B2=[ x3ˆ2*x1, x3ˆ2*x4, x3ˆ2*x5, x1*x3*x5, x3*x4*x5 ];
B3=[ x5ˆ2*x2, x2*x3*x5, x2*x3*x4, x2*x4*x5, x3*x4*x5 ];
C=[ x1*x2*x3, x1*x3*x4, x2*x3*x4 ];
C0=[ x1*x2*x5, x1*x4*x5, x2*x4*x5 ];
E=[ x2*x3*x4, x2*x4*x5 ];
EC=[ x4ˆ2*x1, x1*x2*x4 ];
F0=x0ˆ2*x1 + 2*x1ˆ2*x0 + 3*x2ˆ2*x0 + 7*x3ˆ2*x2 + 11*x4ˆ2*x0 + 13*x5ˆ2*x1 + 17*x1*x2*x3;
for iAA from 0 to (#AA-1) list (
for iBB from 0 to (#BB-1) list (
for iB3 from 0 to (#B3-1) list (
for iEC from 0 to (#EC-1) list (
F=F0 + 19*AA#iAA + 23*BB#iBB + 31*B3#iB3 + 37*EC#iEC; TotalSing=TotalSing + dim singularLocus(ideal(F));
))));
for iA1 from 0 to (#A1-1) list (
for iA2 from 0 to (#A2-1) list (
for iBB from 0 to (#BB-1) list (
for iB3 from 0 to (#B3-1) list (
for iEC from 0 to (#EC-1) list (
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F=F0 + 19*A1#iA1 + 20*A2#iA2 + 23*BB#iBB + 31*B3#iB3 + 37*EC#iEC;
TotalSing=TotalSing + dim singularLocus(ideal(F));
)))));
for iAA from 0 to (#AA-1) list (
for iB1 from 0 to (#B1-1) list (
for iB2 from 0 to (#B2-1) list (
for iB3 from 0 to (#B3-1) list (
for iEC from 0 to (#EC-1) list (
F=F0 + 19*AA#iAA + 23*B1#iB1 + 29*B2#iB2 + 31*B3#iB3 + 37*EC#iEC;
TotalSing=TotalSing + dim singularLocus(ideal(F));
)))));
for iA1 from 0 to (#A1-1) list (
for iA2 from 0 to (#A2-1) list (
for iB1 from 0 to (#B1-1) list (
for iB2 from 0 to (#B2-1) list (
for iB3 from 0 to (#B3-1) list (
for iEC from 0 to (#EC-1) list (
F=F0 + 19*A1#iA1 + 20*A2#iA2 + 23*B1#iB1 + 29*B2#iB2 + 31*B3#iB3 + 37*EC#iEC;
TotalSing=TotalSing + dim singularLocus(ideal(F));
))))));
for iAA from 0 to (#AA-1) list (
for iBB from 0 to (#BB-1) list (
for iB3 from 0 to (#B3-1) list (
for iC0 from 0 to (#C0-1) list (
for iE from 0 to (#E-1) list (
F=F0 + 19*AA#iAA + 23*BB#iBB + 31*B3#iB3 + 37*C0#iC0 + 41*E#iE;
TotalSing=TotalSing + dim singularLocus(ideal(F));
)))));
for iA1 from 0 to (#A1-1) list (
for iA2 from 0 to (#A2-1) list (
for iBB from 0 to (#BB-1) list (
for iB3 from 0 to (#B3-1) list (
for iC0 from 0 to (#C0-1) list (
for iE from 0 to (#E-1) list (
F=F0 + 19*A1#iA1 + 20*A2#iA2 + 23*BB#iBB + 31*B3#iB3 + 37*C0#iC0 + 41*E#iE;
TotalSing=TotalSing + dim singularLocus(ideal(F));
))))));
for iAA from 0 to (#AA-1) list (
for iB1 from 0 to (#B1-1) list (
for iB2 from 0 to (#B2-1) list (
for iB3 from 0 to (#B3-1) list (
for iC0 from 0 to (#C0-1) list (
for iE from 0 to (#E-1) list (
F=F0 + 19*AA#iAA + 23*B1#iB1 + 29*B2#iB2 + 31*B3#iB3 + 37*C0#iC0 + 41*E#iE;
TotalSing=TotalSing + dim singularLocus(ideal(F));
))))));
for iA1 from 0 to (#A1-1) list (
for iA2 from 0 to (#A2-1) list (
for iB1 from 0 to (#B1-1) list (
for iB2 from 0 to (#B2-1) list (
for iB3 from 0 to (#B3-1) list (
for iC0 from 0 to (#C0-1) list (
for iE from 0 to (#E-1) list (
F=F0 + 19*A1#iA1 + 20*A2#iA2 + 23*B1#iB1 + 29*B2#iB2 + 31*B3#iB3 + 37*C0#iC0 + 41*E#iE;
TotalSing=TotalSing + dim singularLocus(ideal(F));
)))))));
F0=x0ˆ2*x1 + 2*x1ˆ2*x0 + 3*x2ˆ2*x0 + 7*x3ˆ2*x2 + 11*x4ˆ2*x0 + 13*x5ˆ2*x1 + 17*x1*x2*x5;
for iAA from 0 to (#AA-1) list (
for iBB from 0 to (#BB-1) list (
for iB3 from 0 to (#B3-1) list (
for iEC from 0 to (#EC-1) list (
F=F0 + 19*AA#iAA + 23*BB#iBB + 31*B3#iB3 + 37*EC#iEC; TotalSing=TotalSing + dim singularLocus(ideal(F));
))));
for iA1 from 0 to (#A1-1) list (
for iA2 from 0 to (#A2-1) list (
for iBB from 0 to (#BB-1) list (
for iB3 from 0 to (#B3-1) list (
for iEC from 0 to (#EC-1) list (
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F=F0 + 19*A1#iA1 + 20*A2#iA2 + 23*BB#iBB + 31*B3#iB3 + 37*EC#iEC;
TotalSing=TotalSing + dim singularLocus(ideal(F));
)))));
for iAA from 0 to (#AA-1) list (
for iB1 from 0 to (#B1-1) list (
for iB2 from 0 to (#B2-1) list (
for iB3 from 0 to (#B3-1) list (
for iEC from 0 to (#EC-1) list (
F=F0 + 19*AA#iAA + 23*B1#iB1 + 29*B2#iB2 + 31*B3#iB3 + 37*EC#iEC;
TotalSing=TotalSing + dim singularLocus(ideal(F));
)))));
for iA1 from 0 to (#A1-1) list (
for iA2 from 0 to (#A2-1) list (
for iB1 from 0 to (#B1-1) list (
for iB2 from 0 to (#B2-1) list (
for iB3 from 0 to (#B3-1) list (
for iEC from 0 to (#EC-1) list (
F=F0 + 19*A1#iA1 + 20*A2#iA2 + 23*B1#iB1 + 29*B2#iB2 + 31*B3#iB3 + 37*EC#iEC;
TotalSing=TotalSing + dim singularLocus(ideal(F));
))))));
for iAA from 0 to (#AA-1) list (
for iBB from 0 to (#BB-1) list (
for iB3 from 0 to (#B3-1) list (
for iC from 0 to (#C-1) list (
for iE from 0 to (#E-1) list (
F=F0 + 19*AA#iAA + 23*BB#iBB + 31*B3#iB3 + 37*C#iC + 41*E#iE;
TotalSing=TotalSing + dim singularLocus(ideal(F));
)))));
for iA1 from 0 to (#A1-1) list (
for iA2 from 0 to (#A2-1) list (
for iBB from 0 to (#BB-1) list (
for iB3 from 0 to (#B3-1) list (
for iC from 0 to (#C-1) list (
for iE from 0 to (#E-1) list (
F=F0 + 19*A1#iA1 + 20*A2#iA2 + 23*BB#iBB + 31*B3#iB3 + 37*C#iC + 41*E#iE;
TotalSing=TotalSing + dim singularLocus(ideal(F));
))))));
for iAA from 0 to (#AA-1) list (
for iB1 from 0 to (#B1-1) list (
for iB2 from 0 to (#B2-1) list (
for iB3 from 0 to (#B3-1) list (
for iC from 0 to (#C-1) list (
for iE from 0 to (#E-1) list (
F=F0 + 19*AA#iAA + 23*B1#iB1 + 29*B2#iB2 + 31*B3#iB3 + 37*C#iC + 41*E#iE;
TotalSing=TotalSing + dim singularLocus(ideal(F));
))))));
for iA1 from 0 to (#A1-1) list (
for iA2 from 0 to (#A2-1) list (
for iB1 from 0 to (#B1-1) list (
for iB2 from 0 to (#B2-1) list (
for iB3 from 0 to (#B3-1) list (
for iC from 0 to (#C-1) list (
for iE from 0 to (#E-1) list (
F=F0 + 19*A1#iA1 + 20*A2#iA2 + 23*B1#iB1 + 29*B2#iB2 + 31*B3#iB3 + 37*C#iC + 41*E#iE;
TotalSing=TotalSing + dim singularLocus(ideal(F));
)))))));
F0=x0ˆ2*x1 + 2*x1ˆ2*x0 + 3*x2ˆ2*x0 + 7*x3ˆ2*x2 + 11*x4ˆ2*x0 + 13*x5ˆ2*x1 + 17*x1*x2*x4;
for iAA from 0 to (#AA-1) list (
for iBB from 0 to (#BB-1) list (
for iB3 from 0 to (#B3-1) list (
F=F0 + 19*AA#iAA + 23*BB#iBB + 31*B3#iB3; TotalSing=TotalSing + dim singularLocus(ideal(F));
)));
for iA1 from 0 to (#A1-1) list (
for iA2 from 0 to (#A2-1) list (
for iBB from 0 to (#BB-1) list (
for iB3 from 0 to (#B3-1) list (
F=F0 + 19*A1#iA1 + 20*A2#iA2 + 23*BB#iBB + 31*B3#iB3; TotalSing=TotalSing + dim singularLocus(ideal(F));
))));
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for iAA from 0 to (#AA-1) list (
for iB1 from 0 to (#B1-1) list (
for iB2 from 0 to (#B2-1) list (
for iB3 from 0 to (#B3-1) list (
F=F0 + 19*AA#iAA + 23*B1#iB1 + 29*B2#iB2 + 31*B3#iB3; TotalSing=TotalSing + dim singularLocus(ideal(F));
))));
for iA1 from 0 to (#A1-1) list (
for iA2 from 0 to (#A2-1) list (
for iB1 from 0 to (#B1-1) list (
for iB2 from 0 to (#B2-1) list (
for iB3 from 0 to (#B3-1) list (
F=F0 + 19*A1#iA1 + 20*A2#iA2 + 23*B1#iB1 + 29*B2#iB2 + 31*B3#iB3;
TotalSing=TotalSing + dim singularLocus(ideal(F));
)))));
F0=x0ˆ2*x1 + 2*x1ˆ2*x0 + 3*x2ˆ2*x0 + 7*x3ˆ2*x2 + 11*x4ˆ2*x0 + 13*x5ˆ2*x1 + 17*x1*x2*x2;
for iAA from 0 to (#AA-1) list (
for iBB from 0 to (#BB-1) list (
for iB3 from 0 to (#B3-1) list (
F=F0 + 19*AA#iAA + 23*BB#iBB + 31*B3#iB3; TotalSing=TotalSing + dim singularLocus(ideal(F));
)));
for iA1 from 0 to (#A1-1) list (
for iA2 from 0 to (#A2-1) list (
for iBB from 0 to (#BB-1) list (
for iB3 from 0 to (#B3-1) list (
F=F0 + 19*A1#iA1 + 20*A2#iA2 + 23*BB#iBB + 31*B3#iB3; TotalSing=TotalSing + dim singularLocus(ideal(F));
))));
for iAA from 0 to (#AA-1) list (
for iB1 from 0 to (#B1-1) list (
for iB2 from 0 to (#B2-1) list (
for iB3 from 0 to (#B3-1) list (
F=F0 + 19*AA#iAA + 23*B1#iB1 + 29*B2#iB2 + 31*B3#iB3; TotalSing=TotalSing + dim singularLocus(ideal(F));
))));
for iA1 from 0 to (#A1-1) list (
for iA2 from 0 to (#A2-1) list (
for iB1 from 0 to (#B1-1) list (
for iB2 from 0 to (#B2-1) list (
for iB3 from 0 to (#B3-1) list (
F=F0 + 19*A1#iA1 + 20*A2#iA2 + 23*B1#iB1 + 29*B2#iB2 + 31*B3#iB3;
TotalSing=TotalSing + dim singularLocus(ideal(F));
)))));
F1=[ x1*x3*x4, x1*x3*x5, x3*x4*x5 ];
F2=[ x1*x3*x4, x1*x3*x5, x3*x4*x5 ];
F3=[ x1*x2*x5, x1*x3*x5 ];
F4=[ x1*x2*x5, x1*x3*x5 ];
A1=[ x1*x2*x5, x1*x3*x5 ];
A2=[ x1*x2*x4, x1*x3*x4 ];
B=[ x0*x2*x3, x0*x2*x4, x0*x2*x5 ];
C=[ x2*x3*x4, x2*x4*x5, x2*x3*x5, x3*x4*x5 ];
F00 = x0ˆ2*x1 + 2*x1ˆ2*x0 + 3*x2ˆ2*x1 + 7*x3ˆ2*x2 + 11*x4ˆ2*x0 + 13*x5ˆ2*x0;
F0=F00 + 17*x2*x4*x5;
for iA1 from 0 to (#A1-1) list (
for iA2 from 0 to (#A2-1) list (
for iB from 0 to (#B-1) list (
for iF1 from 0 to (#F1-1) list (
F=F0 + 19*A1#iA1 + 23*A2#iA2 + 31*F1#iF1 + 29*B#iB; TotalSing=TotalSing + dim singularLocus(ideal(F));
))));
F0=F00 + 17*x2*x4*x5 + 37*x2*x2*x0;
for iA1 from 0 to (#A1-1) list (
for iA2 from 0 to (#A2-1) list (
for iF2 from 0 to (#F2-1) list (
F=F0 + 19*A1#iA1 + 23*A2#iA2 + 29*F2#iF2; TotalSing=TotalSing + dim singularLocus(ideal(F));
)));
F0=F00 + 17*x1*x4*x5;
for iB from 0 to (#B-1) list (
for iC from 0 to (#C-1) list (
F=F0 + 19*B#iB + 23*C#iC; TotalSing=TotalSing + dim singularLocus(ideal(F));
));
F0=F00 + 17*x3*x4*x5+ 41*x1*x2*x4;
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for iB from 0 to (#B-1) list (
for iF4 from 0 to (#F4-1) list (
F=F0 + 19*B#iB + 23*F4#iF4; TotalSing=TotalSing + dim singularLocus(ideal(F));
));
F0=F00 + 17*x3*x4*x5+ 41*x1*x2*x4+23*x0*x2*x2;
for iF3 from 0 to (#F3-1) list (
F=F0 + 19*F3#iF3; TotalSing=TotalSing + dim singularLocus(ideal(F));
);
F0=F00 + 17*x1*x4*x5+ 23*x0*x2*x2;
for iC from 0 to (#C-1) list (
F=F0 + 19*C#iC; TotalSing=TotalSing + dim singularLocus(ideal(F));
);
F1=[ x4ˆ2*x2, x1*x2*x5, x1*x4*x5, x2*x4*x5 ];
F2=[ x4ˆ2*x2, x2*x3*x4, x2*x4*x5 ];
F3=[ x0*x3*x4, x0*x3*x5, x0*x4*x5 ];
F4=[ x0*x3*x4, x1*x3*x4 ];
F5=[ x0*x3*x5, x1*x3*x5 ];
A01=[ x0*x3*x4, x0*x3*x5, x0*x4*x5 ];
A02=[ x0*x4*x5, x1*x4*x5 ];
A03=[ x0*x3*x5, x1*x3*x5 ];
A1=[ x3ˆ2*x0, x5ˆ2*x0, x0*x3*x5, x1*x3*x5, x3*x4*x5 ];
A2=[ x3ˆ2*x0, x5ˆ2*x0, x0ˆ2*x4, x0*x3*x4, x0*x3*x5, x0*x4*x5, x3*x4*x5 ];
A3=[ x1*x3*x4, x1*x3*x5, x1*x4*x5, x3*x4*x5 ];
C=[ x4ˆ2*x2, x1*x3*x4, x1*x4*x5 ];
F00 = x0ˆ2*x1 + 2*x1ˆ2*x0 + 3*x2ˆ2*x0 + 7*x3ˆ2*x2 + 11*x4ˆ2*x2 + 13*x5ˆ2*x2;
F0=F00 + 17*x1*x2*x3 + 61*x1*x3*x4;
for iA01 from 0 to (#A01-1) list (
for iA02 from 0 to (#A02-1) list (
for iA03 from 0 to (#A03-1) list (
F=F0 + 19*A01#iA01 + 23*A02#iA02 + 29*A03#iA03; TotalSing=TotalSing + dim singularLocus(ideal(F));
)));
F0=F00 + 17*x1*x2*x2 + 61*x1*x3*x4;
for iA01 from 0 to (#A01-1) list (
for iA02 from 0 to (#A02-1) list (
for iA03 from 0 to (#A03-1) list (
F=F0 + 19*A01#iA01 + 23*A02#iA02 + 29*A03#iA03; TotalSing=TotalSing + dim singularLocus(ideal(F));
)));
F0=F00 + 17*x1*x2*x3 + 61*x1*x4*x5;
for iF3 from 0 to (#F3-1) list (
for iF4 from 0 to (#F4-1) list (
for iF5 from 0 to (#F5-1) list (
F=F0 + 19*F3#iF3 + 23*F4#iF4 + 29*F5#iF5; TotalSing=TotalSing + dim singularLocus(ideal(F));
)));
F=F00 + 17*x1*x2*x3 + 61*x3*x4*x5; TotalSing=TotalSing + dim singularLocus(ideal(F));
F=F00 + 17*x1*x2*x2 + 61*x3*x4*x5; TotalSing=TotalSing + dim singularLocus(ideal(F));
F00 = x0ˆ2*x1 + 2*x1ˆ2*x0 + 3*x2ˆ2*x0 + 7*x3ˆ2*x2 + 11*x4ˆ2*x0 + 13*x5ˆ2*x2;
F0=F00 + 17*x1*x2*x4;
for iA1 from 0 to (#A1-1) list (
for iA2 from 0 to (#A2-1) list (
for iA3 from 0 to (#A3-1) list (
F=F0 + 19*A1#iA1 + 23*A2#iA2 + 29*A3#iA3; TotalSing=TotalSing + dim singularLocus(ideal(F));
)));
F0=F00 + 17*x1*x2*x3;
for iA1 from 0 to (#A1-1) list (
for iA2 from 0 to (#A2-1) list (
for iA3 from 0 to (#A3-1) list (
for iF1 from 0 to (#F1-1) list (
for iF2 from 0 to (#F2-1) list (
for iC from 0 to (#C-1) list (
F=F0 + 19*A1#iA1 + 23*A2#iA2 + 29*A3#iA3 + 31*F1#iF1 + 37*F2#iF2 + 41*C#iC;
TotalSing=TotalSing + dim singularLocus(ideal(F));
))))));
F1=[ x2ˆ2*x1, x3ˆ2*x1, x1*x2*x5, x1*x3*x5, x2*x3*x5 ];
F2=[ x3ˆ2*x1, x1*x3*x4, x1*x3*x5 ];
F3=[ x2ˆ2*x1, x1*x2*x4, x1*x2*x5 ];
F4=[ x2ˆ2*x1, x3ˆ2*x1, x2*x3*x4 ];
F5=[ x1*x2*x3, x1*x2*x5, x1*x3*x5, x2*x3*x5 ];
F6=[ x1*x3*x4, x1*x3*x5, x1*x4*x5, x3*x4*x5 ];
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F7=[ x1*x2*x5, x1*x3*x5, x1*x4*x5 ];
F8=[ x1*x2*x4, x1*x3*x4, x1*x4*x5 ];
F9=[ x1*x2*x3, x1*x2*x4 ];
F10=[ x1*x2*x5, x1*x3*x5, x1*x4*x5 ];
F11=[ x1*x4*x5, x1*x2*x4 ];
A=[ x2*x3*x4, x2*x3*x5, x2*x4*x5, x3*x4*x5 ];
B1=[ x2*x3*x4, x1*x2*x4 ];
B2=[ x2*x3*x5, x1*x2*x5 ];
B3=[ x1*x2*x3, x1*x2*x4, x1*x2*x5 ];
C1=[ x4ˆ2*x0, x5ˆ2*x0, x2*x4*x5 ];
C2=[ x4ˆ2*x0, x2*x4*x0, x3*x4*x0 ];
C3=[ x5ˆ2*x0, x2*x5*x0, x3*x5*x0 ];
C4=[ x4ˆ2*x0, x3*x4*x5, x3*x4*x0, x5ˆ2*x0, x3*x5*x0 ];
F00 = x0ˆ2*x1 + 2*x1ˆ2*x0 + 3*x2ˆ2*x0 + 7*x3ˆ2*x0 + 11*x4ˆ2*x1 + 13*x5ˆ2*x1;
F0=F00;
for iF1 from 0 to (#F1-1) list (
for iF2 from 0 to (#F2-1) list (
for iF3 from 0 to (#F3-1) list (
for iF4 from 0 to (#F4-1) list (
for iA from 0 to (#A-1) list (
for iC1 from 0 to (#C1-1) list (
for iC2 from 0 to (#C2-1) list (
for iC3 from 0 to (#C3-1) list (
for iC4 from 0 to (#C4-1) list (
F=F0 + 19*F1#iF1 + 23*F2#iF2 + 29*F3#iF3 + 31*F4#iF4 + 37*A#iA + 41*C1#iC1 + 43*C2#iC2 + 47*C3#iC3 +
51*C4#iC4;
TotalSing=TotalSing + dim singularLocus(ideal(F));
)))))))));
F0=F00+17*x1*x2*x3;
for iA from 0 to (#A-1) list (
for iC1 from 0 to (#C1-1) list (
for iC2 from 0 to (#C2-1) list (
for iC3 from 0 to (#C3-1) list (
for iC4 from 0 to (#C4-1) list (
F=F0 + 19*C1#iC1 + 23*C2#iC2 + 29*C3#iC3 + 31*C4#iC4 + 37*A#iA;
TotalSing=TotalSing + dim singularLocus(ideal(F));
)))));
F0=F00+17*x1*x2*x3+41*x0*x4*x5;
for iA from 0 to (#A-1) list (
F=F0 + 19*A#iA; TotalSing=TotalSing + dim singularLocus(ideal(F));
);
F00 = x0ˆ2*x1 + 2*x1ˆ2*x0 + 3*x2ˆ2*x0 + 7*x3ˆ2*x2 + 11*x4ˆ2*x0 + 13*x5ˆ2*x0;
F0=F00 + 17*x2*x4*x5;
for iF5 from 0 to (#F5-1) list (
for iF6 from 0 to (#F6-1) list (
for iF7 from 0 to (#F7-1) list (
for iF8 from 0 to (#F8-1) list (
for iF9 from 0 to (#F9-1) list (
F=F0 + 19*F5#iF5 + 23*F6#iF6 + 29*F7#iF7 + 31*F8#iF8 + 37*F9#iF9;
TotalSing=TotalSing + dim singularLocus(ideal(F));
)))));
F0=F00 + 17*x3*x4*x5;
for iF10 from 0 to (#F10-1) list (
for iF11 from 0 to (#F11-1) list (
for iB1 from 0 to (#B1-1) list (
for iB2 from 0 to (#B2-1) list (
for iB3 from 0 to (#B3-1) list (
F=F0 + 19*F10#iF10 + 23*F11#iF11 + 29*B1#iB1 + 31*B2#iB2 + 37*B3#iB3;
TotalSing=TotalSing + dim singularLocus(ideal(F));
)))));
F0=F00 + 17*x1*x4*x5 + 41*x2*x3*x5;
for iB1 from 0 to (#B1-1) list (
for iB2 from 0 to (#B2-1) list (
for iB3 from 0 to (#B3-1) list (
F=F0 + 19*B1#iB1 + 31*B2#iB2 + 23*B3#iB3; TotalSing=TotalSing + dim singularLocus(ideal(F));
)));
F1=[ x2ˆ2*x0, x0*x2*x3, x0*x2*x4, x0*x2*x5 ];
F2=[ x1*x2*x3, x1*x2*x4, x1*x3*x4, x2*x3*x4 ];
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F3=[ x1*x2*x3, x1*x2*x5, x1*x3*x5, x2*x3*x5 ];
F4=[ x1*x2*x4, x1*x2*x5, x1*x4*x5, x2*x4*x5 ];
F5=[ x1*x2*x3, x1*x3*x4, x1*x3*x5 ];
F6=[ x1*x2*x4, x1*x3*x4, x1*x4*x5 ];
F7=[ x1*x2*x5, x1*x3*x5, x1*x4*x5 ];
F8=[ x2ˆ2*x0, x0*x2*x4, x0*x2*x5, x0*x2*x3 ];
F9=[ x1*x2*x5, x1*x3*x5, x1*x4*x5 ];
F10=[ x1*x3*x5, x2*x3*x5 ];
F11=[ x2ˆ2*x0, x0*x2*x4, x0*x2*x5, x0*x2*x3 ];
G1=[ x1*x2*x5, x2*x3*x5 ];
G2=[ x1*x3*x5, x2*x3*x5, x3*x4*x5 ];
G3=[ x1*x4*x5, x2*x4*x5, x3*x4*x5 ];
G4=[ x1*x4*x5, x1*x2*x5, x1*x3*x5 ];
G5=[ x1*x4*x5, x1*x2*x4, x1*x3*x4 ];
G6=[ x1*x3*x5, x1*x2*x3, x1*x3*x4 ];
G7=[ x1*x2*x3, x1*x2*x5, x1*x2*x4 ];
G8=[ x1*x4*x5, x2*x4*x5, x1*x2*x5, x1*x2*x4 ];
G9=[ x1*x4*x5, x3*x4*x5, x1*x3*x5, x1*x3*x4 ];
F00 = x0ˆ2*x1 + 2*x1ˆ2*x0 + 3*x2ˆ2*x1 + 7*x3ˆ2*x0 + 11*x4ˆ2*x0 + 13*x5ˆ2*x0;
F0=F00 + 61*x3*x4*x5;
for iF1 from 0 to (#F1-1) list (
for iF2 from 0 to (#F2-1) list (
for iF3 from 0 to (#F3-1) list (
for iF4 from 0 to (#F4-1) list (
for iF5 from 0 to (#F5-1) list (
for iF6 from 0 to (#F6-1) list (
for iF7 from 0 to (#F7-1) list (
F=F0 + 19*F1#iF1 + 23*F2#iF2 + 29*F3#iF3 + 31*F4#iF4 + 37*F5#iF5 + 41*F6#iF6 + 43*F7#iF7;
TotalSing=TotalSing + dim singularLocus(ideal(F));
)))))));
F0=F00 + 61*x3*x4*x1+17*x2*x4*x5;
for iF8 from 0 to (#F8-1) list (
for iF9 from 0 to (#F9-1) list (
for iF10 from 0 to (#F10-1) list (
F=F0 + 19*F8#iF8 + 23*F9#iF9 + 29*F10#iF10; TotalSing=TotalSing + dim singularLocus(ideal(F));
)));
F0=F00 + 61*x3*x4*x1+17*x2*x3*x4 + 31*x3*x5*x1+37*x1*x4*x5;
for iF11 from 0 to (#F11-1) list (
F=F0 + 19*F11#iF11; TotalSing=TotalSing + dim singularLocus(ideal(F));
);
F00 = x0ˆ2*x1 + 2*x1ˆ2*x0 + 3*x2ˆ2*x0 + 7*x3ˆ2*x0 + 11*x4ˆ2*x0 + 13*x5ˆ2*x0;
F0=F00 + 61*x3*x4*x2;
for iG1 from 0 to (#G1-1) list (
for iG2 from 0 to (#G2-1) list (
for iG3 from 0 to (#G3-1) list (
for iG4 from 0 to (#G4-1) list (
for iG5 from 0 to (#G5-1) list (
for iG6 from 0 to (#G6-1) list (
for iG7 from 0 to (#G7-1) list (
for iG8 from 0 to (#G8-1) list (
for iG9 from 0 to (#G9-1) list (
F=F0 + 19*G1#iG1 + 23*G2#iG2 + 29*G3#iG3 + 31*G4#iG4 + 37*G5#iG5 + 41*G6#iG6 + 43*G7#iG7 + 47*G8#iG8
+ 51*G9#iG9;
TotalSing=TotalSing + dim singularLocus(ideal(F));
)))))))));
print concatenate(”TotalSing=”, toString TotalSing);
if TotalSing==0 then print ”EVERYTHING WAS SMOOTH!”;
if TotalSing> 0 then print ”ATTENTION! SOMETHING WAS NOT SMOOTH!”;
We observed output 0, from which we concluded that all sets A we found during the
proof of Theorem 1 are indeed smooth.
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